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Abstract

Three new spherical wavelet bases have been developed to describe the direction of par-

ticle travel for neutral particle transport. Two methods are low order linear and quadratic

wavelet bases developed on the ideas of Swelden’s second generation wavelets. The third

is a spectral wavelet basis based on a Chebyshev collocation point method. The wavelet

bases are employed to discretise the angular variable of the one speed, linear Boltzmann

transport equation (BTE), which is used to describe the transport of neutral particles. The

methods are combined with a Streamline Up-wind Petrov Galerkin (SUPG) finite element

method which is employed to discretise the transport equation’s spatial dimensions.

A comprehensive demonstration of the new angular discretisation methods is given by

solving a number of steady state multi-dimensional neutral particle transport problems.

These demonstrate the capabilities of the wavelet methods by showing them to produce

very accurate solutions in comparison to the established discretisation methodsSN and

PN . The numerical examples also demonstrate the wavelet’s ability to accurately approx-

imate difficult flux distributions and to reduce ray-effect distortions forming in their scalar

flux solutions (in comparison toSN ).

Also presented in this thesis is a wavelet method for anisotropic adaptive resolution on the

unit sphere for approximating the angular variable of the BTE. The method is designed

to locate the areas of angle containing high errors and to react correctly by increasing

resolution only to these regions on the unit sphere. The self-adaptive method’s capabilities

are demonstrated by solving a number of steady-state particle transport problems. In

particular, problems involving difficult, highly directional fluxes are used to illustrate the

method working correctly by its application of high resolution only to the important areas

of angle. The numerical examples demonstrate the adaptive wavelets to be highly efficient

in approximating the angular flux and to provide very accurate solutions.

A new Krylov-based matrix solver is also developed. This solver uses a new variation of

the FGMRES algorithm which is preconditioned with a new hierarchical angular multi-

grid (MG) method. A demonstration of the preconditioned solver’s efficiency using vari-

ous MG cycles is presented.
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1.1 Introduction

The ability to accurately model the transport of neutral particles has become an essential

and integral part of many modern day applications. Some examples of fields which re-

quire the accurate simulation of neutral particle motion include: radiation shielding [6],

radiative transfer in stellar atmospheres and clouds [7, 8], reactor simulations [9], semi-

conductor device design, radiation/optical oncology [10, 11, 12, 13, 14, 14] and high en-

ergy physics. The processes affecting the transport of neutral particles as they transverse

through their hosting materials are described by the first order linear Boltzmann transport

equation [15, 16]. The Boltzmann transport equation was derived from the study in kinetic

theory of gasses where upon neutral particles were considered to behave similarly to that

of a rarefied gas. The equation considers a particle’s state in a 7 dimensional phase space

comprising of space, angle, energy and time and conserves neutral particles by describing

the individual physical processes effecting their state within this space. The processes

considered are absorption, scattering and (for neutrons) production of particles by their

interaction with atoms of the hosting media. Particle to particle collisions are considered

inconsequential compared to particle to media interactions and thus are ignored in this

transport equation.

Several analytical approaches for solving the transport equation have been developed

during the first half of the 20th century. Since the 1930s and 1940s, techniques such

as Weiner-Hopf [17], singular eigenfunction expansions [18] and methods using Greens

functions have all been available to provide analytical solutions. However, the complexity

of the 7 dimensional phase space often confines analytical methods to their use on sim-

plified configurations, such as problem domains of infinite half spaces (for example the

Milne problem). This imposes severe limitations on their use in particle transport appli-

cations and are certainly not relevant to modern day radiation engineering problems that

incorporate complex multidimensional geometries. Therefore, in order to find solutions

to these more general and difficult problems, numerical methods are required. In fact, the

field of numerical method development now forms a substantial and important part of the

research in radiation transport calculations.

It is the development of new approximation methods for the discretisation of the transport
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equation’s angular flux that forms the first section of research in this thesis. In particular,

the research is focused on the development of discretisation methods for the directional

variable of the angular flux. The essential outcome of this work is to develop robust an-

gular discretisation methods capable of accurately representing all types of angular flux

distributions. The development of new, accurate angular discretisations is particularly im-

portant to many modern day applications which often involve materials with vastly differ-

ent optical properties as they induce highly complex flux distributions. One example is in

radiation shielding where ducts containing voids (where no particles are absorbed) are set

into highly absorbing/scattering shields in order that the system’s state may be observed.

The scattering material induces the flux to vary smoothly over solid angle, however, the

flux within the duct can become highly directional due to particles streaming through

space without colliding with the hosting material. In a similar situation, in transient reac-

tor analysis, slug regions with optically thin cross-sections can develop within fluidised

bed reactors. This is illustrated in figure 1.1 where gas bubbles combine to create large

void regions within which neutrons can stream free of interaction and generate highly

directional fluxes.

The implications of many problems involving material with very different optical prop-

erties are that vastly different and quickly varying angular fluxes can form over short

distances. As a consequence, these distributions present numerous difficulties to the dis-

cretisation methods. Highly directional fluxes that often form in voids are notoriously

difficult to approximate and require highly accurate and expensive discretisations. In fact,

it is more appropriate to approximate these fluxes using adaptive technologies. In ad-

dition to this, highly directional fluxes can also cause non-physical oscillations to form

over regions of angle containing high gradients (Gibbs oscillations) and these in turn may

cause the angular discretisation to form spurious negative fluxes. It is important to avoid

this situation, particularly for multiplying problems where particle production through

fission is dependent on the current state of the flux (which therefore must be positive to

be meaningful). Spurious oscillations in the scalar flux solutions (ray effects) are also a

common by-product of the angular discretisation. These typically form in discrete-type

discretisation solutions (such asSN ) involving problems with isolated sources and non

scattering, optically thin materials.
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Figure 1.1: This diagram shows a conceptual fluidised bed reactor. Gas is pumped into

the reactor uniformly at the bottom within which the 2mm fissile fuel particles become

fluidised. As the gas (blue regions) rises through the material they coalescence and can

form slugs of very low cross-sections. Neutrons then stream through these regions without

collision, forming highly directional angular flux distributions.
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The final part of this thesis will focus on the fast solving of the linear system of equa-

tions generated by the discretisation of the Boltzmann transport equation. This is vitally

important to the progress of numerical methods as discretising all 7 dimensions of the

BTE will often result in extremely large linear systems which can be immensely time

consuming to solve. Specifically, a new solver based on Krylov solver technologies is

developed. The solver provides fast convergence on the system’s solution and reduces

the computation memory costs (in comparison to standard Krylov solvers). Furthermore,

in order to increase convergence rates further, a new hierarchical preconditioner is de-

veloped. The preconditioner is based on multigrid ideas utilising hierarchical angular

discretisation schemes. The new solver and new preconditioner are combined to establish

a fast algorithm designed specifically to solve the Boltzmann transport equation.

In order to address all issues mentioned, the new fast solver and angular discretisations

are developed in order to satisfy the following:

1. To produce numerically robust angular discretisations capable of accurately repre-

senting all distributions of angular flux.

2. To mitigate or reduce ray effects and Gibbs oscillations forming in scalar flux and

angular flux solutions.

3. To incorporate adaptive angular capabilities for difficult transport problems.

4. To develop a new preconditioned solver capable of increasing the efficiency of solv-

ing the discretised equations in comparison to current technologies.

The numerical methods developed in this thesis are incorporated within the radiation

transport code RADIANT [19]. RADIANT employs space-time finite elements to discre-

tise the spatial and temporal dimensions. A Streamline Upwind Petrov Galerkin method

(SUPG) is incorporated within the code in order to suppress spurious oscillations forming

in its numerical solutions. RADIANT has been previously compared to existing bench-

marked radiation transport codes and has been shown, by numerical example, to yield a

diffusion limit.
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The methods of angular discretisation described here have been demonstrated for accu-

racy on a number of 2 dimensional, time independent, mono energetic particle transport

problems. The problems have been selected so their material properties vary between

being opaque and transparent in order to allow a diverse range of angular flux distribu-

tions to be tested. Benchmark solutions are provided by RADIANT using a spherical

harmonic angular discretisation. This allows a consistent comparison of the angular dis-

cretisation methods to be drawn, since the remaining space and time discretisation will

remain unchanged. Benchmark solutions are also provided by an even-parity [20] and

discontinuous Galerkin (DG) method [21]. These are fully established radiation transport

codes which therefore guarantee reliable solutions.

1.2 Numerical Methods for Solving the Boltzmann Trans-

port Equation

This section presents a historical review of numerical methods used to model neutral

particle transport for which an account of both the probabilistic and deterministic methods

has been included. Since the main focus of this thesis is in the development of new angular

discretisation methods, a comprehensive review of the previous angular approximation

schemes is given.

1.2.1 Stochastic Methods

Monte Carlo numerical methods [22, 23] are essentially statistical modelling methods

from which simulations are performed using a sequence of random numbers. For the

modelling of neutral particles, hundreds of thousands of particles are traced from their

birth by fission or an external source to death by capture or leakage through the problem’s

boundary. The path traced by a particle’s movement through the problem domain is called

a history. Each history tracks the absorption, scattering and fission events that a particle

encounters by statistical means. Essentially, by using the probability that a particle’s
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interacting event will occur, random numbers between 0 and 1 can be used to determine

a particle’s fate at each history instance. In the event of scattering occurring, random

number generators are again used to calculate the new direction of particle travel. This is

based on the probability density function of its scattering angle.

A disadvantage of the Monte Carlo method is that it is difficult to predict convergence

in their solutions - especially for criticality calculations. The stochastic framework also

means that the method is liable to statistical errors and convergence of the solutions can

not always be guaranteed. High computational cost are also a major disadvantage. This

is because a large number of particle histories are required in order to gain statistically

reliant results. In fact, Monte Carlo is one of the most time consuming of all methods

available for particle transport modelling. The method of variance reduction has been

developed to address this issue [24, 25]. This method optimises the statistics which re-

duces the number of particle histories required which in turn speeds up the calculation.

However, for many applications the method is still considered to be insufficient.

The main advantages of using the Monte Carlo method includes the fact that it is one of

the most accurate of the numerical methods available. The method avoids all discreti-

sation errors that are associated with the decomposition of the problem domain when

deterministic methods are used. In fact, the basic mechanics of Monte Carlo make it

favourable for use in modelling complex multi-dimensional domains. This has led to the

method being greatly applied in nuclear industry and applications of nuclear medicine.

Monte Carlo modelling can also be naturally computed in parallel since particle histo-

ries act independently of each other. In summary, Monte Carlo’s advantages are such

that it has established itself as the main tool for particle transport modelling. It is also

common to find the method being employed to provide benchmarked solutions for testing

alternative numerical methods [26, 27].

1.2.2 Deterministic Spatial Discretisations

The high demand for simulating a vast range of physical phenomena, for which a solution

to some fundamental partial differential equation is required, has led to an extensive range
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of discretisation methods for approximating spatial variables. Of these approaches four

have emerged as the most popular among researchers, namely the finite difference, finite

volume, finite element and spectral methods. This section presents the main tools used to

discretise the spatial domain of the Boltzmann transport equation. The methods presented

are well established techniques and will have been applied to most fields of numerical

modelling.

Finite Difference Method

One of the earliest discretisation schemes for approximating the BTE were designed on

finite difference technologies. The finite difference method (FDM) approximates the

equation over the points of a uniform grid (which is normally aligned with the Cartesian

space). The approach then utilises a re-arrangement of the Taylor series and expresses

the differential operators in terms of the variable’s value over the grid’s positions. Exam-

ples of the differencing schemes are the upwind and central differencing methods, these

provide first and second order accuracy, respectively. A linear system is generated by

FDM that expresses the PDE’s solution over the grid positions. One of its advantages is

that the treatment of the differential operators couples each grid position to their close

neighbouring points only. FDM therefore produces sparse linear system which, for some

equations, can be tridiagonal and symmetrical. A disadvantage of FDM is that the regu-

lar grid complicates the method’s application to irregular and complex problem domains.

The method’s use is therefore best suited to application involving structured geometries.

Finite Element Method

The finite element method (FEM) [28, 29, 30] has emerged as one of the most pow-

erful numerical techniques for the modelling of physical phenomena. The method first

arose from the work of Rayleigh, Ritz and Galerkin who were developing new numerical

solutions for problems in structural analysis. The technique proved to be successful and

highly versatile, especially for modelling complicated structural domains, and it was these

particularly important properties that attracted FEM to be applied in most other fields of

numerical modelling.

For the modelling of neutral particle transport, finite element techniques were first de-
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veloped at Los Alamos [31]. In their work they had shown how the use of higher order

Lagrangians led to substantial advantages over FDM in computing the multi-group diffu-

sion equations. From this others work soon followed. Ohnishi [32] had applied a finite

element formulation to both diffusion and transport theory. Semenza too had applied the

method in order to resolve the variational form of the transport equation [33]. This ini-

tial work was continued with Ackroyd [34], Kang and Hansen [35] and Pitkaranta [36],

to name a few, which subsequently led to the establishment of finite element in particle

transport theory. Reviews of FEM progress in this field of study, with applications to the

diffusion, first order and second order equations, have been compiled by Williams and

Goddard [37], Lewis [38] and Ackroyd [39].

When used to discretise the Boltzmann transport equation, the finite element method par-

titions the problem’s spatial domain into a finite set of non overlapping elements (or

sub-domains). Then, over each element, an approximation is sought using a set of in-

terpolating polynomial functions. In most cases the approximation has linear or quadratic

variation and typically uses an expansion of approximating (or trial) functions associated

with collocation points positioned over the corners and mid-edges of an element. The

problem is then reduced to finding the PDE’s solution over the finite set of collocation

points. These are computed by solving a linear system of equations which are formulated

using either a weighted residual or variational method.

It is common practise to employ triangular and quadrilateral elements to discretise 2 di-

mensional domains. For 3 dimensional problems, tetrahedral, triangular prisms and hex-

ahedral element are employed. In general the quadrilateral and hexahedral elements are

more accurate. However, triangular and tetrahedral elements are more suitable to dis-

cretising complex geometries requiring unstructured meshes. This leads to FEM’s main

advantage in that complex domains are easily treated. In some instances, the method can

also naturally incorporate boundary conditions.

Finite element approximations can be continuous or discontinuous over the elements’

boundaries. The latter option, the Discontinuous Galerkin method (DG), is generally

more accurate and stable for resolving fluxes with sharp gradients and discontinuities.
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1.2.3 Deterministic Angular Discretisations

This section reviews the main numerical methods used to discretise the angular variable

of the Boltzmann transport equation.

Diffusion Methods

Diffusion methods offer a simple and efficient treatment for the angular variable in parti-

cle transport modelling. Diffusion methods are low order methods that recast the transport

equation into a single diffusion differential equation which is independent of angle and

expressed in terms of particle density throughout space. The method began with Ed-

dington’s work in the 1940s. He had shown that if the angular flux could be represented

accurately with the first two terms of a spherical harmonic expansion (that is the flux is

nearly isotropic and varies smoothly over angle) the resulting equations could be reduced

to a single diffusion type equation expressed only in terms of the scalar flux. Subsequent

work in this area soon followed from where different assumptions were made on the angu-

lar flux distributions. Successful examples include the methods of equilibrium diffusion

[40], isotropic diffusion [41] and asymptotic diffusion theory [42, 43]. In all methods, a

single diffusion equation results that differed only in their diffusion coefficient.

An advantage of this approach is that the spatially discretised diffusion equations can be

solved and stored in memory efficiently. The method also yields accurate solutions when

the problem conforms with the assumptions of the angular flux. This usually requires the

flux to have a high degree of isotropy which, in turn, makes diffusion methods suitable

for many applications including reactor calculations [44] and optical imaging [11].

The methods weaknesses are that poor solutions result from difficult problems (’difficult’

relating to hard angular distributions to replicate) and that breakdown occurs when resolv-

ing voids (this is due to the diffusion coefficients possessing a1
σt

term whereσt denotes

the material cross section). The methods can also violate causality. Causality states that

the magnitude of the flux can not exceed the density of particles multiplied by their speed.

One solution to this problem is to use flux limiting [45]. Flux limiters modify the diffusion

coefficients which, in turn, manipulates the dissipation to ensure causality is maintained

at all instances. Initial flux limiters were adapted in an ad-hoc manor in order to preserve
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causality in the presence of large flux gradients. However, a more elegant approach was

developed by Pomraning’s who derived a diffusion method which had a natural built in

flux limiter [46].

PN , Simplified PN and Solid HarmonicsSHPN

ThePN method is one of the first approximation methods used in neutral particle mod-

elling [47, 48, 49]. ThePN method approximates the angular variable of the particle flux

using expansions of spherical harmonic functions [50, 51, 52]. Spherical harmonics are

a complete set of orthonormal functions that form a basis for the angular variables(µ, ω)

- the variables that represent direction of particle travel on the unit sphere. ThePN ap-

proximation arises through the truncation of the spherical harmonic expansion to include

all harmonics functions up to the orderN . The result is a polynomial approximation of

orderN (over the angular variables) - whereN is usually chosen to be odd. The method

provides spectral accuracy and unlike the diffusion methods, it converges to the exact so-

lution in its asymptotic limit - that is asN →∞. The spherical harmonic basis is defined

as the set{Y c
l,m, Y

s
l,m} for l ∈ {0, 1, . . .∞} andm ∈ {0, 1, . . . , l}, whereY c

l,m andY s
l,m

denote the real valued sine and cosine spherical harmonics, respectively,

Y c
l,m = Pm

l (µ) cos(mω),

Y s
l,m = Pm

l (µ) sin(mω). (1.1)

The functionsPm
l define the associated Legendre polynomials [15].

The advantages ofPN is that it is generally accurate for most transport problems. For

problem domains that involve significant scattering, and where the angular flux possesses

a fair degree of isotropy, low order expansions are sufficient for accurate approximations.

The method is also rotationally invariant. This is particularly important as ray effects

are guaranteed not to form in the scalar flux solution.PN also has the ability to treat

anisotropic scattering kernels exactly. In addition to this, whenPN is applied to the second

order transport equations the odd moments can be eliminated to form the reduced set of

even parity equations.

The disadvantages ofPN include the problem of vacuum boundaries being difficult to

maintain due to the continuous variation of the approximated flux. There is also the
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problem of sharp gradients in the scalar flux solution being smoothed out by low order

expansions. However, the more significant disadvantages are that the multidimensional

PN equation sets are complicated, expensive to solve and grow rapidly in the order of

(N + 1)2. This has been a huge draw back for the method’s progress in the transport

approximations. Even despite being one of the earliest methods developed, the high com-

putational requirements has pushedPN beyond use in most practical applications.

In contrast to this, the one dimensionalPN equations, which are derived by an expan-

sion of Legendre polynomials [15], are simple and grow at the much slower rate of just

(N + 1). It was this reduction in complexity that attracted Gelbard to the idea of expand-

ing the planar equation sets into a multi-dimensional framework as a method of avoiding

the complications ofPN . He first achieved his goal in the 1960s [53] when he proposed

the simplified spherical harmonic method (SPN ). His method was to generalise the set

of (N + 1) planar equations by the replacement of the spatial derivatives with multi-

dimensional Laplacian and divergence operators. The initial test calculations on one di-

mensional cylindrical [54] and spherical [55] geometries yielded impressive results.

By its construction, theSPN advantage is that the equations are simple and small in num-

ber. In addition to this, the method retains its rotational invariance, therefore ensuring

the solutions do not contain ray effects. Unfortunately the method’s mathematical foun-

dation was weak for general domains and Gelbards ad-hoc derivation was never fully

accepted by the research community. In addition to this, the asymptotic limit ofSPN

did not converge to the equation’s exact solution (except on a few specific cases). For

these reasons the research in this field stagnated over the next two decades. It was not

until the early 1980’s that interest inSPN began to re-emerge. In 1981, Lemanska [56]

reported huge improvements in accuracy on diffusion theory using the low orderSP3 and

SP5 equations. Smith [57, 58] then independently derived theSPN equations and again

reported huge increases in accuracy over the diffusion theory applied to two dimensional

lattice and core applications. As interest grew,SPN was applied to multidimensional ap-

plications of shielding, core and lattice problems [59] and again similar improvements on

the diffusion equations were reported. The general pattern showedSPN was capable of

providing significant improvements on the diffusion theory (orP1), especially when the

diffusion (P1) was the leading term. This view was strengthened when Gamino [60, 61]
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reported that over80% of the error of theP1 approximation could be corrected with a low

orderSPN solution.

The main breakthrough came when papers by Larsen, McGhee and Morel [62, 63, 64]

gave a mathematical basis for the asymptotic limit for theSPN equations. Using both a

variation analysis and asymptotic limit argument, they were able to show thatSPN was a

high order approximation of the transport equation for problems where theP1 expansion

was the leading term. Geometries with this attribute have the tendency of being optically

thick, having low absorption cross-sections and relatively high scattering cross-sections

which are not highly forward peaked. Essentially,SPN is a higher order approximation to

the diffusion theory. Pomraming was also able to show that for domains with an infinite

homogeneous medium,SPN solutions were guaranteed to converge on the exact solution.

Another simplification of thePN approximation is the solid harmonic method (SPHN )

proposed by Ackroyd in the 1960s [65, 66, 67]. Ackroyd’s aim was to relax the con-

straints of the unit vector denoting direction and the inconveniences caused by its direc-

tional components. The transport equation was generalised to incorporate a directional

vector of arbitrary length and expanded in angle using solid harmonics. The result was

a set of multi-dimensional first order differential equations that had strong similarities to

the planarPN equations. Subsequent work followed which recast the equations into sec-

ond order differential form. Elimination of the odd moments then provided a system of

diffusion-like equations that showed a strong resemblance to those ofSPN .

Discrete Ordinates

The discrete ordinate method (SN ) is one of the most popular and simple techniques used

in radiation transport approximations. The discrete ordinate method discretises the angu-

lar variable into a finite set of rays or ordinates,{Ω̂i} for i ∈ {1, 2, . . . ,M}, and particles

are permitted to travel only in these directions. The directions are then coupled with a set

of weights to form a quadrature set on the sphere,{Ω̂i, wi} for i ∈ {1, 2, . . . ,M}, and the

transport equation’s integrals are numerically approximated using theseSN quadrature

rules. The set ofM equations follows from expressing the transport equation at each of

the directionŝΩi, for i ∈ {1, 2, . . . ,M}.
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TheSN method was proposed by Carlson [68] in the 1950s and quickly became popular

for transport calculations. A reason for its popularity was that its simple treatment of

the angular variable meant that the equations sets were only coupled through scattering.

Therefore, pure absorbing problems would generate a set ofM independent hyperbolic

equations that are solved for each direction. In addition to this, bare surface boundary

conditions are easily resolved by simply determining the ordinates directing particles into

the system and setting the associated fluxes to zero.

TheSN method does have many disadvantages, the most notable of which are the pres-

ence of ray effects in their solutions. Ray effects [69, 70] arise in multidimensional so-

lutions as a direct consequence of the discretisation limiting the angular flux to travel in

a finite set of directions. Ray effects appear as unphysical oscillations in scalar flux so-

lutions and are at their most damaging when a problem contains isolates sources within

a rarefied, non scattering media. Various methods and techniques have been proposed

in order to suppress the oscillations caused by ray effects from destroyingSN solutions.

One technique is to ensure enough directions are used so that source regions are directly

connected to all elements of the spatial discretisation. Another technique is to select a

quadrature set that is more rotationally invariant, thus less susceptible to oscillating solu-

tions. A third, more elegant approach is to recast theSN equations into a set with close

similarities to thePN equations (that are free from ray effects) [71, 72]. This is achieved

by adding a fictitious source term to the transport equation to induce direction coupling

through the streaming operator. In addition to ray effects, anotherSN disadvantage is that

it generates a fully coupled system of equations for scattering problems. This has obvious

disadvantages for the memory and CPU resources.

VariousSN direction and weighting quadrature sets have been developed. For 1-D cal-

culations the direction and weights are normally chosen to correspond to the roots of

theN − 1 Legendre polynomial [15]. In this instance it can be shown that theSN and

PN−1 approximations are equivalent [15]. For multi-dimensional discretisations, common

quadrature sets are usually equal weight numerical integration schemes. Two examples

are the Kershaw& Harte and rectangular partitioning methods [73], an example of these

is presented in figure 1.2. The diagrams illustrate the method’s discretisation by a parti-

tioning on the sphere. The centre of each patch denotes anSN direction while its area
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(a) (b)

Figure 1.2: The equal weight discrete ordinate discretisation of the sphere. (a) The Ker-

shaw& Harte method (S6). (b) The rectangular partitioning method. The centre of the

patches represent a direction ofSN . The patch’s area represent the direction’s correspond-

ing weight in theSN quadrature rule.

corresponds to the weight. Other multi-dimensional quadrature schemes include uniform

weight [74], uniform Gauss-weight (using the tensor product of two 1-D Gauss quadrature

rules) [75] and Chebyshev-Legendre [76] schemes.

Walsh Functions

Walsh functions [77, 72, 78] are well established in numerical analysis for expanding

and approximating functions on the real line. Walsh functions form an orthonormal and

complete set of hierarchical basis functions over the intervalsx ∈ [−1, 1). The hierarchi-

cal levels,j ∈ {0, 1, . . . ,∞}, form piece-wise constant approximation over the intervals

(2j + k, 2j+1 + k] for k ∈ {0, 1, . . . 2j}. The functions are defined as:

Wal(2i+ p, x) = (−1)[i/2]+p {Wal(i, 2(x+0.5))+ (−1)i+p Wal(i, 2(x− 0.5))} (1.2)

with an initial Walsh function defined as,

Wal(0, x) =

 1 for −1 ≤ x < 1

0 otherwise,
(1.3)

and the first four Walsh functions are presented in figure 1.3.
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−1 0 1

Wal(3,x)

Wal(2,x)

Wal(1,x)

Wal(0,x) 0

0

0

0

Figure 1.3: This diagram presents the first 4 Walsh functions defined in equation 1.2.

A tensor product of two Walsh expansions are used to discretise the angular variable of

the Boltzmann transport equation. The two expansions are used to discretise angular vari-

able over the azimuth and polar angles separately. This results in an approximation that

is piece wise constant over a rectangular partitioning of the sphere which is similar to

the second equal weightSN partitioning shown in figure 1.2. The Walsh approximation

has an advantage overSN in that the light coupling of the angular variables through the

streaming term serves to reduce oscillating solutions caused by ray-effects [78]. In addi-

tion to this, the discretisation of scattering terms does not result in fully coupled systems

(as what happens withSN ). Furthermore, the two separate expansions allow the angular

discretisation to vary its resolution across the polar and azimuth directions. This allows

high resolution to be applied to the directional variables that are important - for instance

the azimuth angle is more important in 2-D calculations [79]. The disadvantage of the

method is that ray effects do occur in the solutions. The method is also of low order

accuracy.
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1.2.4 Solutions of the Boltzmann Transport Equation

This section describes the two main methods for solving the discretised Boltzmann trans-

port equation. A popular technique for reducing spurious oscillation that result from the

discretisation are also discussed.

Variational Techniques

Variational techniques are employed when the solution to the differential equation under

consideration is equivalent to the optimisation of a different differential equation [80].

The variational method functions by substituting an approximation into this alternative

equation (called the functional). The functional is then optimised by differentiating it

with respect to each expansion coefficient and solving the resulting linear system with all

terms equated to zero. One advantage of using variational techniques is that the functional

is often easier to handle as it is usually of lower differential order than the original differ-

ential equation. Another advantage is that the method can be used to prove the existence

of a solution.

The variational method has been extensively applied to obtain solutions for the second

order even parity equations. Examples of these include Lillie and Robinson work on dis-

crete ordinate, finite element solutions of the even and odd parity equation [81] and the

spherical harmonic, finite element solutions of multigroup problems developed by Olive-

ria [82]. A full demonstration of the variational approach’s use in transport calculations

is also given in [49].

Weighted Residual Methods

Residual methods are techniques that find solutions to the discretised equations by the

minimisation of its residual term. The residual is defined as the error that results from the

substitution of the approximation into the transport equation. Obviously, the expansion

of trial functions will not normally be able to provide a solution that results in a zero

residual over whole phase space. Therefore, as an alternative, the residual is required to

vanish in some average sense. One residual approach is the collocation method. This

technique selects a finite number of collocation points at which the residual is required
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to vanish. Other popular techniques include the sub-domain collocation and least squares

methods. However, the most popular of the residual methods is the weighted residual

Galerkin technique. In the Galerkin method the approximated equation is multiplied by

a set of weighting functions and integrated over its phase space. This results in a set of

weak form equations that form to build a linear system. This is then solved to find the ex-

pansion coefficients that satisfies the Galerkin weighted conditions. Numerous weighting

techniques exist. One approach is to perform the weighting using the same trial functions

as used in the approximation - the Bubnov Galerkin method. Alternatively one could use

a separate set of trial functions to carry out the weighting - the Petrov Galerkin method.

Stabilization Methods

For many numerical techniques, solving PDEs in which convection dominates can often

result in spurious Gibbs oscillations forming in their approximations. Typically, under

high convection conditions, sub optimal numerical schemes produce solutions that are

under diffusive and contain spurious oscillations over regions of high gradients. For many

applications in transport modelling, the oscillations can be highly damaging and may also

cause negative angular and scalar fluxes to form. In these situations it becomes necessary

to mitigate the oscillations and negative solutions using a suitable stabilization method.

Numerous techniques have been developed for numerical stability in finite element and fi-

nite difference solutions. The Petrov Galerkin methods are one such successful example.

In Petrov-Galerkin methods, additional diffusion is introduced into the solution in order

to compensate the under dissipative approximation of the original discretisation. This is

achieved by pre-multiplying the transport equation by the Petrov Galerkin term, this is es-

sentially a contribution of the equations convection operator. Then, when combined with

the equation’s own advection, the SUPG term yields an additional diffusion component.

Selecting the optimal dissipative contribution of the stabilizing term remains an active

area research. Various techniques have been derived that perform well under specific

material regimes. For example, the self adjoint angular flux method (SAAF) provides

stability for optically thick materials. The Streamline Upwind Petrov Galerkin method

[83] (SUPG), in which diffusion is added in the solution’s stream line direction only, is

more applicable for optically thin regimes. Methods combining both approaches in order
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to gain optimal stability over all regimes have also been developed [84, 19]. In addition

to this, non-linear methods can also be applied to SUPG in order to mitigate oscillations

that do not propagate in the stream line direction - such examples include discontinuity or

shock capturing methods [84, 19].

1.3 Scope of Thesis

This thesis is concerned with approximating the solution of the time independent, mono

energetic, first order linear Boltzmann transport equation. The first aim of this thesis is

to produce new robust numerical methods for discretising the transport equation’s angu-

lar variable. This work is based on the application of spherical wavelets for which three

schemes have been developed. Two are based on low order wavelet discretisations and

the other is an approximation method using spectrally accurate wavelets. The reasons for

investigating spherical wavelet discretisations are due to their particular properties. Apart

from having already shown their powerful ability in function approximation, their proper-

ties of compact support and hierarchical expansions makes the application of anisotropic

adaptive resolution in the angular phase-space possible. This leads into the next topic

of the thesis - to develop and apply a method for self adaptive angular discretisations of

the Boltzmann transport equation. The final section of this thesis concentrates on the ef-

ficient solving of the space/angle discretised equations. In this work a new variation of

FGMRES is developed. The solver is also combined with a new preconditioner based on

hierarchical angular multigrid ideas in order to increase efficiency further.

In chapter 2 the transport of neutral particles is described and the first order linear Boltz-

mann transport equation is presented. The angular discretised transport equations are then

derived for an arbitrary angular discretisation. The full treatment of the scattering term has

been included where the scattering cross-sections are assumed anisotropic and expanded

using Legendre polynomials. A Riemann method for treating bare surface boundary con-

ditions is also presented. Chapters 3 and 4 develop the two low order spherical wavelet

discretisations based on second generation wavelets. The full development is presented

and tests are performed on a number of 2-D problems domains. Chapter 5 presents the
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spectral wavelet discretisation based on Chebyshev collocation point polynomials. Again

tests are conducted on a number of 2-D problems domains. Chapter 6 develops a new

method for self adaptive angular discretisations using the spherical wavelet bases devel-

oped in the previous chapters. Numerical examples are presented showing the successful

functioning of the adaptive angular resolution using the two low order wavelet bases. In

chapter 7 the new solver and preconditioner are developed. The solver is based on Arnoldi

Krylov search space ideas and is an extension of the FGMRES algorithm. The precon-

ditioner uses the hierarchy of the angular discretisations which naturally lends itself to a

hierarchical or multi-grid solution method. This allows the preconditioner complete free-

dom to select and concentrate on resolving the angular moments that require the highest

effort. Chapter 8 presents the conclusions of this thesis and a section detailing possible

future work.
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2.1 Introduction

The Boltzmann Transport Equation (BTE) [49, 15, 16] mathematically describes the

transport of neutral particles, such as neutrons and photons, and details the interaction

55
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processes between the particles and their hosting materials. The transport equation was

derived by postulating some basic concepts, or assumptions, concerning the directional

flow of radiation and how its orientation and energies are influenced when contact is made

with the atoms of the surrounding matter. The assumptions conform exceptionally well to

the natural motion of neutral particles and naturally lead to the notation of material cross-

sections and secondary particles emitted through the processes of scattering and fission

reactions.

This chapter presents the foundations of particle transport simulation that are relevant for

the work of this thesis to proceed. Section 2.1.1 presents the assumptions of neutral parti-

cle travel and describes the terminology of material cross sections that describe the events

of absorption, scattering and fission. Section 2.1.2 then presents the linear Boltzmann

transport equation (as well as its alternative forms) and describes boundary conditions

common to practical applications. Section 2.2 derives the angular discretised Boltzmann

transport equations. The equations are based on using arbitrary expansions of angular

basis functions to approximate the transport equation’s angular dependence. The treat-

ment of the scattering term using an expansions of Legendre polynomials are also fully

described. Section 2.3 presents an SUPG method and a finite element discretisation of

the spatial variables. A treatment of bare surface boundary conditions using a Riemann

method is presented. This method is illustrated on 1-D equations where the Riemann

method is used to approximate fluxes at the surfaces of a control volume discretisation.

2.1.1 Neutral Particle Motion

For the derivation of the Boltzmann Transport Equation the following presumptions on

neutral particle propagation are:

1. Particles are considered as points.

2. Particles travel in straight lines between collisions with the surrounding matter.

3. Interaction between particles may be ignored.
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4. Particles emitted from collisions with the surrounding matter are instantaneous,

except in the case of delayed neutrons in fission reactions.

5. The material-particle interaction properties are assumed to be known.

A consequence of assumptions 2 and 3 is that a particle’s energy and direction can only

change through collisions with the atoms of the hosting materials. The types of interac-

tions that occur on collision are absorption, scattering and, for neutrons, fission. In the

absorption process a particle is captured by an atom of the hosting media and, in a math-

ematical point of view, cease to exist thereafter. In a scattering interaction, a particle is

deflected by contact with a hosting material atom which results in a change to its direction

and energy state. The two types of scattering processes are elastic and inelastic. Elastic

scattering is governed by the conservation of momentum and kinetic energy where as in-

elastic scattering results from the loss of a particle’s kinetic energy that occurs due to the

increase in the atoms energy state. Finally, in a fission reaction, a neutron is captured

(absorbed) by the nucleus of a hosting fissile atom. An instantaneous or delayed emission

of one of more neutrons then follows this event.

The rates of which all three processes occur are governed by the material cross-sections

which are known from the outset by assumption 5. The cross-sections, denoted byσ, are

macroscopic quantities. They have the dimensionscm−1 and represent the probability

that a particle will undergo a collisional process having travelled a distance ofdr. For

example, the probability of a particle being captured when travelling a distance ofdr

through a material with an absorbing cross-sectionσa, is given by,

absorption probability = σa dr.

In a similar manor the probabilities of scattering and fission processes occurring are de-

scribed by the cross-sectionsσs and σf respectively. The likelihood of any collision

occurring is denoted by the material’s total cross-sectionσt. This is defined as the sum of

all interaction cross-sections,

σt = σa + σs,
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where the absorption cross-sectionσa is the summation of the captureσc and fissionσf

cross-sections,

σa = σc + σs.

The total cross-section’s reciprocal also defines the materials mean free path. This is the

average distance a particle can expect to travel before undergoing a collision event.

In this thesis only materials with isotropic cross-sections are considered. This requires the

probability of a particle’s interaction occurrence to be independent of its initial direction.

For the vast majority of applications this property conforms well with the behaviour of

materials. However, in some instances the application of anisotropic materials are im-

portant [85]. Some examples include applications of modelling radionuclides through

fractured rock [86], calculations of low energy neutron propagation through crystalline

media and near-inferred propagation through living tissue.

2.1.2 The Boltzmann Transport Equation

This section presents the first order, time dependent linear Boltzmann transport equation

which describes the transport of neutral particles based on the assumptions stated in sec-

tion 2.1.1,

1

v

∂

∂t
ψ(r, Ω̂, E, t) + Ω̂.∇ψ(r, Ω̂, E, t) + σt(r, E)ψ(r, Ω̂, E, t) =

qex(r, Ω̂, E, t) + qs(r, Ω̂, E, t) + qf (r, Ω̂, E, t). (2.1)

The field variable of the Boltzmann transport equation is the angular fluxψ(r, Ω̂, E, t).

This variable exists in a 7 dimensional phase space that is made up of three spatial, two

angle, an energy and a time dimension. The angular flux represents the number of neutral

particles that occupy the spatial regionr, that are travelling in the direction̂Ω, that have

the energyE at the time instancet, multiplied by their velocityv.

The Boltzmann transport is essentially a balance equation that conserves neutral particles

during their propagation through a material. Each component of equation (2.1) mathe-

matically represents the individual mechanisms influencing particles over the phase space
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instance(r, Ω̂, E, t). The first term of equation (2.1) represents the rate of change of an-

gular flux with respect to timet. In order to ensure the number of particles balance, this

term equates to the number of particles lost through streaming, the number of particles

lost through absorption and the number of particles gained through emission during the

short time periodt + dt. The second and third terms of equation (2.1) describe the net

loss of particles due to streaming and capture (for all interactions), respectively. The three

terms on the right side of equation (2.1),qex, qs andqf , denote the emission of angular flux

coming from external sources, scattering and fission reactions, respectively. The external

sourceqex(r, Ω̂, E, t) is an explicitly known function of the 7 dimensional phase space.

The emission of particles through scattering and fission are implicit functions which are

dependent on the current state of angular flux.

The discharge of scattered particles in directionΩ with energyE is calculated in a sta-

tistical average framework. Using the cross-sectionσs(r, Ω̂
′ → Ω̂, E

′ → E, t) to denote

the probably density function of a particle, initially travelling in directionΩ̂
′
with energy

stateE
′
, to be scattered into the direction̂Ω with energyE, the scattering emission can be

calculated by integrating the cross-section and angular fluxψ(r, Ω̂
′
, E

′
, t) over the angle

and energy phase space(Ω
′
, E

′
),

qs(r, Ω̂, E, t) =

∫
E′

∫
4π

σs(r, Ω̂
′ → Ω̂, E

′ → E, t)ψ(r, Ω̂
′
, E

′
, t)dΩ̂

′
dE

′
. (2.2)

The emission of particles through fission (where delayed neutrons neglected) is also cal-

culated in a statistical framework. For this a termχ(E) is used to denote the probability

density function of a fission neutron having an energyE. A second termν(E
′
) denotes

the mean number of neutrons produced in a fission reaction initiated by the absorption

of a neutron with energyE
′
. The fission cross sectionσf (r, E

′
) is used to represent the

probability of a neutron with the energyE
′

being captured by fission. The assumption

made on these terms is that the discharge of fission is assumed to have isotropic distribu-

tion - that is, the neutrons released have no bias to any direction. The output of fission

particles can then be calculated by multiplying the probability and cross section terms

with the scalar flux and integrating over the energy variableE
′
,

qf (r, Ω̂, E, t) = χ(E)

∫ ∞

0

ν(E
′
)σf (r, E

′
)φ(r, E

′
, t)dE

′
. (2.3)
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The scalar flux is defined as the angular flux integrated over angleΩ̂.

φ(r, E, t) =

∫
dΩψ(r, Ω̂, E, t) (2.4)

This has an important physical meaning as it defines the mean density of particles at po-

sition r with energyE at timet. Two other important quantities are the radiative flux and

pressure due to the radiation flow. The radiative flux is a three element vector measuring

the flow of particles across a unit area of surface at positionr. This is defined by,

φ(r, E, t) =

∫
dΩ Ω̂ ψ(r, Ω̂, E, t), (2.5)

whereΩ̂ is the unit vector defining the directionΩ in terms of the spatial coordinates. The

pressure due to the radiation flow is represented by the 9 element matrix, again defined in

terms of the unit vector̂Ω and the angular flux,

φ̂(r, E, t) =

∫
dΩ Ω̂ Ω̂ ψ(r, Ω̂, E, t). (2.6)

Alternative forms of the BTE

It is important to mention alternative versions of the Boltzmann transport equation as es-

tablished codes that solve these variations are frequently employed to provide benchmark

solutions. One variation is the even-parity equation which can be constructed directly

from the first order equation (2.1) or by means of a variational approach [34]. The method

defines the even and odd parity variables as,

ψ+(Ω̂) =
1

2
(ψ(Ω̂) + ψ(−Ω̂)),

ψ−(Ω̂) =
1

2
(ψ(Ω̂)− ψ(−Ω̂)),

which replace the angular flux within the transport equation. Cancellation of the odd-

parity variables, the second order equation involving the even-parity moments results,

−Ω̂.∇ 1

σt

Ω̂.∇ψ+(r, Ω̂, E, t) + σtψ
+(r, Ω̂, E, t)

= qex(r, Ω̂, E, t) + qs(r, Ω̂, E, t) + qf (r, Ω̂, E, t). (2.7)

An advantage of this equation is that it is self-adjoint, which enables fast and efficient

algorithms to be applied for solving the discretised equations. Furthermore, a spherical
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harmonic approximation of the angular flux results in the elimination of the odd harmonic

moments, which reduces the number of angular unknowns which in turn increases the

efficiency of solving the discretised equations. The main disadvantage of the even-parity

method is the presence of the1
σt

term inside the second order differential operator. This

prevents the equation’s use in solving particle transport through voids. In this situation

it becomes necessary to add small cross sections to void regions in order to prevent the

equations breaking down. However, one must be sure that these small variations do not

have large influences on the solution.

Another alternative version of the transport equation is in its integral form. This version

is again constructed from the first order equation, the details for this can be found in [15]

and [16]. The time independent integral form transport equation is given by,

ψ(r,Ω) = Γ(rs,Ω) exp(−
∫ |r−rs|

0

ds
′′
σt(r − s

′′
Ω̂)) +∫ ∞

0

ds
′
q(r − s

′
Ω̂, Ω̂) exp(−

∫ s′

0

ds
′′
σt(r − s

′′
Ω̂)). (2.8)

The point denoted byrs is the position on the boundary which is in line with the opposite

direction of Ω from positionr. The termΓ(rs,Ω) denotes the boundary condition at

positionrs, boundary conditions will be discussed in the next section. The terms denotes

a spatial distance andq is the sum of all flux emitted through external sources, scattering

and fission. For pure absorbing problems,σs = σf = 0, equation (2.8) provides an

analytical solution of the Boltzmann transport equation.

2.1.3 Boundary Conditions

In order to solve the transport equation, certain conditions at the system’s boundary must

be specified. The initial state of the angular flux at the first time instance (t=0) must be

known explicitly for all space, angle and energy dimensions,

ψ(r, Ω̂, E, 0) = Ψ(r, Ω̂, E). (2.9)

Furthermore, conditions at the system’s spatial boundaryΓr are required for all time in-

stances. More precisely, it is the incoming angular flux at the spatial boundary that is
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required to satisfy certain boundary conditions. That is, the angular flux is required for,

ψ(r, Ω̂, E, t), ∀ E, t, r ∈ Γr, Ω̂.n < 0, (2.10)

wheren denotes the outward normal vector perpendicular to the surface boundary at the

point r ∈ Γr.

In practical applications of particle transport modelling a number of common boundary

conditions are applied over a domain’s spatial edge. Explicit conditions include surface

sources at the spatial boundaries,

ψ(r, Ω̂, E, t) = qex(r, Ω̂, E, t) (2.11)

for r ∈ Γr andΩ̂.n < 0. For the case where the source is zero, i.e. there is no incoming

flux at the boundary, the boundary is said to be a bare surface or vacuum boundary. Com-

mon implicit boundary conditions include the albedo reflecting condition. This defines

the incoming angular flux to be the reflected image of the outgoing flux multiplied by an

albedo constantα(E),

ψ(r, Ω̂, E, t) = α(E) ψ(r, Ω̂∗, E, t) r ∈ Γr, Ω̂.n < 0. (2.12)

The angleΩ̂∗ represents the outgoing reflecting angle toΩ̂ with respect to the boundary

at the pointr ∈ Γr. This can be calculated by satisfying the conditions,

Ω̂.n = −Ω̂∗.n,

(Ω̂× Ω̂∗).n = 0. (2.13)

In the case ofα(E) = 1, the boundary condition (2.12) gives a perfect reflecting surface.

A second implicit surface condition is the White boundary condition. The White condi-

tion requires all particles passing through the boundary at pointr ∈ Γr to be distributed

back into the system isotropically. The incoming distribution of flux for this surface con-

dition is represented by,

ψ(r, Ω̂, E, t) =
1

4

∫
n.Ω̂′>0

dΩ̂
′
n.Ω̂

′
ψ(r, Ω̂

′
, E, t). (2.14)
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2.1.4 The BTE Considered in the Thesis

This thesis considers the mono energetic, non multiplying linear Boltzmann transport

equation. In order to reduce the mathematical notation, the obsolete energy termE and

fission sourceqf are not considered any further from here. The thesis assumes the scat-

tering cross-sections are anisotropic. That is, the probability of a scattered particle’s di-

rection is only dependent on the scattered angleµ0 = Ω̂
′
.Ω̂. This in turn leads to the

following simplification of the scattering emission of equation (2.2),

qs(r, Ω̂, t) =

∫
4π

σs(r, µ0, t) ψ(r, Ω̂
′
, t) dΩ̂

′
. (2.15)

The final form of the Boltzmann transport equation that is considered in this thesis is

given as:

1

v

∂

∂t
ψ(r, Ω̂, t) + Ω̂.∇ψ(r, Ω̂, t) + σt(r)ψ(r, Ω̂, t) =

qex(r, Ω̂, t) +

∫
4π

σs(r, µ0, t) ψ(r, Ω̂
′
, t) dΩ̂

′
. (2.16)

2.2 The Angularly Discretised Transport Equation

This section derives the angular discretised Boltzmann transport equations. The work in

the following chapter of this thesis will begin from this point. The following sections de-

scribe the full procedure for discretising the angular dimension using an arbitrary angular

approximation scheme. This includes a complete description of treating the scattering

cross-sections using expansions of Legendre polynomials. This section begins from the

Boltzmann transport equation (2.16)

2.2.1 The Non-Scattering System of Equations

This section considers the transport equation (2.16) without the scattering termqs. In

order to approximate the angular variable and derive the angular discretised transport

equations, the angular dimensions of (2.16) are expanded using some arbitrary set of
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angular basis functions. That is, the angular fluxψ(r, Ω̂, t) is approximated using an

expansion of the form,

ψ(r, Ω̂, t) ≈
M∑
j=1

Ψj(r, t)Gj(Ω̂), (2.17)

whereGj(Ω̂) represent the expansion’s angular basis functions andΨj(r, t) are the corre-

sponding expansion coefficients (in this case they are referred to as the angular moments).

The approximation (2.17) is inserted into the transport equation (2.16) and a system ofM
equations are generated using a weighted residual method. This requires equation (2.16)

to be multiplied by a weighting functionG ′
i(Ω̂), for i ∈ {1, . . . ,M}, and integrated

over the angular variableΩ. For the work in this thesis the Bobnov Galerkin method

is applied. This method uses the angular basis functions in the expansion (2.17) as the

weighting functions, i.e.G ′
= G. This results in,∫

dΩ Gi(Ω̂)
{

(
1

v

∂

∂t
+ Ω̂.∇+ σT (r, E))

M∑
j=1

Ψj(r, t)Gj(Ω̂)

−qex(r, Ω̂, E, t)
}

= 0 for j = 1, . . . ,M. (2.18)

From this point, the vectorr will be described by the Cartesian coordinates{x, y, z} and

the angular vectorΩ is represented by the variablesµ , the cosine of the polar angleθ

measured with respect to the spatially fixed z axis, and the azimuthal angleω, the angle

describing the direction ofΩ in thexy plane - see figure 2.1. This set of spatial and angle

coordinates allows the streaming operator of (2.18) to be defined specifically as,

Ω̂.∇ = (Ω̂x, Ω̂y, Ω̂z).(
∂

∂x
,
∂

∂y
,
∂

∂z
) = Ω̂x

∂

∂x
+ Ω̂y

∂

∂y
+ Ω̂z

∂

∂z
, (2.19)

whereΩ̂x, Ω̂y andΩ̂z are components of the unit vector describing the direction ofΩ in

Cartesian space. These components are expressed in terms ofµ andω by,

Ω̂x = (1− µ2)
1
2 cosω,

Ω̂y = (1− µ2)
1
2 sinω,

Ω̂z = µ. (2.20)

The angularly discretised transport equations are derived by inserting (2.19) and (2.20)

into (2.18), and grouping the removal and scattering operators (which is discussed in the
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Figure 2.1: This diagram illustrates the representation of particle travel on the unit sphere.

The direction of particle travel is represented byΩ. This variable is constructed from the

two variablesω andχ. These represent the azimuth and co-latitude angles, respectively.

In many cases it is convenient to use the cosine ofχ, this is represented byµ.
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next section) together.

1

v
A
∂Ψ(r, t)

∂t
+ Ax

∂Ψ(r, t)

∂x
+ Ay

∂Ψ(r, t)

∂y
+ Az

∂Ψ(r, t)

∂z
+HΨ(r, t) = S(r, t) (2.21)

The variableΨ(r, t) is a vector containing theM angular moments which form the ap-

proximation of the angular flux at positionr and timet. The variableS(r, t) is a vector of

sizeM which forms the angularly discretised external source over positionr and at time

t. A is theM×M angular mass matrix,Ax,Ay andAz are theM×M angular Jacobin

matrices andH is theM×M scattering removal operator matrix. The elements of the

above matrices and source vectors are specified as,

Ai,j =

∫
dΩ Gi(Ω̂) Gj(Ω̂) =

∫
dµ

∫
dω Gi(µ, ω) Gj(µ, ω),

Axi,j =

∫
dΩ Ω̂x Gi(Ω̂) Gj(Ω̂) =

∫
dµ

∫
dω (1− µ2)

1
2 cos(ω) Gi(µ, ω) Gj(µ, ω),

Ayi,j =

∫
dΩ Ω̂y Gi(Ω̂) Gj(Ω̂) =

∫
dµ

∫
dω (1− µ2)

1
2 sin(ω) Gi(µ, ω)Gj(µ, ω),

Azi,j =

∫
dΩ Ω̂z Gi(Ω̂) Gj(Ω̂) =

∫
dµ

∫
dω µ Gi(µ, ω)Gj(µ, ω),

Sj(r, t) =

∫
dΩ qex(r, Ω̂, t) Gj(Ω̂) =

∫
dµ

∫
dω qex(µ, ω) Gj(µ, ω). (2.22)

The elements of the scattering/removal matrixH are defined in the next section.

2.2.2 Discretisation of the Scattering Term

In order to discretise anisotropic scattering cross sections, it is customary to expand the

probability density function of the scattered angleµ0, used in equation (2.15), in terms of

the orthogonal Legendre polynomials [15]. That is, the scattering cross sectionσs(µ0) is

expanded by,

σs(r, Ω̂.Ω̂
′
) = σs(r, µ0) =

∞∑
l=0

(2l + 1) σsl(r) Pl(µ0), (2.23)
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wherePl is thelth order Legendre polynomial andσsl(r) are their corresponding expan-

sion coefficients. Due to the orthogonality of the Legendre polynomial basis, the expan-

sion coefficientsσsl can be computed by multiplying the cross section with thelth order

Legendre polynomial and integrating over the scattering angleµ0.

σsl =

∫ 1

−1

dµ0

2
σs (µ0)Pl(µ0) (2.24)

Inserting (2.23) into (2.15) gives the following expression for the emission density of

scattered particles,

qs(r, Ω̂, t) =
∞∑
l=0

(2l + 1)σsl

∫
dΩ

′
Pl(Ω̂.Ω̂

′
)ψ(r, Ω̂

′
, t). (2.25)

This is then simplified using the addition theorem [15] which expands each Legendre

polynomial in terms of products of spherical harmonic functions,

Pl(Ω̂.Ω̂
′
) =

l∑
m=−l

Y ∗
l,m(Ω̂)Yl,m(Ω̂

′
). (2.26)

Complex spherical harmonics [15] are defined as,

Yl,m(Ω̂) = Pm
l (µ)eiωm, (2.27)

with Y ∗
l,m(Ω̂) denoting their complex conjugates andPm

l represent the associated Legen-

dre polynomials [15].

The purpose of this is that the directions before and after scattering,Ω̂ and Ω̂
′
, can be

separated and treated individually. Combining (2.25) and (2.26) yields the following

expression for particles emitted through scattering,

qs(r, Ω̂, t) =
M∑
l=0

l∑
m=−l

Y ∗
l,m(Ω̂)σsl(r)

∫
dΩ

′
Yl,m(Ω̂

′
)ψ(r, Ω̂

′
, t), (2.28)

which is now in a suitable form for the angular dimension to be discretised.

Conforming with the previous section, the Bobnov Galerkin weighted residual method is

employed to discretise angular variable. Equation (2.28) is pre-multiplied by the angular

basis functionGi, for i ∈ {1, 2, . . . ,M} and integrated over angleΩ,∫
dΩ̂ Gj(Ω̂)

M∑
l=0

l∑
m=−l

Y ∗
l,m(Ω̂) σsl(r)

∫
dΩ

′
Yl,m(Ω̂

′
) ψ(r, Ω̂

′
, t),

∀i ∈ {1, 2, . . . ,M}, (2.29)
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which is then arranged into the form,∫
dΩ̂ Gj(Ω̂)

M∑
l=0

Y ∗
l,0(Ω̂) σsl(r)

∫
dΩ

′
Yl,0(Ω̂

′
) ψ(r, Ω̂

′
, t) +

∫
dΩ̂Gj(Ω̂)

M∑
l=0

l∑
m=−lm6=0

Y ∗
l,m(Ω̂)σsl(r)

∫
dΩ

′
Yl,m(Ω̂

′
)ψ(r, Ω̂

′
, t),

∀i ∈ {1, 2, . . . ,M}. (2.30)

This expression can be simplified using the following property of the complex spherical

harmonics,

Y ∗
l,−m(Ω̂) = (−1)mYl,m(Ω̂). (2.31)

Allowing Φm
l (r, t) to represent the integrals of equation (2.30),

Φm
l (r, t) =

∫
dΩ

′
Yl,m(Ω̂

′
) ψ(r, Ω̂

′
, t), (2.32)

the sumY ∗
l,m(Ω̂)Φm

l + Yl,−m(Ω̂)Φ−m
l can be expressed as,

Y ∗
l,m(Ω̂) Φm

l + Yl,−m(Ω̂) Φ−m
l

= Y ∗
l,m(Ω̂)

∫
dΩ̂

′
Yl,m(Ω̂

′
) Ψ(Ω̂

′
) + (−1)m Yl,m(Ω̂)

∫
dΩ̂

′
(−1)m Y ∗

l,m(Ω̂) Ψ(Ω̂
′
)

= [Y e
l,m(Ω̂)− i Y o

l,m(Ω̂)]

∫
[Y e

l,m(Ω̂
′
) + i Y o

l,m(Ω̂
′
) Ψ(Ω̂

′
)] dΩ̂

′

+ [Y e
l,m(Ω̂) + i Y o

l,m(Ω̂)]

∫
[Y e

l,m(Ω̂
′
) + i Y o

l,m(Ω̂
′
) Ψ(Ω̂

′
)] dΩ̂

′

=

∫
Y e

l,m(Ω̂
′
) Ψ(Ω̂

′
) dΩ̂

′
[Y e

l,m(Ω̂)− iY o
l,m(Ω̂) + Y e

l,m(Ω̂) + i Y o
l,m(Ω̂)]

+ i

∫
Y o

l,m(Ω̂
′
)Ψ(Ω̂

′
) dΩ̂

′
[Y e

l,m(Ω̂)− i Y o
l,m(Ω̂)− Y e

l,m(Ω̂)− i Y o
l,m(Ω̂)]

= 2 Y e
l,m(Ω̂)

∫
Y e

l,m(Ω̂
′
) Ψ(Ω̂

′
) dΩ̂

′
+ 2 Y o

l,m(Ω̂)

∫
Y o

l,m(Ω̂
′
) Ψ(Ω̂

′
) dΩ̂

′
(2.33)

where the functionsY e
l,m(Ω̂) and Y o

l,m(Ω̂) represent the real and complex parts of the

spherical harmonic functionYl,m(Ω̂),

Y e
l,m(Ω̂) =

√
(2l + 1)(l −m)!

(l +m)!
Pm

l (µ) cos(mω),

Y o
l,m(Ω̂) =

√
(2l + 1)(l −m)!

(l +m)!
Pm

l (µ) sin(mω), (2.34)
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where

Yl,m(Ω̂) = Y e
l,m(Ω̂) + i Y o

l,m(Ω̂).

Using the result of (2.33) the scattering contribution of equation (2.30) is expressed in

terms of the spherical harmonics’ real and complex parts,Y e andY o.∫
dΩ̂ Gj(Ω̂)

M∑
l=0

σsl(r) Y
e
l,0(Ω̂)

∫
dΩ

′
Y e

l,0(Ω̂
′
) ψ(r, Ω̂

′
, t) +

∞∑
l=1

σsl(r)
l∑

m=1

[2 Y e
l,m(Ω̂)

∫
dΩ

′
Y e

l,m(Ω̂
′
) ψ(r, Ω̂

′
, t) +

2 Y o
l,m(Ω̂)

∫
dΩ

′
Y o

l,m(Ω̂
′
) ψ(r, Ω̂

′
, t)] (2.35)

Then, by inserting the angular approximation (2.17) into (2.35) and defining the variables,

αe,l,m
j =

∫
dΩ Gj(Ω̂) Y e

l,m(Ω̂),

αo,l,m
j =

∫
dΩ Gj(Ω̂) Y o

l,m(Ω̂), (2.36)

the equation set (2.35) can be expressed as,

qs(r, Ω̂, t) =
∞∑
l=0

σsl(r) α
e,l,0
j

M∑
j=1

αe,l,0
i Ψi(r, t)

+2
∞∑
l=1

σsl(r)
l∑

m=1

[αe,l,m
j

M∑
i=1

αe,l,m
i Ψi(r, t) + αo,l,m

j

M∑
j=1

αo,l,m
i Ψi(r, t)], (2.37)

for i ∈ {1, 2 . . . ,M}. Upon the re-arrangement of the above equation, that is, by pulling

angular coefficients outside the brackets, the weighted scattering term is given by,

M∑
j=1

Ψi(r, t)[
∞∑
l=0

σsl(r) α
e,l,0
j αe,l,0

i + 2
∞∑
l=1

σsl(r)
l∑

m=1

[αe,l,m
j αe,l,m

i + αo,l,m
j αo,l,m

i ]],

∀i ∈ {1, 2, . . . ,M}. (2.38)

The equation (2.38) is arranged into a matrix vector form, the vector being the set of

angular moments. Therefore, the scattering contribution to the(i, j) element ofH in

(2.21) is calculated to be the expression within the brackets. The elements ofH in (2.21)
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are now defined to be,

Hi,j =

∫
dµ

∫
dω Gi(µ, ω) Gj(µ, ω) −

∞∑
l=0

σsl(r) α
e,l,0
j αe,l,0

i + 2
∞∑
l=1

σsl(r)
l∑

m=1

(αe,l,m
j αe,l,m

i + αo,l,m
j αo,l,m

i ), (2.39)

where the integrals on the right side account for the total cross-section removal term.

A Summary of the Angular Discretised Equations

The full angular discretisation of the non-multiplying linear Boltzmann transport equation

using an arbitrary angular approximation (2.17) has been presented. For all the angular

discretisation methods discussed in the following chapters, the objective is to derive the

system of equations (2.21) for which the matrices and vectors are defined by (2.22) and

(2.39). At this point the angular flux is fully described by the coefficientsΨj(r, t) for

j ∈ {1, 2, . . . ,M}, and forms the starting point for developing the time and spatial dis-

cretisation methods.

2.3 Spatial Discretisation Methods

This section briefly overviews the spatial treatments of the Boltzmann transport equation

that are used in the numerical examples of this thesis. The aim here is not to provide

a complete description of the spatial treatment, as this will be covered in the following

chapters, but rather to present the spatial discretised transport equations at which the point

of resolving boundary conditions becomes necessary. This will then be followed by a

comprehensive description for treating bare surface boundary conditions using a Riemann

method. In order to simplify the equations the time dimension has been neglected as it

has no implication on the treatment of the boundary condition.
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2.3.1 SUPG Stabilization

Discretisation of the spatial variables for the multi dimensional numerical examples in

this thesis use both the SUPG finite element and control volume finite element (CVFEM)

methods. In both approaches the SUPG stabilization method is employed in order to

reduce un-physical spatial oscillations forming over regions with large gradients [84, 19].

The SUPG method is described in more detail in the later chapters of this thesis. Here it

is just briefly introduced in order that the spatially discretised equations can be derived.

The method of SUPG pre-multiplies the angularly discretised transport equation (2.21)

by the SUPG term(I −A · ∇P ), whereA denotes the vector of matrices containing the

angular Jacobians,A = (Ax, Ay, Az), andP is the stabilizing matrix. The SUPG term

is designed to add diffusion to the transport approximations in their streamline direction

only . The elements of the matrixP are selected in order to add the correct diffusion for

a stable, non-oscillatory solution (which will be addressed in a later chapter).

2.3.2 CVFEM & FEM Discretisations

In this section a brief outline of the control volume finite element method (CVFEM)

and finite element method (FEM) is presented. In these two approaches the resulting

discretised equations follow similar paths in their development, and vary only when a

different set of weighting functions are used. It is assumed that the angular flux spatial

domain has been discretised using some arbitrary finite element mesh.

From the SUPG angular discretised equations, the equation sets are once again pre-

multiplied by a set of weighting functions and then integrated over the spatial domain. For

the FEM, the weighting functions are the same functions used to discretise and approxi-

mate the spatial variable of the angular flux. For the CVFEM, the weighting functions are

defined using a control volume discretisation. The control volumes are centred over the

nodes used in the finite element discretisation and a formed by a Voronoi decomposition

[87] of the spatial domain. The weighting functionsMi, for i ∈ {1, 2, . . . ,N} have the

value 1 over their associated control volumeCVi and are 0 else where.
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For both methods, the resulting set of spatially discretised equations are,∫
V

M i(r)(HΨ(r, t)− S(r, t))dV +

∫
Γr

M i(r)(A · n)Ψ(r, t)) = 0,

∀ i ∈ {1, . . .N},

for CVFEM (see [88]) and,

−
∫

V

(A · ∇N i(r))Ψ(r)dV +

∫
V

N i(r)(H(r)Ψ(r)− S(r))dV

+

∫
V

A · ∇N i(r)PR(Ψ(r))dV +

∫
Γr

N i(r)(A · n)(Ψ(r))dΓr,

∀ i ∈ {1, . . .N},

for FEM (see [83]). The termN i denotes theM×M diagonal matrix containing the

finite element function associated with nodei of the finite element mesh. Similarly, the

termM i denotes theM×M diagonal matrix containing the control volume function as-

sociated with nodei of the finite element mesh. The termn denotes the outward pointing

normal vector on the boundaryΓr.

2.3.3 Riemann Method for Bare Surfaces

In both the CVFEM and FEM methods, similar surface integrals appear in the discretised

transport equations as a result of applying Greens theorem to the volume integrals,∫
Γr

M i(r)(A · n)Ψ(r, t)), ∀ i ∈ {1, . . .N}, (2.40)

and ∫
Γr

N i(r)(A · n)(Ψ(r))dΓr, ∀ i ∈ {1, . . .N}. (2.41)

In order to resolve these integrals correctly, the angular flux must also satisfy the sys-

tem’s boundary conditions. For the numerical examples in this thesis, vacuum boundary

conditions are resolved using a Riemann approach [89, 19]. The basic mechanics of the

Riemann method is to exploit the eigenstructure of the angular Jacobian matrices in order

to decouple the angular moments and calculate the incoming and outgoing information

passing through the system’s boundary. In order to illustrate Riemann method a 1-D con-

trol volume discretisation method is presented (with no SUPG) in which the Riemann
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method is employed to approximate the incoming and outgoing information through each

of the control volume’s surface.

1-D CV Riemann Decomposition

For this demonstration the steady state, 1-D angular discretised Boltzmann transport equa-

tion is considered without a scattering/removal operator. The spatial domain is discretised

using a set ofN control volumes (for simplicity a regular spaced grid is considered) and

the angular flux is spatially expanded using,

Ψ(r) ≈ Ψ(r) =
N∑

j=1

ΨjM j(r), (2.42)

whereM j(r) denote the control volume functions (which have the value 1 over their

respective control volumeCVi and 0 else where) andΨj are the expansion’s coefficients.

Applying the standard Bubnov Galerkin weighted residual method, the angular discretised

equations are pre-multiplied by each control volume and integrated over space (which is

just the x variable in this case),∫
CVi

MiAx
∂Ψ(x)

∂x
dx =

∫
CVi

MiS(x), i ∈ {1, 2, . . . ,N}. (2.43)

The angular JacobianAx is then expressed in terms of its eigenstructure by,

Ax = RxΛxR
−1
x , (2.44)

whereRx is anM×Mmatrix formed from the augmentation of theM columns of right

eigen vectors ofAx. The matrixΛx is anM×M diagonal matrix containing the eigen

values ofAx along its diagonal elements. Due to the symmetry ofAx the matrix of left

eigenvectors can be represented by the inverse ofRx in the decomposition (2.44).

The method then maps the angular momentsΨ(x) onto a Riemann space using a mapping

matrix defined byRx,

Ψ(x) = RxΨx(x). (2.45)

Inserting the mapping (2.45) into (2.43) and pre-multiplying byR−1
x gives,∫

CVi

MiΛx
∂Ψx(x)

∂x
dx = R−1

x

∫
CVi

MiS(x), i ∈ {1, 2, . . . ,N}. (2.46)
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Applying Green’s theorem to the streaming term reduces the order of the differential

operator and simplifies the volume integral to one over the surface of the control volume,∫
ΓCVi

MinxΛxΨx(x)dΓ = R−1
x

∫
V

MiS(x, t), i ∈ {1, 2, . . . ,N}, (2.47)

where the termnx denotes the outward direction to the control volume’s surface. The

implication of this approach is that in equation (2.47), the Riemann variables are decou-

pled through the streaming term. This is crucial as each variable may now be treated

separately, effectively reducing the problem to a set of independent advection equations.

This can be used to greatly reduce the complexity of approximating the moment variables

at the boundary, which is required by the integral in equation (2.47). As the direction of

advection for each Riemann variableΨxi is defined solely by the sign of its corresponding

eigenvalueΛxi,i, it is easy to determine whether a Riemann variable is streaming informa-

tion into or out of of a control volume at its surface. Therefore, an estimation of the flux

at the control volume’s surface can be calculated using upwind approximations in Rie-

mann space. This approach has essentially divided the surface integral of equation (2.47)

into two integrals representing information entering and leaving the control volume at its

surface.∫
ΓCVi

MinxΛxΨx(x)dΓ =

∫
ΓCVi

MinxΛxΨ
in
x (x)dΓ +

∫
ΓCVi

MinxΛxΨ
out
x (x)dΓ (2.48)

The Riemann variables that stream out of a control volume are approximated at a bound-

ary by taking the values of the control volume’s Riemann variables. The Riemann vari-

ables that stream into the control volume are estimated at the boundary by taking the value

of the Riemann variables associated with the neighbouring control volume. The integrals

of equation (2.47) are then calculated in Riemann space and mapped back to the angular

moment space using the mapping (2.45). The diagram presented in figure 2.2 gives an

illustration of the Riemann method.

Riemann Solution of the Multi-Dimensional Surface Integrals

In order to resolve bare surfaces and satisfy the surface integrals (2.40) and (2.41), the

Riemann method applies the ideas presented in the 1-D control volume example. The

method once again uses the eigenstructure of the matrixAs = (A · n),

As = RsΛsR
−1
s , (2.49)
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CV j+1CV j
OR

Figure 2.2: This diagram illustrates how the Riemann method works when estimating the

flux at the edge of a control volume for a 1-D problem. The approximation of each angular

moment is normally quite difficult due to the fact that its associated angular function can

often direct flux over large areas of angle - as illustrated by the arrows of the variableΨi.

Since these directions of flow will often transport particles into and out of a control vol-

ume an up-wind estimation of the variable is difficult. However, by mapping the angular

moments to a Riemann space, each Riemann variable, denoted byΨ̂i, directs information

in one specific direction. A consequence of this is that the Riemann information is being

directed either in or out of the control volume and so an upwind estimation of this vari-

able is straight forward. Estimations of the variables at the surface of a control volume

are therefore made in Riemann space and the resulting approximations then mapped back

to the proper angular moment variables.
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where, as before, the matricesRs andΛs denote the right eigenvectors and eigenvalues of

As, respectively. Again, a mapping between the angular moments and Riemann variables

is defined in terms of the right eigenvectors,

Ψ(x) = RsΨs(x). (2.50)

On substitution of expressions (2.49) and (2.50) into the surface integrals (2.40) and

(2.41), the following results,∫
Γ

M iAsΨ(r, t)dΓ =

∫
Γ

M iRsΛsR
−1
s RsΨs(r, t)dΓ = Rs

∫
Γ

M iΛsΨs(r, t)dΓ, (2.51)

and,∫
Γ

N iAsΨ(r, t)dΓ =

∫
Γ

N iRsΛsR
−1
s RsΨs(r, t)dΓ = Rs

∫
Γ

N iΛsΨs(r, t)dΓ. (2.52)

The surface integration can now be resolved in Riemann space by determining the Rie-

mann variables that direct information in and out of the system through the boundary. In

order to satisfy bare surfaces the incoming Riemann variables are set to zero. Out going

variables are approximated at the boundary using either upwind approximations or finite

element interpolation. It should also be mentioned that when integrating over the sur-

face, Gauss points located on the internal of the surface are used to evaluate the integral.

Therefore, as elements with flat edges are used, the directionn remains in a constant di-

rection over all quadrature points on a surface - also note that the directions at the nodes

will not need to be considered. This therefore keeps the angular Riemann decomposition

independent of space, thus the mapping between the angular and Riemann space remains

constant on an element’s surface.

The importance of this Riemann method for resolving boundary conditions is that it is

defined using an arbitrary angular discretisation. This therefore allows the same code to

be used with any approximation of the angular flux. All that is required is a re-definition

of the angular matrices in equation (2.21).
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This chapter develops two new wavelet bases for discretising the angular term of the first

order Boltzmann transport equation. The wavelets functions are based on Sweldens sec-

ond generation wavelets [90] that are generated using the lifting procedure [91]. In this

chapter the wavelets are built on an octahedral representation of the sphere and the angular

flux approximation takes the form of finite element linear and quadratic representations.

The spherical wavelets are similar to the functions developed in [92] and [93]. However,

in this derivation the bases apply a new amendment for mitigating the ray effect type

inaccuracies that can dominate 1 and 2 dimensional solutions. A demonstration of the

new angular discretisation techniques are performed on a number of 1 and 2 dimensional

problem domains. These numerical examples aim to demonstrate these new methods ca-

pabilities to accurately represent the angular flux and to determine their susceptibility to

ray effects forming in their solutions. Benchmark solutions are provided by the conven-

tionalSN andPN discretisations that are used to solve both the first order and even parity

equations.

3.1 Introduction

In recent years wavelets [94, 95, 96] have proved themselves to be a versatile tool in

many fields of mathematics, physics, statistics, engineering and computational sciences.

The key to their success lies with their power to efficiently represent general functions

and data sets. In effect, wavelets have the ability to efficiently encompass and evaluate

data utilising only a small number of coefficients.
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Wavelet theory first attracted the attention of several researchers such as Morlet, Gross-

mann, Mayer and Daubechies [95] in the early 1980s. Their work had a tremendous

impact on techniques in signal processing and image and data compression for which

wavelet analysis has since become both an established and popular method. This popular-

ity was based on the method’s functions used in the representation and analysis of signals,

since, unlike the established method of Fourier analysis which uses bases of global sines

and cosines, the wavelet functions, or wavelets, were localised in both frequency and

time. The implications of this property not only lead to a naturally preserved space-time

localised wavelet transform (analogous to the Fourier transform) but the compact wavelets

were easier to implement than the global functions of their Fourier counterparts. Further-

more, the invention of the Multi-resolution analysis [94] enabled a wavelet reconstructing

of a signal to be performed in layers of increasing resolution. Each incrementation of

the reconstruction involves supplementing the existing expansion with a set of wavelets

giving the required increase in accuracy. In effect, this resulted in a hierarchical wavelet

basis constructing the local profile of a signal in terms of its information at various reso-

lutions. This immediately lead to the prospects of an adaptive reconstruction of the signal

in which high resolution analysis would be confined to the problem’s regions in which

it was required. Together, these factors were to become the greatest strength of wavelet

analysis in numerical applications.

For the applications of numerical analysis classical wavelets constitute a basis forL2(R).

They take the form of translations and dilation of a single ’mother wavelet’ϕ(x) and

posses the desirable properties of orthogonality, compact support and zero integrals. They

are formally defined in terms of their mother wavelet,

ϕj,k(x) = 2j/2ϕ(2j/2x− k), ∀j, k ∈ Z, (3.1)

for which the set{ϕj,k, j, k ∈ Z} forms the dense basis ofL2(R). The number of wavelets

has continued to grow since their formalism, each developed to possess the properties

suitable for the specific problem at hand, and thus have created a large family of wavelet

methods. Common examples include piece-wise constant Haar functions, spline polyno-

mials, Legendre, Daubechies and Gaussian wavelets [94].

As previously mentioned, wavelets play a pivotal role in image analysis. Wavelets have
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been applied to applications including edge detection [97, 98], de-noising or filtering

[99, 100] and, most significantly, image compression [101, 102, 103]. Wavelet based 2-

D image compression techniques commonly employ a tensor product extension of (3.1)

to two variables, referred to as a separable transform, although non-separable transforms

have been developed [99]. Examples presented in [104] and [105] show wavelet compres-

sion technologies to be comparable or even to exceed the performance of other leading

compression techniques. These papers include the well established wavelet compression

algorithms EZW [104] and SPIHT [105].

Following their early success in signal analysis and data compression, wavelets attracted

the attention of researches from various other fields. One such field was in numerical tech-

niques for solving partial differential equations (PDE) where the prospect of an efficient

and adaptive algorithm was foreseen as an attractive rival to the traditional techniques of

finite element, finite difference and spectral methods. Wavelets have since been applied

across the whole spectrum of PDEs. An example of these include their application in solv-

ing Hyperbolic [106], Elliptic, Stokes/Helmoltz [107] and Burgers equations [108, 109].

An extensive reference list of their application in PDEs up to 2001 can be found in [110].

In almost all classical wavelet based approximations of multidimensional PDEs, the sep-

arate spatial directions are individually expanded, from which the full domain representa-

tion follows from their tensor product. In most of these applications wavelets expand all

spatial dimensions, however, they have also been mixed with other approximation tech-

niques with considerable success. A mixed Spectral/Wavelet method was proposed in

[107] for the solution of the 2-D stokes equation for which the flow had periodicity in

one direction. A Daubechies wavelet expansion was used for representing the periodic

flow, while a spectral Chebyshev expansion was employed for the representation of the

non periodic direction. Numerical examples demonstrated the method to be both stable

and spectrally accurate.

Wavelet based discretisation techniques fall into either of two categories: Galerkin [106,

107] and collocation methods [111, 108, 109, 107]. In the Galerkin method the PDE is

projected onto the wavelet space through its multiplication with the wavelet basis and inte-

gration over the problem domain. This scheme in general leads to better pre-conditioning
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and conforms well with the wavelets theoretical analysis. In the collocation scheme the

wavelets are associated with unique collocation points. The PDE is then expressed at

these collocation points in order to obtain the fully discretised system of equations. The

method has the advantage that it can easily treat any non linear terms, there also exists a

number of techniques to compute derivatives. The method also offers a potential route for

resolving boundary conditions. However boundary conditions are in general a cause for

some concern. This is due to wavelets being constructed over the infinite real line which

therefore possess no natural method of satisfying boundaries. One successful solution

was to develop wavelets and wavelet transforms on an interval [112, 113, 114]. Another

technique was to completely reconstruct the classical wavelet theory, stripping away the

translations and dilations of a mother wavelet and replacing it with a new method of

wavelet construction. So drastic were these changes from the classical analysis that this

new breed of wavelets became known as Second Generation Wavelets [115].

Second Generation Wavelets were founded by Swelden in the mid 1990s through his work

in restructuring wavelet analysis into a more general framework [90, 116]. The approach

superseded Fourier analysis as the tool for wavelet construction, which had been used

for all wavelet development with the exception of interpolating functions developed by

Donoho [117] and Harten [118]. Instead, wavelets were developed through a simple but

effective method called the lifting scheme [90, 119]. The basic idea was to start with

very simple wavelet functions that held the essential properties to co-exist with a given

multiresolution analysis. The lifting scheme then operated on the wavelets working them

up to functions with particular useful properties. This alternative approach did come at

a cost as some of the important properties of the classical wavelets were inevitably lost.

However, despite this disadvantage, the method did provide the necessary freedom for

satisfying boundary conditions. Furthermore the functions could also retain their proper-

ties such as compact support and zero integrals through the weight settings of the lifting

coefficients. If these positive benefits were not enough, the huge benefits of the second

generation wavelets was that they were constructed on the spatial domain. This enabled

an easy adaption over complex and irregular geometries and even their extension to other

more exotic topologies fromR andR2.

Research in computer graphics has received a considerable amount of activity through
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the use of both classical and second generation wavelets [120, 96]. Examples of classical

wavelet applications include B-spline and Daubechies wavelets in surface and volume il-

lumination computations [121, 122], surface modelling [123] and animation [124]. The

second generation wavelets made their largest contributions in the field of three dimen-

sional surface imaging [96]. This realisation was first set out in the work of Lounsbery

[125] who developed a wavelet basis that could construct complex, three dimensional

topologies comprising of triangular elements or faces. These arbitrary structures would

be generated from recursive subdivisions of a much simpler triangular structure - for ex-

ample a tetrahedron. Each subdivision involved splitting each face into 4 new triangular

faces which were then manipulated by the wavelets to pose a closer resemblance with

their intended shape - for example a human head. The approach gave the user a con-

trol over the resolution of the whole image by increasing or decreasing the number of

subdivisions and wavelets. The method also enabled the localising of high detail to the

areas requiring highest resolution by selective face partitioning. Some visual examples

of demonstrating these wavelets in action are contained in [120, 125]. Swelden’s second

generation wavelets were based on similar principals to the ideas of Lounsbery. However,

rather than applying wavelets to manipulate the shape of their domain, the wavelets ap-

proximated functions over a fixed surface. For instance, Swelden constructed his second

generation wavelets over triangular partitioning of the sphere. These were successfully

applied in applications ranging from representing geophysical data [126] to resolving re-

flection functions and illumination on the sphere [127].

In this chapter two new spherical wavelet bases are developed based on the principals of

second generation wavelets and are used to discretise the angular variable of the Boltz-

mann transport equation. The wavelet construction follows closely to Swelden’s second

generation spherical wavelets. The bases approximate with linear and quadratic variation

over a triangular mesh of the octahedron’s surface.

There are many potential benefits in developing and applying wavelet bases to discretise

the angular variable of the transport equation. Not only have they been demonstrated to

efficiently represent general spherical functions but they also possess all the necessary

ingredients for incorporating angular adaption for this specific application. That is, the

wavelet approximation is hierarchical and the expansion’s functions have compact sup-



3.1 Introduction 83

port. Compactly supported functions enables one to select only the wavelets required

for an accurate angular representation for each spatial node of the spatial discretisation,

i.e. if the flux information is concentrated in specific directions then only the wavelets

with supports in these directions are required. The wavelets that do not contribute to the

construction of the angular flux can simply have their expansion coefficients set to zero

and removed from the calculation. This results in a reduced angular expansion which

significantly increases computational efficiency. Although it may seem that the angular

flux is represented by a different wavelet set at each spatial point, the hierarchy makes all

angular expansions theoretically equivalent. Therefore, one has adaptivity without hav-

ing the problem of a spatially varying angular approximation. A spatially varying angular

approximation would presented an unfortunate situation posing various problems. This

is also a reason why adaptive finite element methods on the sphere have not established

themselves as a method of discretising the angular variable of the transport equation. In

addition to this, the wavelet bases could also have an advantage over the existingSN and

PN methods. The discretisations should show a significant reduction of ray-effect oscil-

lations in the scalar flux solutions in comparison toSN . This is because the wavelets

bases use higher order approximating functions which incorporate coupling through the

discretised streaming term. Furthermore, as these bases are limited to linear and quadratic

representations, they should be less susceptible thanPN to Gibbs oscillations over areas

of large variation in the angular flux on the unit sphere. In essence, the wavelet solutions

offer a happy compromise between the methods of lowest orderSN (with ray-effects) and

spectrally accuratePN (with Gibbs oscillations).

The sections of this chapter are set out as follows. In section 3.2 a brief recap of the

angular discretised Boltzmann transport equation is given. In section 3.3 the linear and

quadratic octahedral wavelets are developed. Section 3.4 demonstrates the wavelets ca-

pabilities by solving a number of 1-D and 2-D steady-state neutron transport problems.

Section 3.5 finishes this chapter with a conclusion.
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3.2 The First Order and Angularly Discretised Trans-

port Equation

This chapter begins with the first order Boltzmann transport equation that is discretised in

angle,

1

v
A
∂Ψ(r, t)

∂t
+ Ax

∂Ψ(r, t)

∂x
+ Ay

∂Ψ(r, t)

∂y
+ Az

∂Ψ(r, t)

∂z
+HΨ(r, t) = S(r, t), (3.2)

using an arbitrary angular approximation scheme,

ψ(r, Ω̂, t) ≈
M∑
j=1

Ψj(r, t)Gj(Ω̂). (3.3)

The termΨ(r, t) denotes the vector of angular coefficients corresponding to expansion

(3.3). The termS(r, t) denotes the angular discretised source andA,Ax, Ay, Az andH
denote the angular mass, angular Jacobians and scattering/removal matrices. All these

terms are fully discussed and defined in section 2.2.

3.3 Linear and Quadratic Spherical Octahedral Wavelets

This section develops the linear and quadratic spherical wavelets bases. For both wavelet

bases, it has been decided that the approximations are to be constructed on the surface

of the unit octahedron shown in figure 3.1. The advantage in taking this approach is that

the flat triangular surfaces constructing the octahedron allow a method for developing the

wavelet functions using standard triangular finite element techniques. Using the octahe-

dral surface also serves to reduce the complication of discretising the angular domain in

order for the wavelets to be defined. The use of the octahedral surface to represent the dis-

cretisation of particle travel, as opposed to the unit sphere, does require a mapping from

the sphere to the octahedron. Therefore, a simple projection mapping is also developed

here in order that the wavelet bases can be used to represent the angular flux.

The following sections are outlined as follows. Section 3.3.1 presents the projection map-

ping from the octahedral domain to the surface of the unit sphere. In Section 3.3.2 a
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Figure 3.1: The visualisation of the normalising mapping from the octahedron to the

sphere.

subdivision scheme (or triangulation) on the faces of the octahedron is presented. This

scheme is required for the development of a Multiresolution Analysis (MRA) which is

defined and constructed in section 3.3.3. Section 3.3.4 constructs the linear and quadratic

wavelets relating to MRA developed in section 3.3.3. In Section 3.3.5, a modification to

the wavelet functions is presented in order to mitigate ray effect-like errors destroying 1

and 2 dimensional solutions which were first reported by Buchan in [92, 93].

3.3.1 Representing the Angular Flux over the Octahedron

Representing the direction of particle travel on the octahedron’s surface requires a map-

ping from the sphereS2 to the octahedron’s surfaceO. The mapping used in this chapter

is based on the compression of the sphere over the polyhedron through the normalising

projectionM . That is, the projectionM : O → S2 is defined byM(p) = s = p/‖p‖,
where s ∈ S2 and p ∈ O. A full illustration of this mapping is presented in fig-

ure 3.1. The mapping is an isomorphism that guarantees the existence of a function

F : O → R, that is equivalent to any spherical functionf : S2 → R through the relation-

shipF (p) = f(M(p)) = f(s).
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In order to proceed a number of alterations to the angular discretised transport equation

(3.2) are required . First all spherical functions, including the trial functionsGi of (3.3),

are to be defined on the octahedron. Second, the definitions of the angular matrices pre-

sented in (2.22) and (2.39) are to be integrated over the octahedron’s surface. This is

defined by,∫
dµ

∫
dω f(µ, ω) =

∫
dp

∫
dq f(µ(p, q), ω(p, q)) |J(p, q)| (3.4)

=

∫
dp

∫
dq F (p, q) |J(p, q)|, (3.5)

wheref represents an arbitrary spherical function. The variablesp and q denote two

position variables over the octahedron and the term|J(p, q)| represents the Jacobian of

the mapping from the spherical coordinates(µ, ω) to the coordinates of the octahedron

(p, q), i.e. the determinant of the Jacobian matrix between the two spaces.

|J(p, q)| =

∣∣∣∣∣∣
dµ
dp

dω
dp

dµ
dq

dω
dq

∣∣∣∣∣∣
As an example, applying (3.4) to the integrals (2.22) re-defines the angular Jacobian ma-

trix Ax as,

Ax ij =

∫
dp

∫
dq Ω̃x(p, q) Gi(p, q) Gj(p, q) |J(p, q)|,

where the angular basis functionsGi andGj are functions onO andΩ̃x satisfies,

Ω̃x(p, q) = Ωx(M(p, q)) = Ωx(µ, ω).

The complexity of this mapping will require a numerical scheme for calculating the an-

gular integrals. This is covered in a later section where a method is presented that gives a

high order and consistently accurate numerical scheme for calculating the integrals when

a wavelet expansion is used.

3.3.2 Subdivision Scheme on the Octahedron

Construction of second generation wavelets begins with a recursive partitioning of the do-

main on which the wavelets are defined. A subdivision scheme defined on the octahedron



3.3 Linear and Quadratic Spherical Octahedral Wavelets 87

Figure 3.2: The octahedron (left) with the first (middle) and second (right) subdivisions.

is used to recursively divide every face into four new identical faces. This is illustrated

in figure 3.2 for which the faces of the initial octahedron have undergone one and two

subdivisions. The faces generated byi subdivisions are denoted byOi, with O0 denoting

the 8 original faces.

In the theory that follows the treatment for the linear and quadratic wavelets will vary

from case to case. However, the same notation indexing points has been used for both

wavelets and so the reader should be aware of the differences in indexing between the

methods.

For the linear wavelets, the setSj, j ∈ {0, 1, . . . ,∞}, denotes the vertices generated byj

subdivisions on the octahedron. For the quadratic wavelets, the setSj, j ∈ {0, 1, . . . ,∞},
denotes the vertices and mid-edge points uponj partitions on the octahedron. Figure 3.3

presents an illustration of the setsSj for both linear and quadratic cases. For both cases,

the setsSj are formally defined as,

Sj = {sj,k ∈ O, k ∈ K(j)}, j ∈ {0, 1, . . . ,∞},

whereK(j) is an index set relating to the vertices (linear case) or the vertices and mid-

edge points (quadratic case) of thejth partition of the octahedron. As the sets ofSj are

nested,Sj ⊂ Sj+1, the index setK(j) is ordered so that it is also nested. Therefore, at any

point sj,k ∈ Sj, k ∈ K(j), the following relationship is made to hold,sj,k = sj+1,k, k ∈
K(j + 1).

Finally, the setM(j) is used to index the new elements ofSj+1 created at thej + 1
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Figure 3.3: These diagrams show part of the octahedron’s face partitioned to levelsj

andj + 1 - indicated by the bold and thin lines respectively - for the linear (left figure)

and quadratic (right figure) wavelets. The hollow dots represent the points ofSj, these

are indexed by the setK(j). The solid dots represent the new points ofSj+1, these are

indexed by the setM(j). For both diagrams, the points1 indicates the position of a lazy

wavelet of levelj andv1 andv2 indicate the positions of the two scaling functions used

in its lifting. For the quadratic wavelet, the lazy wavelet associated with points2 will

only have the scaling function associated with the pointv2 used in its lifting. The scaling

function associated with the pointv3 has a zero integral.
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subdivision. That is,M(j) = K(j + 1) \K(j), where ’\’ is the set removal operator.

3.3.3 Multiresolution Analysis on the Octahedron

A multiresolution Analysis (MRA) is a nested sequence of subspaces of the complete set

of Lebesgue integrable functionsL2(X), for some spaceX. In the context of functions

on the surface of the octahedron, the spaceL2(O) is defined as the set of functions such

that for everyf ∈ L2(O), the condition
∫

O
f 2 do < ∞ holds, wheredo is the measure

of area over the octahedron. An MRA based on the octahedron is defined as a nested

sequence of closed subspacesVj ⊂ L2(O), j ∈ {0, 1, . . . ,∞}, that satisfy the following

conditions:

C1 V0 ⊂ . . . Vj−1 ⊂ Vj ⊂ Vj+1 . . . ⊂ L2(O)

C2
⋃∞

j=0 Vj is dense inL2(O)

C3 At each level j there exists a set of scaling functionsϕj,k, k ∈ K
′
(j) for some index

setK
′
, for which the set{ϕj,k, k ∈ K

′
(j)} forms a Riesz basis ofVj.

In developing the linear and quadratic wavelets, two separate MRAs are required. Their

construction, together with the set of scaling functions of condition C3, are defined in turn

before returning to the general properties of a multiresolution analysis and their applica-

tion in numerical analysis.

Linear MRA

For the linear MRA, the spacesVj are defined as the collection of all functions which are

piece-wise linear over the faces generated onj subdivisions of the octahedron. The spaces

Vj satisfy the conditions of the MRA as the subdivision scheme ensures they are nested

(since the faces generated onj subdivisions can be created from the faces generated on

j + 1 subdivisions) and thatVj is dense on the spaceL2(O) (since in the limit ofj the

sub-divided faces become arbitrarily small and so there exists a function inVj, for some
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j, that is arbitrarily close to any function inL2(O)). In order to complete the MRA,

the set of scaling functionsϕj,k, that spanVj, are defined as the linear triangular finite

element trial functions [34]. These trial functions are associated with the nodal points

in the triangular mesh ofOj. They have the value of one over their associated node

and attenuate linearly towards their immediate neighbouring vertices. Since the scaling

functionsϕj,k are associated with the nodal points generated byj partitioning of the

octahedron, the index setK
′
(j) in C3 is identical to the index setK(j) defined by the

subdivision scheme (linear case). The set of scaling functions for the linear MRA can be

specifically defined as,

C3 At each level j there exists a set of scaling functionsϕj,k, k ∈ K(j), for which

the set{ϕj,k, k ∈ K(j)} forms a Riesz basis ofVj. The setK(j) is the index set

generated by the subdivision scheme on the octahedron (linear case) and the scaling

functions are defined as the standard linear Finite Element trial functions associated

with the points indexed byK(j).

Quadratic MRA

For the quadratic MRA, the spacesVj are defined as the collection of all functions that

are piece-wise quadratic over the faces generated byj subdivisions of the octahedron.

Using the same arguments used in the linear case, the spacesVj can be shown to satisfy

the first two conditions of the MRA. For the third condition, the set of triangular quadratic

finite element trial functions [34] onOj are employed as the scaling functionsϕj,k that

generate a basis for the spacesVj. The scaling functions are associated with the vertices

and mid-edge positions of the triangular mesh generated byOj. They have the value

1 over their respective collocation point and are 0 over the other nodal and mid-edge

positions, as illustrated in figure 3.4. Similar to the linear MRA, a relationship between

the scaling functionsϕj,k and the index setK(j), generated from the subdivision scheme

(quadratic case), can be established. That is the scaling functionsϕj,k are associated with

the points indexed by the elements ofK(j). The scaling functions of the quadratic MRA

can therefore be specifically defined by C3 (linear case) with the adjustment of referring

to the quadratic setK(j) and quadratic finite element trial functions.
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Figure 3.4: The quadratic finite element trial functions over a triangular element. Left:

Corner function, Right: mid-edge function

General Properties of the MRA and their application in Numerical Analysis

This section lists some important general properties of an arbitrary MRA and their asso-

ciated scaling functions.

Refinement Relation:

The nested spacesVj imply the scaling functionsϕj,k ∈ Vj ⊂ Vj+1 can be constructed

from a combination of the scaling functions spanningVj+1. This is referred as the refine-

ment relation,

ϕj,k =
∑

m∈K(j+1)

hj,k,m ϕj+1,m. (3.6)

For both linear and quadratic MRAs, the interpolating scaling functions, that isϕj,k(sj,l) =

δk,l, ∀j ∈ {0, 1, . . . ∞}, ∀ k, l ∈ K(j), lead to the simplification of the refinement rela-

tion,

ϕj,k = ϕj+1,k +
∑

m∈M(j)

hj,k,mϕj+1,m, (3.7)

where the right hand side summation involves only the scaling functions associated with

the collocation points indexed byM(j). Furthermore, from the scaling function’s inter-

polating property, the coefficientshj,k,m are calculated to be the value ofϕj,k at the point

sj+1,m, that is,hj,k,m = ϕj,k(sj+1,m).
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Numerical applications:

The purpose of the MRA’s nested spacesVj are to provide spaces for the projection of

an approximating of a functionf ∈ L2(O). The projected functionfj ∈ Vj, for any

j ∈ {0, 1, . . . ∞} is represented by an expansion of the scaling functionsϕj,k that span

Vj,

f → fj =
∑

k

λk ϕj,k, (3.8)

where the valuesλk denote the expansion coefficients.

The accuracy of the approximation is governed by the selection ofj and property C2

indicates thatf is fully recovered by lettingj → ∞. This dense conditioning of the

spacesVj (asj →∞) creates a basis forL2(O).

L2(O) = lim
j→∞

Vj (3.9)

3.3.4 Wavelets Generated by the Lifting Scheme

The purpose of wavelets are that they create bases for the spacesWj that complementsVj

in Vj+1. That is,Vj+1 = Vj ⊕Wj for all j ∈ {0, 1, . . . ∞}. The set of wavelet functions

that spanWj are denoted as,

{ψj,m, m ∈M ′
(j)}, (3.10)

whereM
′
(j) denotes some index set.

The complementing condition ofWj andVj imply the wavelet functionsψj,m are con-

tained in the spaceVj+1, i.e.ψj,m ∈ Wj ⊂ Vj+1. This property implies a similar relation-

ship to the refinement relation (3.6) exists for the wavelet functions. Each waveletψj,m

can therefore be expanded in terms of the scaling function spanningVj+1,

ψj,m =
∑

k∈K(j+1)

vj,m,k ϕj+1,k.

By recursively applying the relationshipVj = Vj−1 ⊕Wj−1, the spaceVj can be decom-
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posed into the spacesV0 andWk for k ∈ {0, 1, . . . , j − 1}.

Vj = Vj−1 ⊕Wj−1

= Vj−2 ⊕Wj−2 ⊕Wj − 1

= . . .

= V0 ⊕j−1
k=0 Wk (3.11)

Furthermore, combining (3.9) and (3.11) decomposes the Lebesgue spaceL2(O) into the

spacesWj, for j ∈ {0, 1, . . . ,∞}, andV0.

L2 = V0 ⊕∞j=0 Wj

This creates a second basis spanningL2(O) using all wavelet bases forWj and the lowest

order scaling functions spanningV0. This is explicitly written as,

{ϕo,k, k ∈ K(0)} ∪ {ψj,m, j ≥ 0,m ∈M(j)}.

Therefore, any functionf ∈ L2(O) can be expanded by,

f =
∑

k∈K(0)

λ0,k ϕ0,k +
∞∑
l=0

∑
k∈M(l)

γl,k ψl,k, (3.12)

and, similarly, the projected approximationfj ≈ f in (3.8) can also be represented by,

fj =
∑

k∈K(0)

λ0,k ϕ0,k +

j−1∑
l=0

∑
k∈M(l)

γl,k ψl,k. (3.13)

Linear and Quadratic Octahedral Wavelets

A simple approach in constructing a basis for the complementing spaceWj is to use,

ψj,m = ϕj+1,m, ∀m ∈M(j). (3.14)

This defines the basis for the spaceWj to be the scaling functions of the spaceVj+1 that

are associated with the new collocation points indexed by the setM(j). The wavelets con-

structed using (3.14) were coined ’lazy wavelets’ by Swelden since they required no extra

computation for their construction. However, it has also been shown that this approach

does not guarantee a stable basis forWj [126].
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The wavelets are therefore re-defined using the modification,

ψj,m = ϕj+1,m −
∑

k∈K(j)

Sj,m,k ϕj,k m ∈M(j), (3.15)

where contributions from the scaling functionsϕj,k are removed from (3.14), a process

which is a generalisation of the lifting scheme [90, 119]. Arbitrary values forSj,m,k can

be used in (3.15) since the complementing properties betweenWj andVj always hold, and

so they are selected in order to generate more stable bases. The approach used here is to

ensure that all wavelets have vanishing integrals (that is, integration of each wavelet over

the octahedron equates to zero) as this has been show to increase their stability [90, 119].

In addition to this, it is important to keep the support of the wavelets small in order that

the functions remain localised. This requires restricting the lifting contribution from the

scaling functions in (3.15), to only the two functionsϕj,k1 andϕj,k2, wherek1, k2 ∈ K(j)

index the adjacent vertices ofm ∈M(j). This is illustrated in figure 3.3.

For the linear wavelets, the values ofSj,m,k are defined as,

Sj,k,m =


R

ϕj+1,m

2
R

ϕj,k
if Sj,k is a neighbour ofSj+1,m

0 otherwise

which generate functions of the form presented in figure 3.5.

For the quadratic wavelets, the above definition is used for the valuesSj,m,k when both the

scaling functions used in lifting have a non zero integral. In the case where an adjacent

scaling function does have a zero integral (see figure 3.3), the second scaling function

performs the full lifting. In this situation the setSj,m,k is defined by,

Sj,k,m =


R

ϕj+1,mR
ϕj,k

if Sj,k is the only neighbour ofSj+1,m with
∫
ϕj,k > 0

0 otherwise.

3.3.5 A Modified Wavelets Basis

The wavelet described in the previous sections have been shown to be highly inaccurate

when resolving certain 1-D neutron transport problems [92, 93]. These inaccuracies were

essentially a ray-effect type error that caused flux to travel in beams perpendicular to the
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Figure 3.5: A diagram of a typical lifted linear wavelet on a sub-section of the surface of

the octahedron.

spatial dimension of the 1-D problem. As shown in the first numerical example of this

chapter this results in a build up of flux over source regions and discontinuous jumps in

the solutions appear at the source edges. The investigation of [92, 93] showed that rotat-

ing the octahedron could reduce the inaccuracies to some extent. However, this method

could only be used as a temporary measure since rotation was not effective for high order

wavelet expansions.

In order to completely mitigate these effects the wavelet expansions must allow disconti-

nuities in its approximation at the edges of the original octahedron (which lie in direct line

with thex, y andz axes) as this offsets the ray-effects from directing flux in the angles

that cause the errors to occur. It is simple to enforce this discontinuity by defining the

scaling functions of the MRA space to be the finite element functions associated with the

elements of the subdivided octahedron (as before). However, for a node that lies along

the edges of the original octahedronO0, we group its adjacent elements into sets, so that

the elements of each set belong to the same face of the original octahedron. Then, rather

than using a single function to interpolate over all adjacent elements of the node, separate
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Figure 3.6: This diagram illustrates how the modified wavelet bases are generated using

the modification developed in section 3.3.5. The diagram shows two faces of the octahe-

dron that has been subdivided once. The vertex being considered is positioned on the edge

of the two octahedral faces. In order to generate a discontinuity between the two octahe-

dral faces the subdivided elements are partitioned into two sets, denoteda andb. Each set

groups together the elements that belong to the same face of the octahedron. Two septate

finite element functions associated with the node are then used to span the two element

sets - this illustrated by the separate functions indicated by the two arrows (the dotted

lines show the profile of the linear finite element functions). These functions, together

with the continuous finite element functions on the internal vertices of the octahedron,

will generate the desired approximating spaces of the MRA.

finite element functions are used to interpolate over each subset of elements. That is, the

new functions represent the contribution of the original finite element function over the

separate faces of the octahedron. This allows discontinuity in the approximation at the

edges of the octahedron - see figure 3.6 for an illustration. The wavelet bases can then be

generated using the derivation given above.

In order to make these amendments clear, and to avoid confusion in the numerical exam-

ples, our DEFAULT wavelet expansions used are those which give continuous approxima-

tions across the elements of the subdivided octahedron, except when an edge between two

elements form part of the edge of the original octahedronO0. In which case discontinuity
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is allowed. In the first numerical example these default wavelets are compared with the

original wavelets that gave approximations which were continuous over the whole octahe-

dron. This was so that the modifications developed in this sections could be demonstrated

to be work properly. In addition to this amendment of allowing discontinuity over the

edges of the octahedron we also investigate (in the second numerical example) a second

wavelet expansion that allows discontinuity across all elements of the subdivided octa-

hedron. That is, discontinuous finite element functions are used to span the spaces of

the MRA (and again the wavelet are developed in the same way). In order to distinguish

between the two wavelet expansions in this example, the default wavelets are said to be

continuous (as they are continuous everywhere but for the edges of the octahedron) and

the other wavelet expansion is said to be discontinuous.

However, the reader should note that unless otherwise stated, the wavelets being consid-

ered will be the default wavelets.

3.3.6 Calculating the Angular Integrals

In order to accurately approximate the angular integrals defined by equations (2.22) and

(2.39), the following method is advised when using the spherical wavelet expansions.

Initially, the angular matrices of equation (2.21) are calculated in terms of the highest

order scaling functions, which are essentially a finite element expansion over the ele-

ments of the subdivided octahedron. The integrals over the scaling function space are

approximated using a high order Gauss quadrature scheme. This is required to ensure

the information of the angular variation (that is theΩ̂x, Ω̂y andΩ̂z terms) are accurately

captured. To integrate on the triangular elements, it is advisable to map the elements

onto a unit quadrilateral, this is discussed in [128] where two nodes of the quadrilateral

are collapsed to make the triangle, and to use two Gauss quadratures to resolve the two

dimensions of the quadrilateral element.

The angular matrices can then be mapped into their corresponding wavelet space using the

mapping defined in (3.15). For each level (l say) above the lowest order approximation,
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two mappings are required. The first is to map the correct higher order scaling functions to

the scaling functions of levell−1. The second mapping is required to map the remaining

higher order scaling function into their lifted wavelet form. Both mappings can be defined

as,

ψnew
i =

∑
j

aj
iψ

old
j (3.16)

whereψnew
i andψold

j denote a new and old scaling/wavelet function, respectively, andaj
i

denote the mapping coefficients. In its general form the mapping can be represented for

allM angular variables by,

ψnew = Wψold, (3.17)

whereW is anM ×M matrix defined defined byWi,j = aj
i . The angular matrices

can then be mapped in order to define the angular discretised transport equation in terms

of ψnew by pre-multiplying and post multiplying them byW andW T , respectively. For

example the angular JacobianAx becomes,

Ax → WAxW
T . (3.18)

There are two advantages in taking this approach. The first is that the numerical integra-

tion is of high order accuracy and that the order of accuracy is consistent for all wavelet

functions. Note here that theα.,l,m
i are also computed to a high degree of accuracy. This

in turn helps mitigate any non-conservation of scattered particles when approximations of

the integrals of equations (2.39) are made. The second advantage is that the computation

of the angular information is inexpensive. This is because there are relatively few inte-

grals to perform in the high order finite element space (compared to the number of angular

functions) and that the mapping matricesW will also be sparse - thus few calculation are

required for the mapping (3.18).

3.4 Numerical Examples

In this section a number of steady state transport problems are solved in order to demon-

strate the accuracy of the octahedral wavelets. The first numerical examples aim to

demonstrate the wavelets capabilities on solving 1-D test problems. The first example
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is designed specifically to demonstrate the effects of the modification procedure detailed

in section 3.3.5 on solving a simple pure absorbing problem. This is followed by solving

the more demanding Reed Cell Problem using the modified wavelet expansions. In this

example the option of using the fully discontinuous wavelets, also described in section

3.3.5, are investigated.

This section also solves a number of 2-D steady state problems. For these demonstra-

tions, 2 box problems, with and without isotropic scattering, a straight duct problem and

a source within a void problem are solved using only the default wavelets. The aims of

these numerical examples are to investigate the wavelet expansions for their accuracy and

their susceptibility to ray effects forming in their solutions. The approximations are com-

pared with the solutions from the establishedSN andPN discretisations. These numerical

examples are also designed to show the wavelets working within a finite element spatial

discretisation framework. For this demonstration both structured and unstructured finite

element meshes are used.

All wavelet solutions are compared to solutions provided by established methods using

established numerical codes. Benchmark solutions have been provided by EVENT [129]

- an even parity code using a spherical harmonics angle discretisation and finite element

spatial discretisation, MCNP [130]- a probabilistic Monte Carlo code and a discontinuous

Galerkin Discrete Ordinate technique (DG-DO) [21].

For the following numerical examples the linear and quadratic wavelet solutions relating

toN partitions of the octahedron are denoted byLWN andQWN , respectively. The sizes

of the wavelet discretisations are listed in table 3.1.

3.4.1 1-D Numerical Examples

In the following 1 dimensional numerical examples the spatial variable is approximated

using a control volume spatial discretisation. This discretisation method was described in

section 2.3.3 where estimations of the angular flux at cell faces and domain boundaries

are approximated using a Riemann technique [89, 87].



3.4 Numerical Examples 100

Angular Expansion sizes

N (Angular expansion) OLWN OQWN

0 12 24

1 24 60

2 60 180

3 180 612

4 612

Table 3.1: This table lists the angular expansion sizes of the octahedral linear and

quadratic wavelet discretisations.

Problem 1: Isotropic Source within a Pure Absorbing Material

This problem was designed to demonstrate the capabilities of the modified wavelets de-

tailed in section 3.3.5 (that is where the approximations allow discontinuity along the

face edges of the octahedron - the default wavelets) for mitigating the ray-effect type

inaccuracies described in reports [92] and [93]. The problem domain, presented in fig-

ure 3.7, is 10cm in length and contains a pure absorbing material with a cross-section of

0.5cm−1. An isotropic source of intensity 1.0 particlescm−2s−1 occupies the central 2cm

region. Vacuum boundaries conditions are prescribed along both edges and the spatial

domain was discretised using a regular mesh of 200 control volumes. The problem was

solved using the modifiedLW1 (the default wavelets), un-modifiedLW1 andP9 angular

discretisations. Their solutions are presented in figure 3.8.

The results reveal the un-modified wavelet solution possess ray-effect type inaccuracies in

the form of a discontinuous jump in the scalar flux solution over the source region. These

are clearly seen to be un-physical discontinuities when the solution is compared to theP9

approximation. However, the results also show the modified wavelets to have mitigated

the errors and provided a solution that compares closely to theP9 approximation. It is

therefore evident from this numerical example that the method developed in section 3.3.5

does mitigated the ray-effect inaccuracies that form in the un-modified wavelets solutions.
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Figure 3.7: Problem 1: Diagram of the simple 1-D problem. The setup has a constant pure

absorbing cross-section of 0.5cm−1 across the whole domain, vacuum surfaces bounding

both sides and an isotropic source of intensity 1.0 particlescm−2s−1 occupying the central

2cm region.
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Figure 3.8: Scalar flux solutions obtained from the linear wavelets with and without the

discontinuity over the octahedron’s faces. Calculations were performed on problem 1.
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Figure 3.9: Problem 2: Diagram of the 1-D Reed Cell Problem.

Problem 2: The Reed Cell Problem

This problem is designed to demonstrate the capabilities of the wavelets in approximat-

ing demanding 1-D geometries. In this demonstration a comparison between the default

linear and quadratic wavelets solutions is given. The final part of this section gives a

demonstration of the fully discontinuous linear wavelet’s which were discussed in section

3.3.5.

For this demonstration the Reed cell problem is solved. The problem domain is presented

in figure 3.9 and the corresponding source and material information is listed in table 3.2.

The problem comprises of 5 regions that lies within a reactor lattice cell that is located

at the edge of a bare core. Region 1, positioned next to a reflecting boundary, is 2 cm

in length and contains an optically thick, pure absorbing material with a cross-section

σt = 50.0cm−1 and a high isotropic source of intensity 50.0 particlescm−2s−1. Next to

this is a 1cm fuel can containing a pure absorbing material with a cross-sectionσt = 5.0

cm−1, which is designed to cause a sharp attenuation of particles. The next region is a

2cm void, and this is followed a 3cm moderator. The moderator’s material has isotropic

scatteringσs = 0.9cm−1 and a small absorberσa = 0.1cm−1. Region 4, the left side

of the moderator, contains an isotropic neutron source of intensity 1.0 particlescm−2s−1.

The problem is bounded at the right with a bare surface and the spatial domain discretised

using a regular mesh of 800 control volumes.

Figure 3.10 presents theLW2 andP9 scalar flux solutions, which use 120 and 100 angular

basis functions respectively. Both results are in close agreement over all 5 regions of the
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Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 50.0 50.0 0.0

2 0.0 5.0 0.0

3 0.0 0.0 0.0

4 1.0 0.1 0.9

5 0.0 0.1 0.9

Table 3.2: Source and material properties of Problem 2, the Reed cell problem.
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Figure 3.10: TheLW1 andP9 scalar flux solutions of the Reed Problem.

problem domain. In order to demonstrate the solution’s convergence with respect to the

angular expansion, figure 3.11 presents the scalar flux solutions for theLW1, LW2, P5

andP9 angular approximations. These use 48, 120, 36 and 100 angular basis functions,

respectively. The graph is concentrated over the peak in region 4, as this region shows the

largest variation in the solutions, and the results are compared to the benchmark solution

provided by EVENT usingP19. The corresponding difference plots to these solutions are

show in figure 3.12.

TheLW1 andP5 solutions show large differences in their scalar flux profile over region 4.
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Figure 3.11: TheLW1, LW2, P5 andP9 scalar flux solutions of the Reed cell problem.

The graphs are concentrated over the peak of the angular flux in the moderator region.
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Figure 3.12: TheLW1, LW2, P5 andP9 scalar flux errors for the Reed cell problem. The

graphs are concentrated over the peak of the angular flux in the moderator region.
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The flux peak in theLW1 approximation reaches approximately 1.99 neutronscm−2s−1,

which is significantly higher than theP5 solution that rises to only 1.94 neutronscm−2s−1.

The benchmarked solution show the correct peak to reach 1.97 neutronscm−2s−1, show-

ingLW1 andP5 to be roughly equal in accuracy - this is confirmed by the difference plots

in figure 3.12. The scalar flux profiles from the higher orderedLW2 andP9 approxima-

tions are in close agreement with the exact solution. The difference plots also show that

the errors of these two solutions are roughly of equal magnitude and that convergence is

close to being reached.

Figure 3.13 presents theLW2 angular flux plots at the centre of each of the 5 regions of the

Reed cell problem. These plots clearly demonstrate the wavelets capabilities in resolving

a diverse range of flux distributions from isotropic fluxes in region 1 to highly directional

distributions in region 2. These solutions also show the wavelets are capable resolving

scattering cross-sections. This is demonstrated in region 5 where particles are seen to

be propagating in the negative x direction - this can only arise through scattering. The

wavelets have also performed remarkably well in resolving complex flux distributions.

This is demonstrated in region 3 where the angular flux develops a ringed peak about the

negative x axis. Figure 3.14 presents the first four wavelet solutions at this mid point

of region 3. These illustrations demonstrate the wavelets power as each incrementation

in the angular expansion adds a finer layer of detail to the solution. The peaked ring

becomes clearly visible and well defined usingLW2, indicating that convergence in the

solution has nearly been reached using this level of angular resolution.

Figure 3.15 presents theQW1 andP9 scalar flux solutions, which require 120 and 100

angular basis functions, respectively. The two results are again shown to be in close

agreement over all 5 regions of the problem domain. The graph presented in figure 3.16

shows theQW0,QW1, P5 andP9 solutions that again concentrate on the peak over region

4. The results showQW0 performs better thanP5 since the peaks reach 1.98 and 1.94

neutronscm−2s−1, respectively. This is highlighted by the error plots shown in figure

3.17. This graph clearly shows the quadratic wavelet approximation to be closer to the

exact solution over the region considered. The difference plots also showsQW1 to be

more accurate thanP9 and that convergence with the Benchmarked solution has almost

been reached.



3.4 Numerical Examples 106

(a) Angular flux: region 1 (b) Angular flux: region 2

(c) Angular flux: region 3 (d) Angular flux: region 3

(e) Angular flux: region 4 (f) Angular flux: region 5

Figure 3.13: Angular flux plots at the mid point of the 5 regions of the Reed cell problem.

The fluxes were generated by theLW2 discretisation.
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(a) Angular flux:LW0 (b) Angular flux:LW1

(c) Angular flux:LW2 (d) Angular flux:LW3

Figure 3.14: Angular flux plots at the mid point of region 3 of the Reed cell problem. The

calculations were performed using the linear spherical wavelet discretisation.
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Figure 3.15: TheP9 and quadratic spherical wavelet scalar flux solutions of the Reed cell

problem.
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Figure 3.16: TheQW0, QW1, P5 andP9 scalar flux solutions of the Reed cell problem.

The solutions are concentrated over the moderator in region 4.
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Figure 3.17: TheQW0, QW1, P5 andP9 scalar flux errors of the Reed cell problem. The

solutions are concentrated over the moderator in region 4.

Figure 3.18 presents theLW1, LW2 QW0 andQW1 wavelet solutions over region 4 of

the problem - the corresponding difference plots are presented in figure 3.19. The graphs

demonstrate that the quadratic wavelets can produce more accurate scalar flux solutions

when using the same number of angular basis functions. This is particularly apparent

for the lower order wavelet solutions where the errors are reduced by some considerable

margin. The higher order solutions also demonstrate the quadratic wavelets to be the most

accurate, although both approximations are very close to the exact solution.

The final demonstration of this section investigates the fully discontinuous linear wavelets

- where the approximation can be discontinuous over all element edges of the subdivided

octahedronOj. Figure 3.20 presents theLW1 andLW2 scalar flux solutions for the ap-

proximations that have continuity (the default wavelets) and discontinuity over the ele-

ments ofOj. The discontinuous wavelets show improvements in accuracy over the peak

flux in region 4. However, the cost of this improvement is that the set of angular basis

functions increased from 48 to 96 forLW1 and 120 to 386 forLW2. This shows the

discontinuous wavelets to be highly expensive for the small gain in accuracy. However,
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Figure 3.18: TheQW0, QW1, LW1 andLW2 scalar flux solutions of the Reed cell prob-

lem. The solutions are concentrated over the moderator region 4.
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Figure 3.19: TheQW0,QW1, LW1 andLW2 scalar flux errors of the Reed cell problem.

The solutions are concentrated over the moderator region 4.
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Figure 3.20: The scalar flux solution of the linear wavelets with and without discontinuity

across the subdivided faces of the octahedron. The solutions are concentrated over the

moderator of region 4 in the Reed cell problem.

they may yet be useful for problems where the flux also develops high discontinuities in

it angular domain.

3.4.2 2-D Numerical Examples

The following 2-D numerical examples have been performed using the recently devel-

oped radiation code RADIANT. The spatial variables are discretised using the CVFEM

method [88] and the Riemann approach described in section 2.3.3 is employed to resolve

bare surfaces. In order to give consistent comparisons against established angular discreti-

sation methods,SN andPN solutions have also been calculated using RADIANT. These

solutions are used in conjunction with benchmarked solutions provided by established

numerical codes.
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Figure 3.21: Problem 3: Diagram of the 2-D Box Source Problem.

Problem 3: A Pure Absorbing Box Problem

This numerical example is designed to demonstrate the accuracy of wavelets when solving

two dimensional problem domains. The aims are compare the accuracy of the linear and

quadratic wavelets and to investigate their capabilities in comparison to the conventional

angular expansions.

A diagram of the problem domain is presented in figure 3.21 and the corresponding ma-

terial and source information is listed in table 3.3. The problem domain is a 3cm× 3cm

square which contains a material with an absorbing cross-sectionσa = 0.5cm−1. An

isotropic source of intensity 1.0 particlescm−2s−1 occupies the central square region of

size 0.5cm× 0.5cm. Vacuum boundaries are prescribed along all edges and the spatial

domain is discretised using a mesh consisting of 225 elements and 256 nodes.

Figure 3.22 presents the RADIANTLW1, S6 andP5 scalar flux solutions. In two di-

mensional geometry, these approximations use 21, 24, and 24 angular basis functions,

respectively. The benchmark solution provided by EVENTP23 is presented in figure

3.23.
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(a)P5 solution

(b) S6 solution

(c)LW1 solution

Figure 3.22: TheP5 (a),S6 (b) andLW1 (c) scalar flux solutions of problem 3.
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Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

Table 3.3: Source and material properties of Problem 3: The Box Source Problem 1.

Figure 3.23: The EVENTP23 scalar flux (benchmarked) solution of problem 3.
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Figure 3.24: The EVENTP23, RADIANT P5, RADIANT S6 and RADIANTLW1 scalar

flux solutions along the line (0,0) to (3,3) (left) and (0,1.5) to (3,1.5) (right) of problem 3.

Initial observation of the scalar flux profiles immediately highlights a number of effects

that variation of the angular discretisation method has on the approximated solution.

First it is seen that the wavelet and discrete ordinate solutions are more accurately re-

solved around the central region of the problem where the peak in the scalar flux oc-

curs. The EVENTP23 benchmarked solution shows the scalar flux should peak at 0.34

particles.cm−2s−1. This is in close agreement with the wavelet and discrete ordinate so-

lutions, where the peak in the scalar flux reaches 0.36 and 0.37 particles.cm−2s−1, re-

spectively. TheP5 solution peaks some way short of this figure at approximately 2.6

particles.cm−2s−1. This is illustrated more clearly by the linear cut plots presented in

figure 3.24. The two graphs, measured from points (0,0) to (3,3) and (0,1.5) to (3,1.5),

confirm theP5 approximation has indeed fallen far short of the true solution in compari-

son to the discrete ordinate and wavelet approximations. The peak percentage error of the

P5, LW1 andS6 approximation are 25.7, 2.9 and 5.7 percent respectively.

Although the last observation favours the discrete ordinate and wavelet approximations,

their solutions do however contain unphysical oscillations (ray effects) in the scalar flux.

Ray effects are well documented for distortingSN solutions but they should also be ex-

pected to form in the wavelet solutions due to the absence of rotational angular invariance

- the condition required for a ray effect free solution. The remainder of this numerical ex-

ample will now focus on the damaging effects ray effects have on the wavelet solutions.
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This demonstration compares theLW0, LW1 andLW2 solutions with those ofS4, S6 and

S10. Figure 3.25 presents the contours of the scalar flux solutions using all six expansion

as well as the benchmarked solution and the solution usingS2.

The benchmarked solution shows the scalar flux peaks in the centre of the domain and

declines uniformly from the centre towards the problem’s boundaries as particles attenu-

ate within the absorber. TheS2 approximation exemplifies how ray effects can distort the

discrete ordinate solutions. The method has allowed particles to travel in the 4 directions

defined byS2 and due to the lack of scattering, the positions out of direct line with the

source, with respect with theSN directions, do not experience flux.

TheS4 andLW0 solutions also display severe oscillations in the scalar flux. It appears that

the wavelet resolve the central region outside the source to some degree better thanS4.

However, both solutions are subject to large oscillation at the boundaries of the problem.

The severity of the solution’s oscillations are dampened by increasing the approximations

to S6 andLW1. Visible ray effects still persist but there are indications that the wavelets

are beginning to resolve the flux more accurately thanSN . Around the central part of

the problem, the wavelet solution’s contours resemble closely the contours of the bench-

marked solution - this is something theS6 has not been able to achieve. Increasing the

approximations again toS10 andLW2 removes virtually all visible ray effects. Again, it

appears that the wavelet solution has a closer contour shape to the benchmarked solution

thanSN . In fact, the scalar flux contours fromLW2 and EVENTP23 are in very close

agreement.

Figure 3.26 presents the scalar flux contours of theLW1, LW2,QW0 andQW1 solutions.

Although the linear and quadratic wavelet solutions are shown to vary, they do appear to

be of similar accuracy. Again, there are signs of ray effects distorting the solutions. The

oscillations are particularly apparent in the lower order approximations.

Problem 4: Box Problem with and without Isotropic Scattering

This numerical example is designed to demonstrate the wavelets capabilities (including

investigating their susceptibility to forming ray effects) in resolving problems containing
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Figure 3.25: Scalar flux contour plots usingSN , PN andLWN angular approximations.

All calculations were performed with RADIANT unless otherwise stated. From left to

right, top to bottom: EVENTP23, S2 (4), S4 (12), LW0 (12), S6 (24), LW1 (24), S10

(60),LW2 (60). The (.) denotes the number of angular basis functions used in the angular

expansion.
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(a)LW1 solution (b)QW0 solution

(c)LW2 solution (d)QW1 solution

Figure 3.26: This figure shows the scalar flux contours comparing the linear and quadratic

wavelet solutions for problem 3: (a)LW1 (24), (b)QW0 (24), (c)LW2 (60), (d)QW1 (60).

The (.) denotes the number of angular basis functions used in the angular expansion. All

calculations were performed with RADIANT.
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Figure 3.27: Problem 4: Diagram of the 2-D Box Source Problem.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 1.0 / 0.6 0.0 / 0.4

2 0.0 1.0 / 0.6 0.0 / 0.4

Table 3.4: Source and material properties of Problem 4.

scattering cross-sections. The default linear and quadratic wavelets are compared against

the conventionalPN andSN solutions.

The problem domain is presented in figure 3.27 for which the corresponding material

and source information is listed in table 3.4. The problem under consideration frequently

arises in radiation transport calculations, particularly when distortions due to ray effects

are of high interest. The problem was applied in Lathrop’s analysis of 2-DSN [72] and

used again in Seed’s work on Walsh function approximations [77].

The problem domain is a 4cm× 4cm square containing a material with a total cross-

sectionσt = 1.0cm−1 and a spatially constant isotropic scattering cross-section (which

is varied throughout testing). An isotropic unit source of 1.0 particlescm−2s−1 occupies

the central 2.0cm× 2.0cm square region and vacuum boundaries are prescribed along
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all edges of the problem domain. The following calculations were performed using a bi-

linear CVFEM spatial approximation over a regular grid comprising of 400 elements. A

Benchmark solution was provided by EVENTP23.

For this demonstration the flux leakages through the top edge boundary are examined

- see line 1 of figure 3.27. Figure 3.28 presents the graphs of theLW0, LW1, LW2,

S4, S6 andS10 scalar flux solutions when the problem’s scattering cross-section was set

to zero. The results showS4 to be more accurate in resolving the central peak region than

LW0. However, this discrete ordinate solution has also developed much larger ray-effect

oscillations, which continues on previous numerical example’s findings in thatSN is more

susceptible to ray effects than the wavelets. The graph showing theLW1 andS6 solutions

continue along this pattern. The results revealS6 to be more accurate over the central

region but to still contain visible oscillations caused by ray effects. In contrast to this,

the ray effects ofLW0 have been almost mitigated byLW1. This again strengthens the

view that the wavelets solutions are less susceptible to ray effects. The final graph shows

theLW2 andS10 solutions have both converged on the benchmark solution and contain

no signs of ray effects. Figure 3.29 presents the percentage error in neutron leakage in

the wavelet solutions. Over the range measured, the error ofLW1 remains below 9%, for

LW2 the maximum error reduces to 2%.

TheSN and wavelet calculations were also performed with the problem’s scattering cross

section set toσs = 0.4cm−1. Figure 3.30 presents the scalar flux leakages through the top

boundary. These results share close similarities with theσs = 0 calculations, however,

ray-effects are less significant in the presence of scattering. In addition to this theLW1

andS6 solutions are much more accurate when scattering cross-sections are increased -

this comes as a direct consequence of isotropic fluxes being induced by the scattering

cross-section. Figure 3.29 presents the percentage error of the flux leakage across the top

boundary. TheLW1 andLW2 errors do not exceed 9% and 2%, respectively.
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Figure 3.28: Problem 4,σs = 0: Scalar flux leakage through the boundary (0,4) - (4,4).

Top left: S4 andLW0 discretisations, Top right:S6 andLW1 discretisations, Bottom

centre:S10 andLW2 discretisations.
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Figure 3.29: Problem 4, The percentage error of the flux leakage through top boundary

using linear wavelet discretisations. Left:σs = 0, Rightσs = 0.4.
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Figure 3.30: Problem 4,σs = 0.4: Scalar flux leakage through the boundary (0,4) - (4,4).

Top left: S4 andLW0 discretisations, Top right:S6 andLW1 discretisations, Bottom

centre:S10 andLW2 discretisations.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

3 0.0 0.0 0.0

Table 3.5: Source and material properties of Problem 5: The Straight Duct Problem.

Problem 5: Straight Duct Problem surrounded by a Purely Absorbing Region

This problem is designed to demonstrate the capabilities of the wavelet expansions to

accurately resolve problems with more demanding, non uniform domains containing void

material cross-sections. In this example only the default linear wavelets are considered

and solutions are compared to those of the established methods (EVENT and RADIANT

PN ).

The problem is the straight duct problem referenced in [34] page 449. The problem
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Figure 3.31: Problem 5: Diagram of the 2-D straight duct problem domain.

domain is presented in figure 3.31 and the corresponding source and material information

is listed in table 3.5. The numerical example has a rectangular domain of size 36cm

× 28cm. The central 6cm× 6cm square region contains an isotropic source of strength

1.0 particlescm−2s−1 and a purely absorbing material with a cross-sectionσt = 0.5cm−1.

Two ducts containing voids of width of 6cm extend from the source to the problem’s upper

and lower boundaries. The material surrounding the ducts has a absorbing cross-section

σt = 0.5cm−1. Vacuum boundaries are prescribed along all edges of the problem. A finite

element mesh consisting of 3,600 elements was employed to discretise the problem’s

spatial domain.

Figure 3.32 presents the EVENTP13, RADIANT LW1 and RADIANTLW2 scalar flux

solutions, all three results show close similarities in their profiles. The scalar flux solution

peaks in the problem’s centre at approximately 1.7 neutronscm−2s−1. In the absorber re-

gion adjacent to the source the high attenuation of particles have caused the sharp decline

in the scalar flux profiles. Through the ducts, for which there is no particle attenuation,

the scalar flux descent is at a much lower gradient.
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Figure 3.32: Problem 5: Scalar flux solutions of the EVENTP13 (top), RADIANT LW1

(middle) and RADIANTLW2 (bottom) discretisations.



3.4 Numerical Examples 125

The linear wavelet scalar flux profiles display a number of oscillations through the duct

regions that are not present in the EVENTP13 solution. These oscillations are most likely

to be unphysical fluctuations caused by either ray effects through the angular discretisa-

tion or Gibbs oscillations that form from RADIANT’s spatial approximation. In order to

investigate these oscillations, figure 3.33 presents the scalar flux plotted through the points

from (0,0) to (0,18). Included in this graph are the DG-DO results using 2,500 directions

on a fine spatial mesh - which is used as the benchmark solution. The graph indicates the

oscillations to be a product of both the angular and spatial approximations. Across the

interval (0,6) to (0,18), the large oscillations manifesting in the low order wavelet approx-

imation are mitigated using the higher order wavelet expansion. This is highlighted by the

difference plot presented in figure 3.34, which shows the extent to which the low order

approximation’s errors have been reduced. This indicates the angular approximation to

be the cause of the oscillations - with ray effects being the most probable cause. However,

the fluctuations over the interval (0,4) to (0,6) are not mitigated by increasing the angular

approximation. In fact, the wavelet solutions are close to convergence across this inter-

val, indicating that the oscillations are spatial discretisation errors. It is also interesting

to note that the largest variation between the EVENT and RADIANT solutions occur at

the surface between the duct and source regions. However, the graphs of figures 3.33 and

3.34 show EVENTPN to be the most erroneous at these regions.

Problem 6: A Cylinder Source within a Cylinder

This Problem is designed to demonstrate the wavelets capabilities in solving demanding

geometries using unstructured spatial meshes. In this demonstration the linear wavelets

are compared with the solutions of EVENT and MCNP.

The problem domain is displayed in figure 3.35 and the corresponding source and material

information is listed in table 3.6. The problem domain consists of a circle (or infinitely

long cylinder) 15cm in radius. The central circle of 1cm radius contains an isotropic

source of intensity 1.0 neutrons percm−2s−1. The material cross-sections are set to zero

across the whole domain and vacuum boundary conditions are prescribed along the do-

mains edge. The spatial domain has been discretised using an unstructured mesh, gen-
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Figure 3.33: Problem 5: Scalar flux solutions of the EVENTP13, RADIANT LW1 and

RADIANT LW2 discretisations through the line (0,0),(0,18).
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Figure 3.34: Problem 5: Scalar flux errors of the EVENTP13, RADIANT LW1 and

RADIANT LW2 discretisations through the line (0,0),(0,18).
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Figure 3.35: Diagram of Problem 6: A cylinder source inside a cylinder.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.0 0.0

2 0.0 0.0 0.0

Table 3.6: Source and material properties of Problem 6: The cylinder source inside a

cylinder.

erated using a Delaunay triangulation [131], which consists of 8,278 triangular elements

using 4,200 nodes, this is presented in figure 3.36.

For this demonstration a number of calculations were performed usingPN , SN and linear

wavelets. The EVENTP3 andP9 scalar flux solutions are presented in figure 3.37. For

these calculations a small absorbing cross-section (0.01/cm) had been used in order to

avoid break down of the even-parity method when used with voids. Figure 3.38 presents

theS2 andS4 calculations, figure 3.39 presents the solutions ofS6 andS10 and figure 3.40

presents theLW0, LW1 andLW2 solutions.

The solutions reveal a striking contrast betweenPN , SN and the wavelets. TheP3 solution

contains a diffuse scalar flux which peaks in the central region at just under 0.2 particles
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Figure 3.36: The unstructured mesh produced from a Delaunay triangulation used discre-

tised the spatial domain of problem 6. The mesh is generated from 8,278 elements using

4,200 nodes.

per cm−2s−1. The P9 solution still retains a fairly diffusive scalar flux, however, the

solution’s profile does show a larger and more defined peak that rises above 0.35 particles

per cm−2s−1. The SN calculations clearly conflicts with thesePN solutions, the first

noticeable discrepancy being the larger peak in scalar flux over the source region. The

scalar flux peaks at just over 1.4 particlescm−2s−1 for all SN calculations, a magnitude

greater than the value observed withPN . TheSN calculations then show a very steep

decline in the scalar flux profile in the outer regions of the source. On leaving the source

the scalar flux either drops to zero or propagates along the directions of theSN quadrature

set. Note that once outside the source these fingers of flux remain constant in magnitude

as there is no attenuation of the particles. The wavelet solutions display many close

similarities to the results ofSN . The peak in scalar flux is Sharp, concentrated over the

source region and reaches a magnitude of approximately 1.5 particles percm−2s−1. The

ray effects in the solutions are also seen as fingers of flux propagating away from the

source.

From these calculations it was necessary to determine which, if any, of the solutions is
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Figure 3.37: The EVENTP3 (top) andP9 (bottom) scalar flux solutions of Problem 6.
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Figure 3.38: The RADIANTS2 (top) andS4 (bottom) scalar flux solutions of Problem 6.
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Figure 3.39: The RADIANTS6 (top) andS10 (bottom) scalar flux solutions of Problem

6.
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Figure 3.40: The RADIANTLW0 (top), LW1 (middle) andLW2 (bottom) scalar flux

solutions of Problem 6.
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correct, as it is clear from these conflicting solutions that at least one of these methods

is proving inaccurate within this problem domain. The first method undertaken was to

introduce an absorbing cross-section into the problem’s materials and investigate what

effects its magnitude has on theSN andPN solutions (the wavelets have been omitted

from this experiment due to their close agreement withSN ). Calculations were performed

with S2 (RADIANT) andP9 (EVENT) angular approximations. The values of absorbing

cross-section used were 1.0cm−1, 0.5cm−1, 0.3cm−1, 0.2cm−1, and 0.1cm−1.

The graphs presented in figure 3.41 display the flux profiles along the line through the

points (-15,-15) to (15,15). The top graph of this figure contains theS2 calculations.

These calculations show what would appear to be an expected flux profile for the various

absorption cross-sections. That is, a higher peak in the scalar flux is gained upon a re-

duction in the attenuation of particles. The bottom graph of figure 3.41 contains theP9

calculations. For the calculations with cross-sections exceeding 0.3cm−1, the peaks in

scalar flux are in close agreement with those ofS2. However, any further reductions in

the cross-section resulted in a reduced peak in the scalar flux, this is clearly incorrect.

From this observation it appears thatPN is showing inaccuracies in the resolution of

the domain as the material cross-section approaches zero. A possible cause for these

inaccuracies may lie in this method’s inability to resolve the angular flux in the outer

regions of the problem. In these regions the angular flux distribution is highly peaked,

due to the distance from the source and the lack of attenuation and scattering of particles,

and is therefore a demanding distribution to approximate. As thePN method finds its

best fit solution, large errors occurring in these outer regions could effect the solutions in

other parts of the domain. If this is to be the case then the effects could account for the

observed reduction in the scalar flux.

It is possible to test this conjecture by modelling the source region with the outer disk

removed. This is due to the inner disk’s independence from the outer disk when no scat-

tering is present. Calculations were performed with and without the outer disk using

EVENT P1, P9 andP19, with the material cross-section set to 0.1cm−1. Figure 3.42

presents the scalar flux along the line at the points (-1,-1) to (1,1) for the source only cal-

culations and (-15,-15) to (15,15) for the calculations using the full domain. These graphs
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Figure 3.41: The scalar flux solutions of problem 6 through the points (-15.-15) to (15,15).

In these experiments the absorbing cross-section is varied between the values 1.0 and 0.1

cm−1. Top:S2 solutions, Bottom:P9 solutions.
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Figure 3.42: The scalar flux solutions to problem 6 with an absorbing cross-section of

0.1 cm−1. Calculations were obtained usingP1, P9 andP19 angular expansions. The

solutions to just the source region using these angular expansions are included.

show vast increases in the scalar flux peak with the outer disk removed. TheP1 calcula-

tions show an increase from 0.35 particles percm−2s−1 to 0.96 particles percm−2s−1. The

P9 calculations increase from 0.9 to 1.3 particles percm−2s−1 and theP19 increase from

1.0 to 1.34 particles percm−2s−1 . This confirms the inability ofPN to model the whole

domain involving low cross-section materials. Even aP19 approximation was unable to

give an accurate approximation over the source region.

In addition to this conclusion it should also be noted that theP9 andP19 calculations

almost converge on the source only calculations, indicating the peak in the scalar flux

should be approximately 1.3 particles percm−2s−1. This is in close agreement with the

SN calculations presented in figure 3.41. This figure is also just shy of the peak flux calcu-

lated bySN and the wavelets, figures 3.38 - 3.40. However, this small shortfall should be

expected due to the introduction of the small cross-section used in the experiment. This

makes it possible to conclude that the wavelet andSN approximations of figures 3.38 -

3.40 are producing accurate representations, at least over the source region.

The accuracy of the wavelet andSN solutions are confirmed by their comparison with

MCNP calculations. Figure 3.43 presents the scalar flux profiles of the MCNP,LW2 and

P9 solutions through the line (0,0)-(15,4). The wavelet and MCNP solutions are in almost
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Figure 3.43: The MCNP,LW2 andP9 scalar flux solutions of problem 6. The line cut

was taken from the problem’s centre to the boundary edge.

exact agreement over the source region - with theP9 solution far short of their maximum.

Therefore the three experiments used to investigate the differences in thePN and wavelet

solutions have all agreed that the wavelet calculations are correct.

Figure 3.44 presents the contour plots of theLW1, LW2, S6 andS10 solutions. Both

contours of theS6 andLW1 solutions display ray effects. However, the ray effects in the

LW1 solutions only become apparent several centimetres from the source region. The

area just within a few centimetres of the source region show a uniformly declining scalar

flux profile from the problems’ centre, as would be expected. TheS6 approximation

shows ray effects dominating the solution from the source region. At no point from the

centre is there a uniformly declining scalar flux.

The S10 solution still displays ray effects that are visible from a close distance to the

central region. In addition to this there are many areas towards the outer boundary that do

not experience flux. In contrast to this, the waveletLW2 approximation shows a uniformly

declining flux several centimetres from the centre. Furthermore, although the solution are

still contains visible fluctuations, far more of the outer regions experience flux. It can be

concluded from these observations that the wavelets have given a far more realistic scalar

flux profile thanSN . The wavelets have once again shown that their solutions are also

less susceptible to ray effects than the solutions ofSN .
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(a)S6 (24) (b)LW1 (24)

(a)S10 (60) (b)LW2 (60)

Figure 3.44: The scalar flux contours of the solutions to problem 6. (a)S6, (b)LW1, (c)

S10, (d)LW2. The term (.) denotes the angular expansion size.
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3.5 Conclusions

In this chapter two octahedral spherical wavelet bases have been developed and applied to

discretise the angular variable of the Boltzmann transport equation. The wavelet functions

are based on Swelden’s second generation wavelets, however, in this work a modification

was developed in order to mitigate the ray-effect type errors that form in the standard

wavelet solutions. A number of numerical tests were performed in order to demonstrate

the wavelets capabilities and to highlight their susceptibility in forming ray-effects in their

solutions. Solutions were compared with the solutions of established angular discretisa-

tion methods (where the same code discretising the spatial domain was used to ensure fair

comparisons) and other established radiation transport codes.

The 1-D numerical examples demonstrated the modified wavelets proposed in section

3.3.5 mitigated the ray effects type errors seen in the solutions of the original wavelet

bases. In addition to this, the modified wavelets were demonstrated to be capable of

resolving the demanding and complicated angular distributions generated by the Reed cell

problem. It was also shown that the fully discontinuous wavelets were highly expensive,

in terms of the number of angular unknowns, for the small gains in accuracy they gave.

The 2-D numerical examples highlighted a number of important issues with regards to the

wavelets capabilities. First, in all examples the wavelets performed comparatively well

against the establishedSN andPN discretisations. In some test cases the wavelets were

shown to out performed the traditional techniques by some considerable margin. This

was particularly highlighted in the final numerical example involving the void cylinder

problem. In this demonstration thePN method produced very poor quality solutions that

showed very little resemblance to the exact solution. Not only did the wavelets manage to

provide highly accurate solutions to this problem but they also demonstrated themselves

to be less susceptible thanSN to forming ray effects in their solutions. The general pattern

of the other multi-dimensional numerical examples agreed with these findings. They also

demonstrated the wavelet bases to capable of resolving isotropic scattering cross-sections

and highly directed fluxes that occur from neutron streaming within voids.

The first two multidimensional problems showed the linear and quadratic wavelets gave
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solutions of similar accuracy - with respect to the number of angular basis functions used.

However, in the one dimensional problems the quadratic wavelets showed more poten-

tial, as they clearly gave faster convergence towards the exact solution. But, in general,

these results show it maybe be more beneficial to use the linear wavelets. This is due

to them producing sparser angular matrices which, in turn, can be utilised to improve

the efficiency of a linear solver’s operations - for example, performing a matrix vector

multiplication in a GMRES type algorithm.
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In this chapter two new spherical wavelet bases for the angular discretisation of the Boltz-

mann transport equation are presented. The wavelet functions have been developed on a

second generation wavelet framework. The bases are designed to represent spherical func-

tions over the surface of a hexahedron by providing linear and quadratic representations

over a quadrilateral partitioning of the hexahedron’s surface. A demonstration of the new

wavelet bases capabilities in solving neutron transport problems is presented. Four 2-D

steady state transport problems are solved and the wavelet solutions are compared for

accuracy and susceptibility to ray effects with the solutions of established techniques.

Benchmark solutions for all transport problems are provided by established transport

codes.

4.1 Introduction

In this chapter we continue to develop new numerical methods for approximating spheri-

cal functions with the intention of widening the options of angular discretisation methods

for modelling particle transport problems. The intension of this chapter is to expand the

class of spherical wavelet methods that was initiated in chapter 3. The wavelets previ-

ously developed were based on Swelden’s spherical wavelets that approximated spherical

functions over a triangular partitioning of an octahedron’s surface (this surface was used

to represented the surface of the unit sphere). These discretisation methods were shown

to be capable of producing accurate approximations that were often more accurate than
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those of the established methodsSN andPN . In addition to this the wavelet methods were

also less susceptible thanSN to forming ray effects in their scalar flux solutions.

The work in this chapter provides an extension to the methods developed in chapter 3 by

developing a second low order spherical wavelet basis. In this work the spherical wavelets

are designed to approximate the direction of particle travel over a quadrilateral partition-

ing of a hexahedron’s surface, this is presented in figure 4.2. In a similar manor to the

approach of chapter 3, these wavelet bases generate linear and quadratic approximations

over the quadrilateral elements.

The motivation behind developing this second alternative approach is because the theory

of finite element analysis generally shows quadrilateral finite elements to be more accurate

and stable than triangular discretisations. These new spherical wavelets are therefore

expected to inherit this property and provide a more stable and accurate approximation

scheme when used to discretise the angular variable of the Boltzmann transport equation.

This added stability and accuracy should also further mitigate un-physical scalar flux

oscillations caused by ray effects. In addition to this, these wavelets also possess the

necessary ingredients for adapting in angle. That is they are hierarchical expansions and

the functions have compact support (see chapter 3), and this is utilised in a chapter 6.

In this chapter the theory of the linear and quadratic hexahedral wavelets are presented

and their capabilities are demonstrated and tested against conventional methods for ac-

curacy and susceptibility to forming ray effects. The following sections are as follows:

Section 4.2 introduces the angular discretised Boltzmann transport equation. Section 4.3

defines and builds the linear and quadratic hexahedral wavelets on the sphere. In section

4.4 four 2-D steady-state neutron transport problems are solved in order to demonstrate

the wavelets abilities in approximating the angular flux. This chapter is finished with a

conclusion in section 4.5.
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4.2 The First Order and Angularly Discretised Trans-

port Equation

This chapter begins with the first order Boltzmann transport equation that is discretised in

angle,

1

v
A
∂Ψ(r, t)

∂t
+ Ax

∂Ψ(r, t)

∂x
+ Ay

∂Ψ(r, t)

∂y
+ Az

∂Ψ(r, t)

∂z
+HΨ(r, t) = S(r, t), (4.1)

using an arbitrary angular approximation scheme,

ψ(r, Ω̂, t) ≈
M∑
j=1

Ψj(r, t)Gj(Ω̂). (4.2)

The termΨ(r, t) denotes the vector of angular coefficients corresponding to expansion

(4.2). The termS(r, t) denotes the angular discretised source andA,Ax, Ay, Az andH
denote the angular mass, angular Jacobians and scattering/removal matrices. All these

terms are fully discussed and defined in section 2.2.

4.3 Linear and Quadratic Hexahedral Wavelets

In the following sections the linear and quadratic spherical wavelets are developed. The

wavelets bases are designed to approximate spherical functions over the surface of the

hexahedronH. The following sections are set out as follows. Section 4.3.1 defines a

mapping for functions on the surface of the unit sphere to the hexahedron. Section 4.3.2

describes a subdivision scheme on the surface of the hexahedron. In section 4.3.3, two

multiresolution analysis (MRS) are developed. These MRAs are required to develop the

linear and quadratic wavelets in section 4.3.4.

4.3.1 Mapping the Angular Flux to H

In order to represent the angular flux over the hexahedron a mapping from the sphereS2

to the hexahedronH is required. The mapping used here is defined by the normalisation
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Figure 4.1: A diagram illustrating the normalising mapping from the hexahedron to the

spherical domain:M(h) = h/||h|| = s for h ∈ H, s ∈ S2. The pointsh ands can be

expressed by vectors from the origin to the surface of their domain, that is,h = (x
′
, y

′
, z

′
)

ands = (x, y, z). The relationship between the two positions are given bys = (x, y, z) =

(x
′
, y

′
, z

′
)/(x

′2 + y
′2 + z

′2)
1
2

of the angular vector onH, as illustrated in figure 4.1. This projectionM : H → S2

is defined byM(h) = h/||h|| = s for h ∈ H ands ∈ S2. This ensures the existence

of a functionF on H to be equivalent to any functionf on S2 through the relationship,

f(s) = F (M−1(s)) = F (h).

In order to approximate the angular flux overH a number of modifications to the angular

discretised transport equations are required. These adjustments were described in section

3.3.1 where an approximation of the octahedron was developed.

4.3.2 The Subdivision Scheme onH

Construction of the wavelets requires a subdivision scheme on the hexahedronH. The

subdivision scheme used here recursively subdivides the faces ofH into 4 new identical

faces. The faces generated byj subdivisions are denoted byHj. Figure 4.2 presents the
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Figure 4.2: Diagram presenting the subdivision scheme employed on the faces construct-

ing the hexahedronH. Left: The original faces, Middle: The first subdivision, Right: The

second subdivision. The wavelet approximation requires discontinuity over the internal

lines of the left hexahedron. Note that there can be continuity over all lines generated by

the subdivision scheme and the lines defining the edges of the hexahedron.

facesH0, H1 andH2.

An indexing setSj is used to denote the vertices of the subdivided faces ofHj for the

linear wavelets and the vertices, mid edge and mid face positions of the elements ofHj

for the quadratic wavelets. For both wavelet methods, the definition ofSj is given as,

Sj = {sj,k ∈ Hj, k ∈ K(j)}, j ∈ {0, 1, 2, . . . ,∞}, (4.3)

whereK(j) indexes the vertices (linear wavelets) or vertices, mid-edge and mid-element

points (quadratic wavelets) of the facesHj.

For both methods the setSj are nested, i.e.Sj ⊂ Sj+1 for all j ∈ {1, 2, . . . ,∞} , and so

the elements inK(j) are ordered to ensure the conditionsj,k = sj+1,k will always hold.

The index setM(j) is used to denote the positions indexed byK(j + 1) that are created

on thej + 1 subdivision. That is,M(j) is defined asM(j) = K(j + 1) \ K(j) where
′\′ is the set removal operator. Figure 4.3 presents a diagram displaying the setsSj,K(j)

andM(j) over a section of the subdividedHj.
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Figure 4.3: This diagram displays the points indexed by the setsK(j) andM(j) over a

section of the hexahedronH. Left: Linear case, Right: Quadratic case.

4.3.3 A Multiresolution Analysis defined on the hexahedronH

A multiresolution analysis (MRA) defined onH is a nested sequence of closed subspaces

Vj ∈ L2(H), j ∈ {0, 1, . . . ,∞}, that satisfy the following conditions,

C1 V0 ⊂ . . . Vj−1 ⊂ Vj ⊂ Vj+1 . . . ⊂ L2(H)

C2
⋃∞

j=0 Vj is dense inL2(H)

C3 At each level j there exists a set of scaling functionsϕj,k, k ∈ K
′
(j) for some index

setK
′
, for which the set{ϕj,k, k ∈ K

′
(j)} forms a Riesz basis ofVj.

The spaceL2(H) denotes the set of all Lebesgue functions defined onH. Two separate

MRAs used in the construction of the linear and quadratic wavelets are now developed.

Linear MRA on H

The linear MRA defines the spacesVj as the collection of all functions that are piecewise

bi-linear over the elementsHj. This definition of the spacesVj satisfy the conditions of

an MRA. The first condition holds since the elements ofHj are generated fromHj−1, for

all values ofj. This therefore guarantees nesting of the functional spacesVj. Also, in

the limit of j → ∞ the elements ofHj become arbitrarily small. Therefore a function
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Figure 4.4: Standard finite element trial functions over the unit quadrilateral: (a) lin-

ear corner function, (b) Quadratic corner function, (c) Quadratic mid edge function, (d)

Quadratic mid-element function

fj ∈ Vj can be found to be arbitrarily close to any function inL2(H). This shows the

spacesVj, j → ∞, to be dense inL2(H), therefore satisfying condition 2. The MRA’s

scaling functionsϕj,k that form a basis ofVj are defined as the set of bi-linear finite ele-

ment functions associated with the vertices of the elements ofHj. Each function has the

value 1 over its associated vertex and attenuates linearly to zero towards its immediate

neighbouring vertices, as shown in figure 4.4. The relationship between the scaling func-

tion and the vertices indexed by the subdivision scheme (linear case) gives the condition

K
′
(j) = K(j). Therefore, the scaling functions of the spaceVj are referenced by the

index setK(j) defined by the linear subdivision scheme.
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The Quadratic MRA on Hj

The quadratic MRA defines the spacesVj as the set of functions that are piece-wise bi-

quadratic over the elementsHj. Using the same arguments used in the linear MRA, the

first two conditions of an MRA can be show to be satisfied by the functional spacesVj.

The scaling functionsϕj,k that span each spaceVj are defined as the finite element trial

functions with a bi-quadratic representation over the elementsHj. For this, a scaling

function is associated with each vertex, mid-edge and mid-face point of the facesHj.

Each function is bi-quadratic and interpolates over the vertices, mid-edge and mid-face

points of the element, as illustrated in figure 4.4. The relationship between the quadratic

function and the points indexed by the quadratic subdivision scheme gives the condition

K
′
(j) = K(j). Therefore, as with the linear MRA, the scaling functions are referenced

by the index setK(j) defined by the quadratic subdivision scheme.

Some General Properties of an MRA

This sections describes some important properties of an MRA required for the develop-

ment of the wavelets.

Refinement Relation:

The nested properties ofVj imply the scaling functionsϕj,k ∈ Vj ⊂ Vj+1 can be con-

structed from the scaling functions ofVj+1.

ϕj,k =
∑

m∈K(j+1)

hj,k,m ϕj+1,m. (4.4)

Due to the interpolation properties of the scaling function used in both linear and quadratic

MRAs,ϕj,k(sj,l) = δj,l for k, l ∈ K(j), the refinement relation simplifies to,

ϕj,k = ϕj+1,k +
∑

m∈M(j)

hj,k,mϕj+1,m. (4.5)

The summation now only involves the scaling functions associated with the newly created

points at subdivisionj + 1.
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Numerical Analysis Applications:

A functionf ∈ L2(H) may be approximated with a functionfj ∈ Vj for j ∈ {0, 1, . . .∞}.
The approximation may then be represented by an expansion over the scaling functions

spanning the spaceVj,

f → fj =
∑

k

λk ϕj,k, (4.6)

whereλk are the expansions coefficients. Increasing the value ofj increases the accuracy

of the approximation. Asj → ∞, f is fully recovered and so a basis for the the space

L2(H) is given by,

L2(H) = lim
j→∞

Vj. (4.7)

4.3.4 Linear & Quadratic Lifted Wavelets

The purpose of the wavelets are that they produce bases for spacesWj that complement

the spacesVj in Vj+1. That isVj+1 = Vj ⊕Wj for all j ∈ {0, 1 . . . ,∞}. The wavelets

spanning the basesWj are formally defined by,

{ψj,k, k ∈M
′
(j)}, (4.8)

for some index setM
′
(j).

The important property of the wavelets in this work is that the spaceVj can be decomposed

into the spaceV0 and the spacesWi for i ∈ {0, 1, . . . j − 1}.

Vj = V0 ⊕j−1
i=0 Wi (4.9)

On lettingj →∞ the above summation creates a second basis forL2(H). The decompo-

sition property also allows a second representation of the approximated functionfj ∈ Vj

defined in (4.6). This is given by,

fj =
∑

k∈K(0)

λ0,k ϕ0,k +

j−1∑
l=0

∑
k∈M(l)

γl,k ψl,k, (4.10)

whereγl,k are the wavelet functions expansion coefficients.
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The wavelet functions are developed in two steps. Step 1 creates a simple ’lazy wavelet’

basis that spans the spaceWj. These basis functions are defined as,

ψj,m = ϕj+1,m, ∀m ∈M(j),∀j ∈ {0, 1, . . . ,∞} (4.11)

which are the scaling functions of the spaceVj+1, associated with the new points indexed

by the setM(j) defined by the subdivision scheme.

The second step modifies the wavelets in order to create a more stable Riesz basis forWj.

This process removes a contribution of the scaling functions ofVj from the lazy wavelet,

a method referred to as lifting [90]. The new ’lifted wavelet’ is defined by,

ψj,m = ϕj+1,m −
∑

k∈K(j)

Sj,m,k ϕj,k, m ∈M(j). (4.12)

where there are no restrictions on the values ofSj,m,k since the complementing condition

between the spaces hold for arbitrary values.

Two conditions are imposed on the lifted wavelets. One requires the lifted wavelets to

have zero integrals (i.e. when the functions are integrated over the surface of the hex-

ahedron, the resulting integral is zero) as this has previously been shown to generate

more stable bases for the spacesWj [127]. The second condition requires the wavelets

support to be kept to a minimum in order that they remain localised. This condition is

enforced by restricting the lazy wavelet’s lifting contribution to the two nearest neigh-

bouring scaling functions of the spaceVj (this is referring to each wavelet of the spaces

Wj,∀j ∈ {1, 2, . . . ,∞} ). Figure 4.3 presents the diagram detailing the lifting functions

for the linear and quadratic lazy wavelets. These two conditions define the lifting weights

of the lazy wavelets to be,

Sj,k,m =


R

ϕj+1,m

2
R

ϕj,k
if Sj,k is a neighbour ofSj+1,m

0 otherwise

Figure 4.5 presents a typical linear lifted wavelet over a subset ofHj.

In order that these wavelet bases do not form errors in their solutions when used to discre-

tise the angular flux, they are required to have discontinuous solutions across the planes

defined by theΩx,Ωy andΩz coordinates, see figure 4.1 for an illustration. This dis-

continuity is required in order to suppress the ray-effect type inaccuracies forming in 1
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Figure 4.5: This diagram shows a typical lifted linear wavelet on a sub-domain of the

hexahedron (not drawn to scale).

and 2 dimensional solutions that are caused by unstable wavelets with collocation points

centred over these planes. The construction of the wavelets therefore follows the theory

described in this chapter but are generated over the 8 octants of the sphere (or hexahe-

dron) independently in order that the approximation has the desired discontinuities. This

method is analogous to the method described in chapter 3 - section 3.3.5.

4.4 Numerical Examples

In order to demonstrate the hexahedral wavelets capabilities, 4 steady state two dimen-

sional neutron transport problems are solved. The problems have been selected in order to

demonstrate the angular discretisations accuracy in representing the direction of particle

travel and to reveal the susceptibility to ray-effect forming in their solutions. The wavelet

solutions are compared with solutions of the established methodsSN andPN , a discon-

tinuous Galerkin Discrete Ordinate model (DG-DO) [21] and benchmarked solutions are

provided by the established even-parity code EVENT and the probabilistic model MCNP.

The following wavelet calculations have been performed with the recently developed code

RADIANT [19]. The spatial variables are discretised using the finite element CVFEM
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Angular Expansion sizes

N (Angular expansion) HLWN HQWN

0 28 76

1 76 244

2 244 868

3 868

Table 4.1: This table lists the angular expansion sizes of the hexahedral linear and

quadratic wavelet discretisations.

method [88] and bare surface boundary conditions are resolved using the Riemann ap-

proach [87] described in section 2.3. In the following calculations, the linear and quadratic

wavelet solutions relating toN subdivisions of the hexahedronH are denoted byHLWN

andHQWN , respectively. The expansion sizes of the hexahedral wavelet discretisations

are listed in table 4.1.

4.4.1 Problem 1: A Box Source Surrounded by a Pure Absorbing

Medium

This numerical example is designed to demonstrate the hexahedral wavelets capabilities

in resolving a simple 2-D neutron transport problem. The aims are compare the accuracy

of the linear and quadratic wavelets and to investigate their capabilities in comparison to

the conventional angular expansions.

The problem domain is presented in figure 4.6 and the corresponding material and source

information is listed in table 4.2. The domain is a 3cm by 3cm square containing a mate-

rial with a pure absorbing cross-section of 0.5cm−1. The central 0.5cm by 0.5cm square

contains an isotropic source of intensity 1.0 particlescm−2s−1 and vacuum boundaries

are prescribed along all edges of the problem domain. For the following calculations, the

spatial dimensions were discretised using a structured quadrilateral grid consisting of 225

elements and 256 nodes.



4.4 Numerical Examples 154

(0,3)

(0,1.75)

(0,1.25)

(1.25,0) (1.75,0) (3,0)(0,0)

V
ac

uu
m

 s
ur

fa
ce

V
ac

uu
m

 s
ur

fa
ce

Vacuum surface

Vacuum surface

x

y

Source
Region 1

Region 2: Absorber

Figure 4.6: Problem 1: Diagram of the box source problem 1.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

Table 4.2: Source and material properties of Problem 1
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Figure 4.7: Problem 1: Exact scalar flux solution of Problem 1. This was calculated with

EVENT P23 on a fine spatial mesh.

The benchmarked solution, presented in figure 4.7, has been provided by EVENT using a

P21 angular approximation and a fine spatial discretisation mesh. The solution shows the

scalar flux peaks at approximately 0.36 particlescm−2s−1 over the centre of the problem

domain. From the centre, the scalar flux attenuates uniformly in all directions due to

particles being absorbed by the material.

Figure 4.8 presents theP5, S6 andHLW0 scalar flux solutions, which require 21, 24

and 28 angular basis functions, respectively. The wavelet and discreet ordinate solutions

peak in the problem’s centre at 0.37 particlescm−2s−1, which is in close agreement with

the benchmarked solution. However, the maximum flux usingP5 falls far short of this

value at approximately 0.26 particlescm−2s−1. This shows that although the angular

expansions are of similar size, the wavelets andSN have resolved the source region far

more accurately thanPN . This is exemplified by the graph presented in figure 4.9. This

graph plots the scalar flux through the points (0,0) and (3,3) and revealsP5 inability to

correctly resolve the source region. The percentage errors usingP5, S6 andHLW0 at the

solutions centre are 25.7%, 2.7% and 2.7%, respectively.
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(a)P5 RADIANT

(b) S6 RADIANT

(c)HLW0 RADIANT

Figure 4.8: Problem 1: The scalar flux solutions of the (a)P5, (b) S6, and (c)HLW0

discretisations.
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Figure 4.9: Problem 1: TheP5 S6 andHLW0 scalar flux solutions through the points

(0,0),(3,3).
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Despite resolving the source region accurately, the wavelets and discrete ordinate dis-

cretisations contain un-physical oscillations (or ray-effects) in their scalar flux solutions.

These errors result from the discretisations not being rotationally invariant, the condition

required in order that solutions are free from ray effects. In order to determine the full ex-

tent of the solution’s ray effect distortions, figure 4.10 presents the contours of theHLW0,

HLW1,HQW0, S6, S10 and the benchmarked scalar flux solutions.

TheHLW0 andS6 discretisations develop large oscillations that particularly dominate the

outer regions of the problem’s solution. However, the oscillations can be seen to develop

much closer to the source region in theS6 solution, indicating the discrete ordinate dis-

cretisation to be more prone to developing ray effects. TheHLW0 contours just outside

the source region also appears to be more accurately resolved than those ofSN .

TheHLW1 andS10 contours show significant improvements in their solutions over the

lower order approximations. TheHLW1 discretisation display no visible signs of ray

effects in its solution. However, theS10 discretisation continues to display a number of

small oscillations, particularly in the horizontal and vertical directions from the source.

TheHLW1 discretisation also agrees more closely with the benchmarked solution than

S10 and has managed to develop the diamond shaped contours outside the source region.

TheHQW0 discretisation yields similar results toHLW1 for which the contours also

reveal few visible signs of ray effects in its solution.

4.4.2 Problem 2: A Box Source Surrounded by Pure Absorbing and

Scattering Materials

This numerical example is designed to demonstrate the wavelets capabilities (including

investigating their susceptibility to forming ray effects) in resolving problems containing

scattering cross-sections. The default linear and quadratic wavelets are compared against

the conventionalPN andSN solutions.

The problem domain is presented in figure 4.11 and the corresponding source and material

information is listed in table 4.3. The problem is a 4cm by 4cm square. The central
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(a) (b)

(c) (d)

(e) (f)

Figure 4.10: Problem 1: The contours of the scalar flux solutions: (a)HLW0 (28), (b)

S6 (24), (c)HLW1 (76), (d)S10 (60), (e)HQW0 (76), (f) benchmarked solution. The (.)

denotes the number basis functions used in the angular expansion.
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Figure 4.11: Diagram of problem 2.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 1.0 / 0.6 0.0 / 0.4

2 0.0 1.0 / 0.6 0.0 / 0.4

Table 4.3: Source and material properties of Problem 2

2cm by 2cm square contains an isotropic source of intensity 1.0 particlescm−2s−1. The

problem’s material has a total cross-sectionσt = 1.0cm−1 and a scattering cross-section

which is varied throughout testing. Vacuum boundary conditions are prescribed across all

edges and the spatial domain is discretised using a finite element mesh consisting of 225

elements.

The analysis of this numerical example concentrates on the wavelets ability to resolve the

flux leakage through the top boundary. This is shown as line 1 in the diagram presented in

figure 4.11. Comparisons of the wavelet solutions are made with those of the established

SN discretisation. A Benchmarked solution is provided by EVENT using aP23 angular

approximation and a fine spatial discretisation mesh.

Figure 4.12 presents the benchmarked solution’s flux leakage through the top boundary
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for a non scattering problem. The profile shows a Gaussian shaped curve peaking at 0.043

particlescm−2s−1 over the central region. Included in this figure are the approximations

from theHLW0,HLW1,HQW0, S6 andS10 discretisations.

The lower orderHLW0 andS6 solutions are shown to have succeeded in capturing the

general shape of the benchmark solution. Their peak fluxes over the centre of the bound-

ary agree closely with the true value, that is, theHLW0 andS6 peak at 0.044 and 0.042

particlescm−2s−1, respectively. Across the boundary their profiles follow the general

profile of the benchmark solution. However, both approximations have formed a number

of large unphysical oscillations caused by ray effects. The graph shows the oscillations

to be more severe forS6, implying again that the wavelets solutions are less susceptible

to ray effects forming in their solutions. Over the interval considered on this problem the

HLW1 is generally more accurate thanSN .

The graphs presenting theHLW1, HQW0 andS10 solutions are shown to be in close

agreement with the benchmark solution. The peaks are almost exact for the three approx-

imations. However, the wavelets have performed better in resolving the outer regions of

the boundary. The scalar solutions have all formed ray effect oscillations, although they

are less profound than those in the low order approximations. The solutions experience

their largest oscillations over the positionsx = 1 andx = 3. TheSN forms the largest

variations, this once again indicates theSN discretisation to be more susceptibility to

forming ray effects in its solutions.

Figure 4.13 presents theHLW0, HLW1, HQW0, S6 andS10 solutions when the prob-

lem had a material scattering cross-sectionσs = 0.4. The benchmarked solution that is

included in the graphs show another Gaussian shaped curve which peaks over the bound-

ary’s centre at 0.082 particlescm−2s−1.

TheHLW0 andS6 discretisations have again formed the general features of the bench-

mark solution for which their scalar flux peaks at 0.083 and 0.081 particlescm−2s−1,

respectively. Both solutions contain ray effect oscillations, however, these are not as se-

vere as the oscillations that formed in the non-scattering calculations. This is mainly due

to the higher flux isotropy that is induced by the scattering cross-section, which in turn

present an simpler flux to approximate. The graph also shows the oscillations to be more
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Figure 4.12: Problem 2: The scalar flux leakage through the top boundary of problem 2

with a scattering cross-sectionσs = 0.0. Top graph:S6 andHLW0 solutions using 24 and

28 angular basis functions respectively. Bottom graph:S10,HLW1 andHQW0 solutions

using 60, 76 and 76 angular basis functions respectively.
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Figure 4.13: Problem 2: The scalar flux leakage through the top boundary of problem 2

with a scattering cross-sectionσs = 0.4. Top graph:S6 andHLW0 solutions using 24 and

28 angular basis functions respectively. Bottom graph:S10,HLW1 andHQW0 solutions

using 60, 76 and 76 angular basis functions respectively.
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dominant in theS6 solution, continuing the trend that the discrete ordinate method is the

most susceptible to ray effects. The bottom graph of figure 4.13 shows close agreements

betweenHLW1, HQW0, S10 and the benchmark solution. Small oscillations caused by

ray effects have formed in all flux profiles about the pointsx = 1 andx = 3. These again

are more predominate in theS10 approximation.

Figure 4.14 presents the flux leakage error for theHLW0, HLW1 andHQW0 discreti-

sations when the problem’s scattering cross-sections wereσs = 0.0 andσs = 0.4. The

HLW0 maximum error of 9.0% for the non-scattering problem can be reduced to 5%

upon increasing the angular expansion toHLW1 or increasing the wavelet polynomial

representation to quadratic variationHQW0. The scattering calculations show similar

results where the maximum error forHLW0 (6%) can be reduced to 5% or 4% using the

HLW1 andHQW0 discretisations, respectively.

4.4.3 Problem 3: Straight Ducts Surrounded by Pure Absorbing Ma-

terials

This problem is designed to demonstrate the capabilities of the wavelet expansions to

accurately resolve problems with more demanding, non uniform domains containing void

material cross-sections. In this example the linear wavelets are considered and solutions

are compared to those of the established methods - EVENT and RADIANTPN .

The problem domain is presented in figure 4.15, and the source and material information

is listed in table 4.4. The problem has a rectangular domain of size 36cm× 28cm. The

central 6cm× 6cm square region contains an isotropic source of strength 1.0 particles

cm−2s−1 and a purely absorbing material with a cross-sectionσt = 0.5. Extending from

the source are two straight ducts containing voids. Both ducts have a width of 6cm that

run to the upper and lower boundaries. The material surrounding the ducts have a pure

absorbing cross-sectionσt = 0.5. Vacuum boundaries are prescribed along all edges and

the spatial variables are discretised using a mesh of 900 finite elements.

The problem domain was solved usingHLW0, HLW1, HQW0, P5, P9 andP11. Their
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Figure 4.14: Problem 2: The error graphs of theHLW0,HLW1 andHQW0 solutions of

Problem 2. The top graph presents the errors forσs = 0.0. The bottom graph presents the

errors forσs = 0.4.
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Figure 4.15: Problem 3: Diagram of the straight ducts surrounded by a pure absorbing

material problem.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

3 0.0 0.0 0.0

Table 4.4: Source and material properties of Problem 3: The Straight Duct Problem.
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Figure 4.16: Problem 3: Scalar flux profile of theP5 RADIANT solution.

scalar flux solutions are presented in figures 4.16-4.20. The profiles, which are all similar,

have peaks in the scalar flux forming over the source region at approximately 1.7 neutrons

cm−2s−1. From the source region there is a high attenuation of flux where particles stream

through the absorbing materials. Through the ducts the flux declines at a slower rate as

the particles propagate down them without collision.

The wavelet solutions have formed a number of un-physical oscillations through the ducts.

However, these are not necessarily angular discretisation errors as some oscillations are

also present in thePN solutions. One example is the raised ridges running the length

of the border between the ducts and absorbing regions. These oscillations, which form

in all solutions, are most likely a result of Gibbs oscillations that form through the spa-

tial discretisation. This is illustrated in figure 4.21 which presents theP11, HLW1 and

HQW0 flux leakage through the top boundary. TheP11 solution reveals the extent of the

Gibbs oscillations (induced by the spatial discretisation) corrupting the scalar flux profile.

Not only are there raised ridges running the length of the border between the duct and

absorbing material but there then follows a series of oscillations within the duct region.

This includes a sharp drop from the raised ridge from 1.6 to 0.9 neutronscm−2s−1. The

wavelets solutions have also displayed similar Gibbs oscillations. However the initial
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Figure 4.17: Problem 3: Scalar flux profile of theP11 RADIANT solution.

Figure 4.18: Problem 3: Scalar flux profile of theHLW0 RADIANT solution
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Figure 4.19: Problem 3: Scalar flux profile of theHLW1 RADIANT solution

Figure 4.20: Problem 3: Scalar flux profile of theHQW0 RADIANT solution
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Figure 4.21: Problem 3: Scalar flux profile through the line (-16,18),(16,18) of the hexa-

hedral wavelet andPN solutions.

peak and trough at the border between the duct and absorbing material are lower than that

found withPN , reaching 1.4 and 0.6 neutronscm−2s−1, respectively.

In order to investigate the other oscillations, figure 4.22 presents the graphs plotting the

scalar flux from position (0,0) to position (0,18). This plots the flux from the problem’s

centre, through the top duct to the top boundary. Included in the graph are the DG-DO

solution using 2,500 directions.

The sharp attenuation in scalar flux over the interval (2,7.5) reveals the largest variations

between the wavelets andPN . The wavelet solutions appear to be close to convergence

over this region since increasing the approximation has little effect on the scalar flux. This

is confirmed by the error graph presented in figure 4.23. The graph shows the wavelet so-

lutions to have the smallest error over this region in comparison toPN , and that increasing

the expansion has little effect on the error. This indicated that the wavelet solution is close

to angular convergence on the given spatial grid.

Over the interval (7.5,18) theHLW0 solution forms large oscillations in its scalar flux.
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Figure 4.22: Problem 3: Scalar flux profile through the line (0,0),(0,18) of the hexahedral

wavelet andPN solutions.
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ahedral wavelet andPN solutions.
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Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.0 0.0

2 0.0 0.0 0.0

Table 4.5: Source and material properties of Problem 4: The cylinder source inside a

cylinder.

These fluctuations are mitigated by increasing the approximation toHLW1 or HQW0,

indicating that the oscillating errors are a fault of the angular discretisation. This again

agrees with the difference plot in figure 4.23. This graph also shows that the linear and

quadratic wavelets produce very similar solutions as the errors are almost identical over

the considered range of the problem. However, thePN solutions are in close agreement

with each other over this range, showing convergence has almost been attained with this

discretisation. ForPN , a scalar flux of 0.125 neutronscm−2s−1 forms the boundary point

x = 18, this is just short of the wavelet solution of 0.15 neutronscm−2s−1.

4.4.4 Problem 4: A cylinder Source within a Cylinder

This Problem is designed to demonstrate the wavelets capabilities in solving demanding

geometries using unstructured spatial meshes. In this demonstration the linear wavelets

are compared with the solutions of EVENT and MCNP.

The problem domain is presented in figure 4.24 and the corresponding source and material

information is listed in table 4.5. The problem domain is an infinitely long cylinder of

radius 15cm. The central cylinder of radius 1cm contains an isotropic source of intensity

1.0 neutronscm−2s−1. The whole domain is a void, that isσt = 0.0, and a vacuum

boundary condition is applied across the external surface. For the following calculations

the spatial variables are discretised using Delauney triangulation [131]. The spatial mesh,

presented in figure 4.25, consists of 1350 triangular elements using 676 nodes.

This problem was analysed in the numerical examples of chapter 3 and revealed some

unexpected results. It was found thatPN was unable to resolve this problem due to its low
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Figure 4.24: Problem 4: Diagram of the cylinder source within a cylinder problem.
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Figure 4.25: Problem 4: Diagram of the spatial mesh used in the wavelet andSN calcu-

lations of problem 4. The mesh was generated by means Delaunay triangulation using

1250 element and 676 nodes.
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cross section. In fact not even aP19 discretisation could provide an approximation that

was close to the exact solution. Extensive tests were performed in order to provide enough

convincing evidence that theSN discretisation could resolve the domain accurately. On

the basis of the previous chapter’s findings it is assumed here that theSN approximations

are converging to the correct solution. The MCNP calculations have also been included

in order to give further verification to these solutions.

The problem was solved usingHLW0,HLW1,HQW0, S6 andS10. Figure 4.26 presents

theS6 andS10 scalar flux solutions. These profiles form a sharp maximum in the scalar

flux over the source region reaching approximately 1.5 neutronscm−2s−1. From this peak,

the flux undergoes a steep decent over the boundary of the source and void regions. Once

outside the source region the scalar flux either drop to zero or propagates along theSN

directions. The wavelet approximations, presented in figure 4.27, show similar profiles

to SN . The peaks in scalar flux climb to approximately 1.5 neutronscm−2s−1 over the

centre of the domain which then falls sharply over the outer regions of the source. Once

leaving the source region, the flux’s sharp gradient levels off and follows a gentle decline

towards the problem’s boundary.

The graph presented in figure 4.28 compares these scalar flux profiles with MCNP plot-

ted cross the line from points (0,0) to (0,15). TheP9 solution has also been included in

order to highlight the method troubles in resolving this numerical example. The graph

shows theSN and wavelet solutions to in close agreement over the source region with

their peak fluxes just exceeding 1.55 neutronscm−2s−1. This value is in close agreement

with MCNP which registered a peak flux of 1.57 neutronscm−2s−1. Across the edge of

the source region, theSN , wavelets and MCNP solutions form a sharp decline in scalar

flux. These solutions then level off into a gradual gradient towards the problem’s bound-

ary. TheP9 solution shows vast differences in its scalar flux profile and has no common

features with the other solutions (this solution was shown in [132] to be highly inaccurate

). The profile peaks far below the value predicted by MCNP, reaching just 0.33 neutrons

cm−2s−1. The solution also fails to display a steep gradient across the source edge. In fact,

theP9 solution shows the flux to take a smooth decent towards the problem’s boundary.

The wavelet andSN discretisations have formed a number of ray effects in their solu-
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(a)S6 solution

(b) S10 solution

Figure 4.26: The (a)S6 and (b)S10 scalar flux solutions of problem 4.
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(a)HLW0 solution

(b)HLW1 solution

(c)HQW0 solution

Figure 4.27: The (a)HLW0, (b)HLW1 and (c)HQW0 scalar flux solutions of problem

4.
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tions of this numerical example. Figure 4.29 presents their solution’s flux contours which

clearly depict ray effect distortions as fingers of flux extending from the source region.

The figure shows both theS6 andHLW0 discretisation have performed poorly in resolv-

ing some regions of this problem and that the oscillations dominate outer regions of the

domain. In fact, both solutions have large sections of the outer domain that do not expe-

rience flux. However, it appears that this has occurred more often forS6 thanHLW0.

TheHLW1,HQW0 andS10 solutions have also developed ray effects. However, it again

appears thatS10 is more prone to these errors than the wavelets. It can be seen that both

wavelet solutions cover more of the outer regions of the domain with flux. This again

provides further evidence that theSN discretisation suffers more to ray effects than the

wavelets.

4.5 Conclusions

In this chapter two new spherical wavelet bases for discretising the angular variable of

the Boltzmann transport equation has been presented. The wavelet bases are based on

the ideas of Sweldens second generation wavelets and approximate the angular flux over

the surface of the Hexahedron. The spherical wavelet’s capabilities for accurately rep-

resenting the angular dependence of the angular flux have been demonstrated by solving

four 2-D numerical examples. The numerical examples were selected in order to demon-

strate the wavelets abilities to resolve isotropic sources, scattering cross section as well as

particle streaming through voids.

The wavelet solutions were compared with the solutions of the establishedSN andPN

methods (where the same code discretising the spatial domain was used to ensure fair

comparisons). Other established radiation transport codes were also used to provide

benchmarked solutions.

The numerical examples have demonstrated that the wavelet bases have the potential to

become an established method in neutron transport approximations. They constantly per-

formed well in all numerical examples and were shown to be as accurate as theSN and
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(a)HLW0 solution (b)S6 solution

(c)HLW1 solution (d)HQW0 solution

(e)S10 solution

Figure 4.29: Problem 4: Scalar flux contours of the solutions to problem 4. (a)HLW0

(28), (b)S6 (24), (c)HLW1 (76), (d)HQW0 (76), (e)S10 (60). (.) denotes the angular

expansion size.
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PN discretisations. Furthermore, in some of these numerical examples the wavelet bases

out performedPN by some considerable margin. This was particularly highlighted in the

final problem for whichPN was unable to provided an approximation that close to the

exact solution. The numerical examples also demonstrated the wavelet discretisations to

be less susceptible to developing ray effects in their solutions thanSN . However, the

demonstrations presented were not able to show any substantial increase in accuracy by

using the quadratic functions. In fact, the solutions to the two discretisations were almost

identical in all the examples considered. In light of these findings, the linear hexahedral

wavelets appear to be the most suitable of the two discretisation methods. This is due to

their discretised equations being more efficient to solve as their angular matrices are less

dense (of non zero elements) and so require less operations within a linear solver.
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This chapter presents a new spherical wavelet method for the angular discretisation of

the Boltzmann transport equation. The wavelet basis is based on the principals of sec-

ond generation wavelets. However, rather than employing the ideas of chapters 3 and

4, and using low ordered linear and quadratic functions over subdivided surfaces, the

new wavelet basis uses an alternative method centred on spectral techniques. This spec-

tral wavelet basis utilises Chebyshev collocation Lagrangians and approximate functions

over the surface of the hexahedron (which was used in chapter 4 to represent the direction

of particle travel). In order to demonstrate the new wavelets capabilities, three 2-D steady

state neutron transport problem domains have been solved. The numerical examples aim

to demonstrate the discretisation’s solutions for accuracy and susceptibility to ray-effects

by comparison with the hexahedral wavelets developed in chapter 4. Benchmarked solu-

tions are provided by an established even-parity code.

5.1 Introduction

Over the past 2 decades spectral element methods have seen an increased in their use

for discretising and approximating PDEs. Their use have been particularly important to

applications involving complex problem domains which, in turn, require approximations

of high order accuracy. Some examples of their use include the solving of the Navier-

Stokes equations [133, 134, 135, 136, 137, 138, 139, 140], shallow water equations [141],

Burgers’s equations [142] and advection-diffusion problems [143]. In these examples a
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variety of spectral techniques have been used and have shown spectral methods to be

particularly powerful for the modelling of fluid flows. In particular, the method use in

studying frontal phenomena in oceans has proved rewarding. The methods have also

been extensively studied in providing hydrodynamic stability in channel flow problems

involving static and variable viscosity. In addition to this, the method can be up to ten

times more efficient, in term of memory requirement and CPU time, than a control volume

discretisation.

The spectral element method is essentially a high order finite element method that incor-

porates hp discretisation technologies using bases of polynomial functions. The method

inherits the geometric flexibilities of finite elements in which a problem domain is parti-

tioned into a finite number of sub domains (this is a h type discretisation, where h denotes

the element scale). The approximation over an element is formed using a polynomial ex-

pansion of arbitrary order (this is a p type approximation, where p denotes the polynomial

order of the expansion). These properties of the spectral methods make it favourable for

approximating demanding problems involving complex geometries; Complex domains

are discretised using adaptive element discretisation while the polynomial expansions

provide high order accurate solutions.

In this chapter a new spectral, spherical wavelet basis is developed and applied to approx-

imate the angular variable of the Boltzmann transport equation. The basis incorporates

spectral method technologies into a second generation wavelet framework. The spectral

polynomials are formed through a tensor product of two polynomial expansions which

approximate the two directions of the quadrilateral elements that partition the surface of

the hexahedron (as with chapter 4 a hexahedron is used to represent the unit sphere and the

direction of particle travel). The polynomials employed are the Lagrangian interpolants

which correspond to the collocation points positioned over the zeros of the Chebyshev

polynomials. The Chebyshev interpolants are then mapped into a hierarchical wavelet

basis. This basis is then refined using the lifting scheme in order to increase its stability.

The Chebyshev spectral wavelets are designed in order that their function’s information

concentrates about the vicinity of their collocation point. The nature of the functions are

that as the wavelets polynomial order increases, so too does the concentration of their

information. Although it will not form part of this chapter’s investigation, this property
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opens the option for future work of incorporating adaptive angular resolution using these

spectral spherical wavelets.

The motivation behind developing these spectral spherical wavelets stems from the fact

that the methods can be highly efficiency and accurate for approximation general prob-

lems. Analysis shows that the methods are most effective when used to approximate

solutions that are smooth. Therefore, the expectation of the technique developed here is

that it provides accurate and fast converging solutions - particularly in the case where the

angular flux is relatively smooth or isotropic. In addition to this it is also expected that

the high order expansion on the sphere will further improve the solutions by means of

reducing the severity of ray effects forming in their scalar flux profiles (this is in compar-

ison to the solutions of the lower order wavelets developed in chapter 4). In essence, the

improved solutions of the spectral wavelets should more than compensate the increased

complexity in their computation. Again this is in comparison to the low order spherical

wavelets discussed in chapters 3 and 4.

The following sections are set out as follows. Section 5.2 presents a brief overview of the

angular discretised Boltzmann transport equations. In sections 5.3, the spherical spectral

wavelets are developed. A demonstration of the new discretisation method is presented

in section 5.4 where three steady state neutron transport problems are solved. Section 5.5

finishes this chapter with a conclusion.

5.2 The First Order and Angularly Discretised Trans-

port Equation

This section introduces the angularly discretised, steady state, mono energetic, non mul-

tiplying Boltzmann transport equation.

Ax
∂Ψ(r)

∂x
+ Ay

∂Ψ(r)

∂y
+ Az

∂Ψ(r)

∂z
+HΨ(r) = S(r) (5.1)

This is generated using the Bubnov Galerkin weighted residual method, formed from the

first order Boltzmann transport equation, where the angular fluxψ(r, Ω̂) is represented by
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the set ofM angular basis functionsGi for i ∈ {1, . . . ,M}.

ψ(r, Ω̂) ≈
M∑
j=1

Ψj(r)Gj(Ω̂) (5.2)

The variableΨ represents the vector of sizeM containing the angular moments corre-

sponding to the angular basis functionsGi for i ∈ {1, . . . ,M}. The matricesAx, Ay and

Az areM×M angular Jacobians. TheM×M matrixH contains the angular discre-

tised scattering and removal operator andS is the vector of sizeM containing the angular

discretised source. These terms are fully defined in chapter 2.

5.3 Chebyshev Collocation Spectral Wavelet Basis on the

Hexahedron

This section describes the spectral spherical wavelet basis used to discretise the angular

variable of the Boltzmann transport equation. The spherical wavelet basis is essentially

a hierarchical extension of the Chebyshev collocation point spectral element method. In

the Chebyshev collocation method, a problem domain is partitioned into a finite set of

elements, within which a solution (or function) is approximated using a basis of piecewise

polynomials. For one dimensional problems, an approximation over an elementEi is

obtained by an expansion of(Ni +1) Lagrangian polynomials. The Lagrangians are all of

polynomial orderNi and are defined as the set of interpolating functions that correspond

to the(Ni + 1) Chebyshev collocation pointŝxi
j, ∀ j ∈ {0, 1, . . . Ni}. These are defined

on the local element [-1,1] as,

x̂i
j = cos

(πj
N

i

)
, j ∈ {0, 1, . . . , Ni}. (5.3)

The approximation of a functionF (x), which will be of polynomial orderNi over the

local interval, is represented by the expansion,

F (x) ≈ f(x) =

Ni∑
j=0

f i
j h

i
j(x), (5.4)

wherehi
j, ∀ j ∈ {0, 1, . . . , Ni}, denote the Lagrangian functions andf i

j , ∀ j ∈
{0, 1, . . . , Ni}, denote the expansion coefficients.
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By definition the Lagrangian functions satisfy,

hi
j(x

i
k) = δj,k, (5.5)

whereδj,k denotes the Kronecker-delta function. For the Chebyshev collocation points

defined in (5.3) the Lagrangianshi
j are expressed by,

hi
j(x̂) =

2

Ni

Ni∑
k=0

1

cjck
Tk(x̂j) Tk(x̂), (5.6)

whereTk are the Chebyshev polynomials,

Tk(cos(θ)) = cos(kθ) (5.7)

and

ck =

 1, if k /∈ {0, Ni}

2, if k ∈ {0, Ni}.
(5.8)

Figure 5.1 presents the set of collocation points on the local interval for the valuesNi =

1, 2, 4 and 8. Figure 5.2 presents the corresponding Chebyshev Lagrangian polynomials

that interpolate over these positions. In order to expand a known function, the coeffi-

cientsf i
j of (5.3) are found by evaluatingF (x) over their respective collocation point,

f i
j = F (xi

j). This ensures that the approximation is exact over all collocation points as

illustrated by the expansion of an exponential function shown in figure 5.3. This fig-

ure also illustrates the methods spectral accuracy asNi = 8 provides an almost perfect

representation.

Chebyshev polynomials possess the important behaviour of not oscillating uncontrollably

for high order functions, this is not common among most Lagrangian interpolants. Fur-

thermore, their global maximum are positioned over their collocation points. The func-

tions also concentrate their information about the vicinity of these positions. In fact, the

concentration of the function’s information becomes more confined to the region sur-

rounding their collocation point as the expansion’s polynomial order increases. This is

illustrated by the Lagrangian functions corresponding to a 65 collocation point expansion

(Ni = 64) presented in figure 5.4.
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−1.0 −0.5 0.0 0.5 1.0
0.00

N=1
N=2
N=4
N=8

Figure 5.1: The Chebyshev collocation points on the unit interval. The positions displayed

are for the valuesN = 1, 2, 4 and 8.

The expansion of a two dimensional problem using Chebyshev collocation polynomials

requires the tensor product of two 1-D expansions of the form (5.4). The approximation

of a function over the local planeP = [-1,1]×[-1,1] is given by the expansion,

f(x, y) ≈
Nx∑
l=0

Ny∑
m=0

fl,m hl(x̂) hm(ŷ), (5.9)

where the functionshl(x̂) hm(ŷ), ∀l ∈ {1, . . . , Nx},m ∈ {1, . . . , Ny}, form a basis

for all polynomial functions of up to the orderNx andNy in the x and y directions,

respectively. The termsfl,m denote the expansion coefficients. The basis functions of

(5.9) interpolate over the Chebyshev collocation points extended to the local 2-D plane:

{(x̂l, ŷm) = (cos
( πl
Nx

)
, cos

(πm
Ny

)
), 0 ≤ l ≤ Nx, 0 ≤ m ≤ Ny}. (5.10)

Figure 5.5 shows the set of 2 dimensional collocation points for valuesNx = Ny = 4 and

Nx = Ny = 8.

5.3.1 MRA: Chebyshev Lagrangians

A Multiresolution Analysis (MRA) is defined as a nested sequence of subspaces of Lebesgue

functional spaceL2(X), whereX denotes some functional space. In the context of this
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Figure 5.2: The Lagrangian functions corresponding to the Chebyshev collocation points

for the values: (a)N=1, (b)N=2 , (c)N=4 and (d)N=8.
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Figure 5.3: An example of the Chebyshev Lagrangian polynomials used in approximating

a general function on the unit interval.
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Figure 5.4: A high order Chebyshev Lagrangian polynomial,h64,32.
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Figure 5.5: A diagram displaying the Chebyshev collocation points on the 2 dimensional

unit plane. Left:Nx = Ny = 4, Right:Nx = Ny = 8, whereNx + 1 andNy + 1 denote

the number of collocation points placed along thex andy dimensions, respectively.

chapter,X is taken to be the local planeP = [-1,1]×[-1,1] and a functionf ∈ L2(P)

implies that the condition
∫

P
f 2 dx dy < ∞ holds. Formally, an MRA is defined as a

sequence of functional subspacesVj, j ∈ {0, 1, 2 . . .∞}, that satisfies the three following

conditions,

C1 V0 ⊂ . . . Vj−1 ⊂ Vj ⊂ Vj+1 . . . ⊂ L2(P)

C2
⋃∞

j=0 Vj is dense inL2(P)

C3 At each level j there exists a set of scaling functionsϕj,k, k ∈ K
′
(j) for some index

setK
′
, for which the set{ϕj,k, k ∈ K

′
(j)} forms a Riesz basis ofVj.

The functional spacesVj are defined here as the set of functions with up to the bi-

polynomial order of2j over thex and y dimensions ofP. For example,V0, V1 and

V2 contain the functions with up to bi-linear, bi-quadratic and bi-quartic variation over

P, respectively. Conditions C1 and C2 are automatically satisfied by this definition

of the spacesVj. In order to establish a set of basis functions that span the spaces

Vj, ∀ j ∈ {0, 1, . . .∞}, the Lagrangians corresponding to the 2-D Chebyshev collo-

cation points onP with Nx = Ny = 2j are used. This establishes a link between the

notation of the MRA and Chebyshev functions. That is, the setK(j) in condition C3 may
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Key:
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Figure 5.6: A diagram displaying the relationship between the Chebyshev collocation

points and the index setsK(j) andM(j) defined in the MRA. The squares denote collo-

cation points of the spaceV0, the circles denote collocation points of the spaceV1 and the

hexagons denote collocation points of the spaceV2. Examples of some lazy wavelets and

their corresponding lifting functions positions are also shown. The points V1,V2 and V3

correspond to lazy wavelets of the spaceW1. Their corresponding lifting functions are

(L1,L2), (L1,L3) and (L1,L4), respectively.

index the basis functions ofVj by reference to their unique collocation points,

K(j) = {p = (x̂l, ŷm) = (cos
( πl
Nx

)
, cos

(πm
Ny

)
) ∈ P, 0 ≤ l,m ≤ N2j}. (5.11)

The bases forVj establishes a nested structure within the collocation points. That is, the

positions indexed byK(j) are also indexed by the setK(j + 1), ∀ j ∈ {0, 1, . . . ,∞}.
This was illustrated in figure 5.1 showing the first 4 sets of collocation points for the 1-D

example. The nested points allow a second index setM(j) to denote the new collocation

points formed in theVj+1 basis, i.e.M(j) = K(j + 1) \ K(j) where ’\’ is the set

removal operator. An illustration of these index setsK(j) andM(j), for j ∈ {0, 1, 2}, is

presented in figure 5.6.

A function F defined onP can be approximated by its projection onto a subspaceVj

of the MRA. The projected functionfj is then represented by an expansion of the basis
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functions ofVj,

F (x, y) ≈ fj =
2j∑
l=0

2j∑
m=0

fl,m hl(x̂) hm(ŷ), (5.12)

where the functionshlhm are defined in (5.6) and (5.9). Using a suitable re-ordering, the

expansion is re-written into a single summation form that conforms with the notation of

the MRA,

F (x, y) ≈ fj =

(2j+1)×(2j+1)∑
k=1

λj,k ϕj,k. (5.13)

The functionshl(x̂) hm(ŷ) and expansion coefficientsfl,m are now represented byϕj,k

andλj,k, respectively. The general properties of an MRA and their associated scaling

functions have not been included in this chapter as an overview of the main details have

been covered in chapters 3 and 4. A full description can also be found in [94] and [144].

5.3.2 A Spectral Wavelet Basis on the Local ElementP

Wavelets [132, 94] are functions that have a general purpose to form bases for the space

Wj which complement the functional spacesVj in Vj+1, ∀j ∈ {0, 1, . . . ,∞}. That is,

the spaceVj+1 can be decomposed asVj+1 = Vj ⊕Wj, ∀j ∈ {0, 1 . . . ,∞}. By recur-

sively applying this decomposition of the functional spaces of an MRA, a spaceVj is

decomposed using the spacesV0 andWl, for l ∈ {0, 1, . . . j − 1}.

Vj = V0 ⊕j−1
l=0 Wl (5.14)

By letting j → ∞ the decomposition (5.14) generates a basis for the spaceL2(P). Also,

following from this decomposition, an alternative expansion to the approximation in equa-

tion (5.13) is generated,

fj =
∑

k∈K(0)

λ0,k ϕ0,k +

j−1∑
l=0

∑
k∈M(l)

γl,k ψl,k. (5.15)

The functionsϕ0,k are the scaling functions that form the basis for the lowest order

MRA spaceV0. The termsλ0,k are the scaling function’s expansion coefficients. The

functionsψl,k are the wavelets that form the bases of the complementing spacesWl, for

l ∈ {0, 1 . . . , j − 1}. These wavelets are formally defined as,

{ψl,k, k ∈M
′
(l)}, (5.16)
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whereM
′
(l) denotes a set indexing the wavelets. The wavelet expansion coefficients of

(5.15) are denoted byγl,k.

The bases for the complementing spacesWl are built using the techniques used in the

construction of second generation wavelets. This process requires two steps: Step 1

- Construct a simple ’lazy wavelet’ basis forWl that complementsVl in Vl+1, ∀ l ∈
{0, 1, 2, . . . ,∞}. Step 2 - modify the wavelets ofWl, ∀ l ∈ {0, 1, 2, . . . ,∞}, into more

stable functions using the lifting method.

The lazy wavelet bases are generated using the nested property of the collocation points.

A simple wavelet basis that spans the complementing spaceWl is defined by

ψl,m = ϕl+1,m, ∀m ∈ M(l), ∀ l ∈ {0, 1, . . . ,∞}. (5.17)

The fact that (5.17) generates bases which spanWl, ∀ l ∈ {0, 1, 2, . . . ,∞} , is easily

proved.

Theorem:

The spacesWj spanned by the lazy waveletsψj,m defined in (5.17) complement the spaces

Vj in Vj+1 for all j ∈ {0, 1, 2, . . .∞}.

Proof:

By showing that all basis functions of the spaceVj+1 can be generated by the functions

Vj ⊕ Wj, and showing that the converse also holds, the theorem will be proved since

the basis functions for each space are contained within the span of the other space, i.e.

ϕj+1,m ∈ Vj ⊕Wj andϕj,m, ψl,k ∈ Vj+1, therefore span{ϕj+1,m} = span{ϕj,m, ψl,k}.

First consider any scaling functionϕj+1,k ∈ Vj+1, for k ∈ K(j + 1), that is associated

with the collocation pointpk ∈ P, then, eitherk ∈ K(j) or k ∈M(j). Fork ∈M(j), the

result follows from (5.17) where by definition, there exists a lazy wavelet inWj identical

to ϕj+1,k.

For k ∈ K(j), a functionϕ
′
can be generated by a combination of the scaling functions

and wavelets ofVj andWj, respectively:

ϕ
′
= ϕj,k −

∑
m∈M(j)

ϕj,k(pm)ψj,m. (5.18)
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The first contributing term in (5.18) corresponds to the scaling function inVj, associated

with the collocation pointpk. The summation then removes a proportion of the lazy

wavelets from the functionϕj,k. The contribution removed by each waveletψj,m, m ∈
M(j), is the value of the scaling functionϕj,k evaluated at the collocation pointpm,

m ∈ M(j). The functionϕ
′

is therefore of bi-polynomial order2j+1 over the x and y

coordinates. In addition to this, the construction ofϕ
′
ensures the function has the value

of 1 over the collocation pointpk (indexed byk ∈ K(j + 1)) and zero over all other

collocation points inK(j + 1). These are properties are also shared with the scaling

functionϕj+1,k. Therefore, since there exists only one function of bi-polynomial order of

2j+1 that possesses these values over the(2j+1 +1)2 collocation points, the two functions

ϕj+1,k andϕ
′
must be identical.

The converse is simple to show. For any wavelet functionψj,k, for k ∈M(j), by definition

there exists a functionϕj+1,l, for l ∈ K(j + 1), such thatψj,k = ϕj+1,l. Also, for any

scaling functionϕj,l, for l ∈ K(j), then, by definition of the MRA,ϕj,l ∈ Vj ⊂ Vj+1

which implies thatϕj,l ∈ Vj+1. This completes the proof.

The wavelets defined in (5.17) are modified in order to generate a more stable Riesz basis.

For this, the modification process lifting is used. In the lifting method, contributions

from the scaling functions of the spaceVj are removed from the lazy waveletsψj,k, for

k ∈M(j),

ψj,m = ϕj+1,m −
∑

k∈K(j)

Sj,m,k ϕj,k m ∈M(j) (5.19)

The removed contributions from the lazy wavelet, denoted bySj,m,k, are not restricted

as the conditionVj ⊕Wj = Vj+1 holds for arbitrary values. The lifting contribution is

therefore selected in order that the wavelets possess two important properties: zero inte-

grals and locality. Wavelets possessing zero integrals have been demonstrated to provide

more stable Riesz bases [119]. Locality is required in order to apply local resolution on

the sphere for future adaptive angular discretisation methods in approximating the BTE.

Although the spectral function’s supports cover the whole spaceP, it was shown in a pre-

vious section that each function’s information is concentrated about its collocation point.

Therefore, in order to keep the lifted wavelets information local to their collocation point,

only the two closest neighbouring scaling function to this position are used in its lifting.
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Figure 5.6 shows the collocation positions used in the lifting process. In order to satisfy

these two conditions, the lifting weights are defined as,

Sj,k,m =


R

ϕj+1,m

2
R

ϕj,k
if m ∈M(j) is adjacent tok ∈ K(j)

0 otherwise.

Figure 5.7 presents a lazy wavelet of the spaceV2, its two lifting functions and the lifted

wavelet.

5.3.3 Representation of Spherical Functions

At present, the wavelets approximate functions on quadrilateral elements mapped to the

local planeP. In order for the basis to represent spherical functions, 24 quadrilateral

elements are positioned to construct a hexahedral surface as shown in figure 5.8. Spherical

functions are then approximated on the surface of the hexahedron using the mapping

between the two domains shown in figure 5.9. The spherical wavelets can approximate

with continuity or discontinuity over the elements’ boundaries. The former method being

achieved by combining wavelets on adjacent elements that share the same collocation

positions. Note, however, discontinuity along the planesx = 0, y = 0 and z = 0

is required in order to avoid ray effects dominating solutions of 1-D and 2-D neutron

transport problems [132].

5.4 Numerical Examples

This section demonstrates the spectral hexahedral wavelets capabilities by solving three

2-D steady state neutron transport problems. The problems have been selected in order

to demonstrate the angular discretisation’s accuracy and their susceptibility to forming

ray-effects in their solutions. The numerical examples are also designed to establish the

benefits of using spectral methods over the low order linear wavelet functions.

For the following calculations the spatial variables are discretised using an SUPG control

volume finite element method [88]. Quadrilateral bi-linear elements are employed to dis-
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Figure 5.7: Examples of some Chebyshev scaling functions and wavelets on the unit

plane. (a) The scaling function of the spaceV1 corresponding to the mid-plane collocation

point (point L1 in figure 5.6). (b): The scaling function of the spaceV1 corresponding to

the corner node collocation point (point L4 in figure 5.6). (c): The scaling function of

the spaceV2 corresponding to the collocation point V3 in figure 5.6 (this is also a lazy

wavelet of the spaceW1). (d): The lifted wavelet of the lazy wavelet in figure (c) (the

lifting functions are the two functions shown figures (a) and (b) ).
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Figure 5.8: The spectral wavelets approximate over the 24 local elements that are used

to construct the surface of the hexahedron. The approximation will allow continuity or

discontinuity across the element boundaries. However, discontinuity is required across

the planesx = 0, y = 0 andz = 0 (outlined in bold) in order to avoid ray effect type

inaccuracies.
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Figure 5.9: A diagram displaying the mapping from the hexahedron to the unit sphere to

enable the representation of spherical functions. This is simply the normalising mapping

s = (x, y, z) = M(h) = (x
′
, y

′
, z

′
)/(x2 + y2 + z2)

1
2 , wheres ∈ S2 andh ∈ H
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Angular Expansion sizes

N (Angular expansion) HLWN HCWN

0 28 28

1 76 76

2 244 244

3 868 868

Table 5.1: This table lists the angular expansion sizes of the hexahedral linear and spectral

wavelet discretisations.

cretise and approximate the problem’s spatial domain. The Chebyshev wavelet solutions

relating to the spaceVN (over all elements of the hexahedronH) is denoted byHCWN .

The expansion sizes of the wavelet discretisations are listed in table 5.1. Benchmarked

solutions are provided by the established even-parity code EVENT.

5.4.1 Problem 1: A Box Problem Containing a Pure Absorbing Medium

This problem is designed to demonstrate the spectral wavelets capabilities on a simple

pure absorbing problem. The aims are compare the accuracy of the Chebyshev wavelets

and to investigate their capabilities in comparison to the linear Hexahedral wavelets de-

scribed in chapter 4.

The problem domain is presented in figure 5.10 and its corresponding material and source

information is listed in table 5.2. The domain is a 3cm by 3cm square containing a mate-

rial with a constant pure absorbing cross-section ofσa = 0.5cm−1. The central 0.5cm by

0.5cm square contains an isotropic source of intensity 1.0 particlescm−2s−1 and vacuum

boundaries are prescribed along all edges of the problem domain. The following calcula-

tions were performed using a structured quadrilateral grid of 225 elements and 256 nodes,

see figure 5.11. The benchmarked solution is provided by EVENT using aP23 angular

approximation and a linear, finite element discretisation of the spatial domain using a fine

spatial mesh. This solutions is presented in figure 5.12.
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Figure 5.10: Problem 1: The diagram of the box problem.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

Table 5.2: Source and material properties of Problem 1
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Figure 5.11: Problem 1: The spatial mesh of quadrilateral finite elements used for the

spatial discretisation in all wavelets calculations.

Figure 5.12: Problem 1: The benchmarked solution provided by EVENTP23.
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Figure 5.13 presents the scalar flux solutions ofHLW2 andHCW2. Both solutions dis-

play similar likenesses, they peak in flux over the centre of the domain at approximately

0.36 particlescm−2s−1 and attenuate sharply over the outer regions of the source. The

flux then enters a gradual decline towards the boundary of the problem domain. These

profiles are in close agreement with the exact solution provided by EVENT, figure 5.12.

Note that the smoother profile of the exact solution arises through the fine spatial mesh

used. Therefore the courser profiles displayed in the wavelet solutions should not be per-

ceived as a limitation of the angular approximation, but as a consequence of the courser

spatial mesh.

Figure 5.14 presents the scalar flux contours of theHLW0, HLW1, HLW2, HCW1,

HCW2 and exact solutions (note thatHLW0 andHCW0 are identical discretisations).

The results show the high order linear and spectral wavelets solutions to be near angular

convergence and that they have mitigated the large oscillations (ray effects) which formed

in theHLW0 (andHLW0) solution. The results also show few visible ray-effects have

formed in the solutions of theHLW1 andHCW1 discretisations. However, these ap-

proximations have formed some small un-physical fluctuations over the horizontal and

vertical direction from the source (where the solutions exhibit a slightly increased scalar

flux). For equal expansion sizes, the linear and spectral wavelets solutions appear to be in

very close agreement.

Figure 5.15 presents the 4 higher discretisation’s scalar flux solutions through the lines 1-

4 as shown in figure 5.10. The first graph plots the flux through the centre of the domain.

The graph shows all wavelet solutions to be in close agreement with the benchmarked

solution. This is due to the central region producing fairly isotropic fluxes which, in turn,

is easily approximated by the low order wavelet discretisations. This therefore explains

the reason for seeing only minor differences in the scalar flux when the wavelet approxi-

mations are increased.

A similar result is seen in the graph plotting the flux along line 2. Again, the reasonably

high isotropic distribution of the flux along these positions has led to all wavelet solutions

being in close agreement. The graph also shows the wavelet solutions are not in close

agreement with the Benchmarked solution. However, these discrepancies are a product of
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Figure 5.13: Problem 1: Scalar flux profiles of theHLW2 (top) andHCW2 (bottom)

solutions.



5.4 Numerical Examples 203

(a) Benchmark (b)HLW0/HCW0

(c)HLW1 (d)HCW1

(e)HLW2 (f) HCW2

Figure 5.14: Problem 1: The scalar flux contour solutions. (a) Benchmarked solution,

(b) HLW0/HCW0 (28), (c)HLW1 (76), (d)HCW1 (76), (e)HLW2 (244), (f)HCW2

(244). The term (.) denotes the number of angular basis functions used in the angular

approximation.
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Figure 5.15: Problem 1: Scalar flux profiles of the benchmarked,HLW1,HLW2,HCW1

andHCW2 solutions. The line cut positions are as follows. (a) (0,1.5),(3,1.5), (b)

(0,1.75),(3,1.75), (c) (0,2.25)(3,2.25), (d) (0,3)(3,3).
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the course spatial approximation as it can be seen from the profiles presented in figure 5.13

the scalar flux experiences high gradients of change. Therefore, the course spatial mesh

will show its highest susceptibility to errors over these positions. The close agreement of

the wavelet solutions also suggests that angular convergence has been reached using this

spatial discretisation.

The graph presenting the scalar flux across line 3 reveals a number of variations in the

wavelet’s solutions. The result shows the peak in scalar flux is more accurately repre-

sented using the high orderHLW2 andHCW2 wavelet discretisations. The lower order

HLW1 andHCW1 discretisations generate a maximum in the scalar flux that reaches

0.0268 and 0.0267 particlescm−2s−1, respectively. This is in comparison to the bench-

marked solution of 0.0260 particlescm−2s−1. The higher ordered linear and spectral

wavelets are shown to be almost identical. With both peaking at 0.0256 particlescm−2s−1

they reduce the error of the lower ordered wavelets by approximately 50%. The higher

order approximations are also shown to have improved the approximation over the in-

tervals (0.75,1.35) and (1.65,2.25). In these regions the lower ordered solutions display

ray-effects that cause their solution to oscillate about the exact solution.

The greatest improvements of using the high ordered wavelets are seen in the result plot-

ting the leakage through the top boundary. The peak at the centre of the boundary is over

approximated by a considerable margin using the low ordered wavelet discretisations. In

comparison with the benchmarked solution, which measured 0.0122 particlescm−2s−1,

the low ordered wavelets peaked above this value at 0.0142 particlescm−2s−1. Increas-

ing the expansions to the higher ordered wavelets give significant improvements. Both

discretisations resolve the peak closer to the benchmarked solution at 0.0121 particles

cm−2s−1. Ray-effect oscillations are also clearly visible in the scalar flux solutions along

the problem’s boundary. In both low ordered calculations, ray-effects have caused large

oscillations about the exact solution. These oscillations account for the high peaks in the

graph’s centre and the low troughs in the regions either side of the maximum. The high

ordered wavelets have suppressed most of these ray-effect distortions, however, small

oscillations about the exact solution are still visible over the interval (1.25,1.75).

In order to establish the spectral wavelet’s ability to increase the solutions accuracy, the
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scalar flux error norms are evaluated for each wavelet calculation. The error norms of the

scalar flux solutions are defined as,

error(φapprox) = (

∫
V

(φapprox − φexact)
2dV )

1
2 (5.20)

whereφapprox andφexact denote the approximate and exact scalar flux, respectively. (Note

that in order to make the spatial discretisation consistent, RADIANT is used to calculate

the exact scalar flux. This was obtained using the highest order angular discretisation pos-

sible to ensured the angular approximation is the closest we can get to being converged.)

Figure 5.16 presents the graphs of the error norms against the square root of the angular

expansion size. The graph shows the Chebyshev wavelets to have the greatest order of

accuracy - although the difference between the methods is not as large as would be ex-

pected. One possible reason for this may be due to the problem being simple enough to

approximate accurately using just the linear wavelets. Therefore, increasing the spectral

representation only leads to a small increases in accuracy. It is also important to note that

although the exact solution is very accurate, it is still an approximation. Therefore one

must bare in mind that the small scalar flux errors seen in this graph may be influenced

more by the inaccuracies of the exact solution.

5.4.2 Problem 2: A Box Problem Containing an Absorbing and Scat-

tering Medium

This problem is designed to demonstrate the wavelets accuracy for resolving domains

involving materials with isotropic scattering cross-sections. For this investigation the

wavelet solutions are compared to the hexahedral wavelets detailed in chapter 4.

The problem domain is presented in figure 5.17 and the corresponding source and mate-

rial information is listed in table 5.3. The problem domain is a 4cm by 4cm square. The

central 2cm by 2cm square contains an isotropic source of intensity 1.0 particlescm−2s−1.

The problem contains a material with an absorbing cross-sectionσa = 0.6 cm−1 and a

scattering cross-sectionσs = 0.4 cm−1. Vacuum boundary conditions are prescribed

across all edges of the problem. The following calculations were performed using a struc-
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Figure 5.16: This graph presents the scalar flux error norms of the linear and spectral

wavelet discretisations of problem 1 - the box source problem

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.6 0.4

2 0.0 0.6 0.4

Table 5.3: Source and material properties of Problem 2: The Box Source Problem 2.

tured, quadrilateral finite element grid containing 400 elements, of size 0.2×0.2cm, and

441 nodes. The mesh is presented in figure 5.18. The benchmarked solution was pro-

vided by EVENT using aP23 angular approximation and a linear, finite element (fine

mesh) discretisation of the spatial variables.

Figure 5.19 presents the benchmarked,HLW1 andHCW1 solutions. All three solutions

appear to be in close agreement. Their scalar flux profiles peak over the domain’s cen-

tre at approximately 1.0 particlescm−2s−1 and attenuate quickly towards the problem’s

boundaries.

In order to demonstrate the wavelet discretisation’s accuracy and susceptibility to form-

ing ray-effects, the remaining analysis of this problem concentrates on the flux leakage



5.4 Numerical Examples 208

x

y

Region 1

Region 2

Bare surface

Bare surface

B
ar

e 
su

rf
ac

e

B
ar

e 
su

rf
ac

e

0 1 43

1

3

4

Figure 5.17: Problem2: The diagram of the box problem.
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Figure 5.18: Problem 2: The spatial mesh of quadrilateral elements used for the spatial

discretisation for all wavelets calculations.
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Figure 5.19: Problem 2: Scalar flux profiles of the exact (top),HLW1 (middle) and

HCW1 (bottom) solutions.
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through the top boundary of the problem - where most errors are likely to occur. Figure

5.20 presents two graphs that plot the wavelet’s scalar flux solutions from position (0,4)

to (2,4) across the top boundary.

The top graph presents theHLW0 (orHCW0),HLW1 andHCW1 scalar flux solutions.

TheHLW0 (orHCW0) discretisation forms a number of ray effects that cause its solution

to oscillate about the benchmarked solution. The largest of these oscillations occur over

the positionsx = 0.4 andx = 1.6. These fluctuation are significantly reduced using

HLW1 andHCW1 (for which both discretisation’s solutions follow similar flux profiles).

The solutions are in reasonable agreement with the benchmarked solution over the region

x ∈ (0, 0.8). However, small oscillations still persist to distort the solution across the

remaining regions.

The bottom graph presents theHLW2 andHCW2 scalar flux solutions. These results

show no sign of oscillations about the exact solution. The two wavelet solutions are again

in very close agreement and display a higher than expected peak in the scalar flux at

x = 2 (this was found to also have occurred in theHLW1 andHCW1 approximations).

The wavelet solutions are therefore showing signs of angular convergence. This demon-

strates the over approximated flux atx = 2 to be a product of the low resolution spatial

discretisation.

5.4.3 Problem 3: A void duct surrounded by a pure absorber

This problem is designed to demonstrate the spectral wavelet’s ability to resolve neutron

streaming through voids. For this investigation the Chebyshev wavelets are compared

with the solutions of the Hexahedral wavelets of chapter 4.

The problem domain is presented in figure 5.21 and the corresponding source and material

information is listed in table 5.4. The problem has a rectangular domain of size 36cm×
28cm. The central 6cm× 6cm square region contains an isotropic source of strength 1.0

particlescm−2s−1 and a purely absorbing material with a cross-sectionσt = 0.5cm−1.

Two ducts containing voids of width of 6cm extend from the source to the problem’s upper
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Figure 5.20: Problem 2: The scalar flux leakage through the top boundary of the problem

domain, that is, through the points (0,4),(2,4). Top graph: TheHLW0/HCW0, HLW1

andHCW1 solutions. Bottom graph: TheHLW2 andHCW2 solutions.
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Figure 5.21: Problem 3: This diagram displays the domain of the straight duct problem.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

3 0.0 0.0 0.0

Table 5.4: Problem 3: Source and material properties of the Straight Duct problem

and lower boundaries. The material surrounding the ducts has a absorbing cross-section

σt = 0.5cm−1. Vacuum boundaries are prescribed along all edges of the problem. A finite

element mesh consisting of 3,600 elements was employed to discretise the problem’s

spatial domain.

Figure 5.22 presents the scalar flux solution using RADIANT set to the highest order

angular approximation available. The solution is therefore as near to angular convergence

that RADIANT is capable of achieving on the 3,600 finite element spatial mesh. This is

therefore taken as the benchmark solution. The scalar flux solution peaks in the problem’s
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Figure 5.22: Problem 3: The angularly converged scalar flux solution of the 3,600 finite

element spatial discretisation mesh.

centre at approximately 1.7 neutronscm−2s−1. In the absorber region adjacent to the

source the high attenuation of particles have caused the sharp decline in the scalar flux

profile. Through the ducts, for which there is no particle attenuation, the scalar flux

descent is at a much lower gradient.

In order to demonstrate the capabilities of the spectral wavelets this demonstration con-

centrates on the scalar flux through the central region of the ducts. Figure 5.23 presents

theHLW0/HCW0,HLW1,HCW1 HLW2 andHCW2 scalar flux solutions through the

points (0,23) to (0,36). The graph shows theHLW0/HCW0 solution to have developed

very large and dominating oscillations due to ray effects. It also reveals that many of

these oscillations can be mitigated by increasing the angular expansion to eitherHLW1

orHCW1. However these higher order discretisation still form a number of smaller oscil-

lations in their solutions. Increasing the angular expansion again toHLW2 andHCW2,

further reductions of the oscillations are seen. However, once again visible ray effects

still persist to disfigure their solutions.
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Figure 5.23: The scalar flux solutions through the positions (0,23) to (0,36) of the straight

duct problem.
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Figure 5.24: The wavelet discretisation’s squared errors through the points (0,0) to (0,36).

In order to demonstrate the accuracy of the wavelet discretisations, the scalar flux squared

errors are measured along the centre of the ducts. These are presented in figure 5.24. The

graph reveals the extent of which oscillations have formed in theHLW0/HCW0 solution.

Although the central region could be resolved accurately using these discretisations, the

outer regions of the duct contained many large errors. The graph again demonstrates that

increasing the angular resolution serves to reduces the errors significantly. In fact, the

maximum squared error ofHLW0 is reduced by90% when usingHLW1 orHCW1.

Integrating these squared errors over the line (0,0) to (0,36) gives the error norms of

the solutions through the mid sections of the duct. These values are presented in figure

5.25 which plots the error norm against the angular expansion size. We can view the

graph’s gradients as the representing the angular discretisation’s order of accuracy in the

y direction through the duct. The graph shows the spectral wavelets have the fastest rate

of convergence as the error declines with the steepest gradient of -1.4 in comparison to

the linear wavelets gradient of -0.9.
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over the positions (0,18) to (0,36).
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5.5 Conclusions

In this chapter a new method for the angular discretisation of the Boltzmann transport

equation has been presented. The method is a new spectral wavelet basis based on the

principals of second generation wavelets. The wavelets are generated using 2 dimensional

Chebyshev interpolating polynomials and approximate the angular flux over the faces the

hexahedron.

A demonstration of the spectral wavelets capabilities was performed by solving three 2-

D steady state neutron transport problems. The problems were designed to demonstrate

the wavelet’s accuracy in approximating difficult angular fluxes that may occur in mate-

rials with both optically thick and optically thin properties. Comparisons of the spectral

wavelet solutions were drawn with the solutions of the hexahedral wavelets developed in

chapter 4. For all numerical examples, the spatial domain was discretised using an SUPG

finite element method.

The numerical examples have been able to show that the spectral wavelets are capable

accurately representing the angular flux, and have therefore demonstrated their potential

for use in neutron transport calculations. The method has also been shown to increase

order of accuracy in comparison to the linear hexahedral wavelets developed in chapter 4.

However, it should be noted that some numerical examples showed only a small increase

in accuracy using the spectral wavelets. This indicates that the spectral wavelets are best

suited to specific problem domains. For example, highly scattering problems where the

flux varies smoothly within the angular domain would best suit the spectral method.

Combining these finding with those of the linear hexahedral wavelets in chapter 4 con-

firms the Chebyshev spectral wavelets to be at the very least as accurate to the established

methodsSN andPN . In addition to this, it can also be confirmed that they will be less

susceptible thanSN to forming ray-effects in their solutions.
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This chapter presents a new adaptive angular approximation method which use spherical

wavelets to discretise the Boltzmann transport equation in angle. This work builds on the

work of chapters 3 and 4 in which two spherical wavelet bases were developed for the an-

gular discretisation of the Boltzmann transport equation. A method is proposed enabling

these wavelet bases to vary their angular approximation so that fine resolution in angle

may be applied only to the areas of the unit sphere (representing the direction of parti-

cle travel) which are important. An error measure that operates in conjunction with the

wavelet bases in order to determine this importance (and the wavelet resolution require-

ments on the unit sphere) is presented. A procedure by which the angular resolutions is

gradually refined for steady state problems is also given.

The adaptive wavelets are applied to three test problems which demonstrate the ability of

the wavelets to resolve complex fluxes with relatively few functions, and to achieve this

a particular emphasis is placed on their ability to approximate particle streaming through

ducts with voids. It is shown that the wavelets are capable of applying the appropriate res-

olution (as dictated by the error measure) to the directional component of the angular flux

at all spatial positions. This method therefore offers a new and highly efficient adaptive

angular approximation method.

6.1 Introduction

In simulating the transport of neutral particles the discretisation of the full 7 dimensional

phase space of the Boltzmann transport equation [15] is required for deterministic solu-

tions. However, discretisation of the 7 dimensions can quickly lead to very large sets of

linear equations. This in turn can put tremendous pressure on computational resources -

both in terms of time of solving the system and computational storage. For this reason it
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was quickly accepted by the research community that new methods are needed in order

to reduce the computational burden, for example adaptive techniques in space and angle

of particle travel.

Various techniques for numerically representing the angular flux have been developed in

order to reduce the costs involved in solving the discretised equations. One approach is

to recast the transport equation into a single diffusion equation involving only the scalar

flux, thus eliminating the angular variable completely [16, 46, 41]. The approach works

well on isotropic problems, often dominated by isotropic scattering, but the method’s

limitations are exposed when the domain’s geometry materials induce complex non-

isotropic fluxes. An alternative and well used method is to form and solve the second

order even-parity equation [49] in which the odd angular basis functions are eliminated.

This approach avoids the restrictions of diffusion theory since angular convergence may

be gained through using an infinite summation of angular basis functions like spherical

harmonics (PN ). The disadvantage of this method arises when resolving particle stream-

ing through voids or any problem with small or zero absorption cross section for which the

even parity form of the transport equation breaks down. The Self Adjoint Angular Flux

(SAAF) method [16] has similarities to the even parity form of the transport equation and

shares these problems with it.

Adaptive angular discretisations have been developed for problems in which the distribu-

tion of angular flux varies greatly over the various regions of the system. For example,

the method of composite solutions [49] eliminates the computational waste of applying

high order angular resolution to all regions of a problem by having a different angular

representation at each region. In many applications of interest, for example reactor sys-

tems such as the gas cooled reactors (AGRs), highly varying angular fluxes are confined

to small regions of the system’s geometry. It is these regions that need only be represented

with a high resolution angular approximation. For the remaining regions a relatively low

resolution is adequate. The method of composite solutions therefore applies a suitablePN

representation of the angular flux for each region [145, 146]. This has also been employed

within the even parity equation in order to combine the efficiencies of both methods [147].

These angular adaptive methods fall into the category of isotropic methods where direc-
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tional treatment may vary spatially but resolution over all angles remains uniform at any

spatial point. Incorporating methods that also localise in direction, so that high resolu-

tion may be applied to only the angles containing high varying fluxes, is some what more

involved [73].

This chapter presents new methods for anisotropic adaptivity in the directional treatment

of the Boltzmann transport equation. To achieve this the continuous, linear, octahedral

and hexahedral wavelets, chapter 3 [1] and chapter 4 [2], form the basis of the adap-

tive angular method. In the previous chapters, the numerical examples demonstrated the

wavelet’s ability to provide accurate approximations of the angular flux (without adaptiv-

ity). In many of the demonstrations they were superior to bothSN andPN , displaying

impressive capabilities in resolving void regions in situations wherePN was found to be

inaccurate. They were also demonstrated to be less susceptible thanSN to ray effects

[72] in the scalar flux solutions. Wavelets were used in this work because they also have

hierarchical expansions and compact support. The hierarchical nature of these expansion

lend themselves to the development of hierarchical (multi-grid) solvers in angle and the

ability to focus resolution and computational resources on the areas of the unit sphere

where they are most needed.

The wavelet expansions have been employed in the radiation transport model RADIANT

[19] which employs a finite element discretisation of the space variables of the first order

form Boltzmann transport equation. A Streamline Upwind Petrov Galerkin SUPG method

[148, 149] was also developed within RADIANT in order to suppress spatial oscillations

forming in the scalar flux solutions [88, 83, 84]. The code has been demonstrated to be

highly accurate and non-oscillatory and uses a Riemann method for resolving bare surface

boundary conditions [19, 89, 87]. This method maps all angular variables to a Riemann

space using the eigen structure of the angular Jacobians. The incoming and outgoing

information through the boundary can then be calculated and mapped back to angular

variables. The importance of this is that any arbitrary angular expansion can used within

RADIANT. All that is required is a re-calculation of the angular matrices with a change

in the angular expansion.

The development of RADIANT has provided the possibility to investigate various angular
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discretisation methods with considerable ease. To date, others research has mainly used

SN andPN [15]. These two methods can be viewed as the two extremes of angular

approximation.SN is a first order approximation method that restricts particles to travel

in a finite set of rays, directions or ordinates. Although this method leads to a simple

set of hyperbolic equations coupled only through the streaming term it suffers severe

oscillations in scalar flux solutions caused by ray effects [72] . ThePN approximation

provides spectral accuracy and uses spherical harmonic basis functions. Although its

solutions are free from ray effects (because it is rotationally invariant) it can suffer Gibbs

oscillations in the angular flux. The shortcomings of these two traditionally used methods

and lack of progress in developing new technologies for angular discretisation means that

this important field of research is open to explore. It has already been demonstrated in

chapters 3 [1] and 4 [2] that spherical wavelets are strong possible alternatives toPN and

SN . However, in addition to this, if the application of angular adaptivity proves to be

fruitful then this may lead to wavelets establishing themselves as a main tool in particle

transport calculations. This can expected since the powers of wavelets have long been

recognised as a tool for adaptivity to a vast range of applications.

The adaptive spherical wavelets defined by Schroder and Swelden [126] and [127], on

which the ideas of our wavelets are based, have already been successfully used in a num-

ber of applications. They were able to demonstrate the wavelet’s capabilities for use in

compression, using topographic data relaying the depth of the earth as a function over the

sphere. They were also able to demonstrate the use of wavelets in resolving bi-directional

reflectance distribution functions (BRDF) and illuminations on the sphere. In these ex-

amples they were able to clarify the wavelets abilities in function reconstruction and also

show the importance of the lifting scheme [91, 90]. In other words, increased accuracy

was found with the lifted wavelets as opposed to their corresponding non-lifted wavelet

bases. Wavelets with and without adaptivity have also been used in numerous other ap-

plications. Examples of their extensive implementation to numerical approximation of

PDE’s are listed in [110, 150, 111, 109].

The remainder of this chapter is organised as follows. Section 6.2.1 presents a brief

description of the wavelets and their expansion series of spherical functions. This will be

followed by discussion on the wavelets use in discretising the transport equation in section
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6.2.2. In section 6.2.3 the SUPG angular discretised equations that are discretised in

space using finite elements are formed. Then in section 6.2.4 a computationally efficient

method of treating the stabilization methods is proposed. The treatment for incorporating

the anisotropic adaptivity is presented in sections 6.2.5 - 6.2.6 and section 6.2.7 presents

three error measures that locate areas of angle that require increased resolution. Section

6.2.8 completes the theory with a recipe for incorporating anisotropic adaptivity within

an iterative solver. Section 6.3 presents calculations for three numerical examples. The

numerical examples have been chosen to highlight the effectiveness of the adaptivity in

resolving difficult transport problems, in particular the demonstrations concentrate on

resolving neutron streaming through voids. Conclusions are contained in section 6.4.

6.2 Anisotropic Wavelets on the Sphere

6.2.1 Review of wavelet

This paper uses the continuous linear wavelets developed in [1] and [2] for the expan-

sion of the angular flux. In order to avoid duplication, the wavelets’ derivation have been

omitted from here and only the details applicable to this chapter’s content is reviewed.

The wavelet bases represent spherical functions mapped over the octahedral and hexahe-

dral domain presented in figures 6.1 and 6.2, respectively. Both wavelet expansions are

expressed as,

f(Ω) =
∑

k∈K(0)

λ0,k ϕ0,k +
L∑

l=0

∑
k∈M(l)

γl,k ψl,k, (6.1)

wheref(Ω) represents some general spherical function. The functionsϕ0,k in the first

term of the series are defined as the lowest order scaling functions. Together with their

coefficientsλ0,k, they produce a basic, low resolution approximation off(Ω) - this is

employed as a starting basis for the wavelet representation. The second term of the series

contains the wavelet functionsψl,k. These have been arranged into a double summation

in order to illustrate the role they play in increasing the accuracy of the approximation of

f(Ω). From levell = 0, wavelets are added to the expansion in a series of shells, denoted
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Figure 6.1: Diagram presenting the subdivision scheme employed on the faces construct-

ing the octahedron. Left: The original faces, Middle: The first subdivision, Right: The

second subdivision.

by the summation indexedl. Each shell consists of a set of wavelet functions that are

denoted by the setM(l), which supplements the scaling functions and wavelets of the

lower ordered shells. The result is a hierarchical series of bases for the approximation

of a spherical function. The hierarchical levels are generated through the inclusion of

each shell of wavelet functions. The termsγl,k in the expansion denote the expansion’s

coefficients corresponding to the wavelets.

The low order scaling functions are derived using standard finite element (FE) techniques.

Interpolating FE linear functions centred over the nodes of the polyhedral domains are

employed to generate the coarse approximating bases. The bases produce approximations

with linear variation across the faces constructing the polyhedron’s surface. The shells of

wavelets then act upon this basic expansion, increasing the approximation’s resolution in

accordance with the subdivision scheme illustrated in figures 6.1 and 6.2. The subdivision

scheme is a very simple procedure in which its application divides a polyhedral face into

4 new identical faces. Its relationship with the wavelets is that a series capped at level

L = j−1 has linear variation across the faces of the polyhedron that has undergonej−1

subdivisions.

It is important to note a number of facts on the wavelet’s position, size and general nature.

One important property of the wavelets is that for every vertex belonging to subdivision

l and not to subdivisionl − 1, there exists a wavelet belonging to the shellM(l) that
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Figure 6.2: Diagram presenting the subdivision scheme employed on the faces construct-

ing the hexahedron. Left: The original faces, Middle: The first subdivision, Right: The

second subdivision.

is associated with that vertex. The vertices are defined as the points on the polyhedral

surface generated by the subdivision scheme. Stating that a wavelet is associated with a

vertex means that the wavelet is positioned over that point and is non-zero in the local

vicinity of that point. That is, they have compact support which implies that the area in

which the wavelet is non zero in value is restricted to a strict subset of their domain. The

nature of the wavelets are that as their order in the expansion shells increase, the supports

of the functions reduce in size. The implication of this is that the wavelets’ information

becomes heavily concentrated about their vertices as the order of the wavelets increase.

Some examples of the octahedral wavelets are presented in figure 6.3.

It should be noted here that the subdivision scheme ensures all vertices are nested, that

is that the vertices of subdivisionl − 1 are also included in subdivisionl, for all values

of l. It is also important to observe that the new vertices generated on an application

of the subdivision scheme are positioned mid way between all the existing connected

vertices - figure 6.4 presents an illustration for various sub division levels. Not only does

this ensure that the wavelets within each shell are distributed homogeneously over the

polyhedral domain, but also every wavelet (and scaling function) has close neighbouring

wavelets belonging to the next level of the hierarchy - also see figure 6.5.

For the present purposes the important wavelet properties are:

1) Wavelets have hierarchical expansions.

2) Wavelets have compact support that reduce in size around their collocation point (node)
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(a) Level 1 wavelet (b) Level 2 wavelet

(a) Level 3 wavelet (b) Level 4 wavelet

Figure 6.3: Diagram displaying some wavelet functions over the octahedral domain. As

the order of the wavelet increase their support become highly concentrated about their

respective point.
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Figure 6.4: Diagram displaying a face of the octahedron (left) and hexahedron (right). The

squares represent the position of the lowest order scaling functions. The circles represent

the positions of the first level of wavelets and the hexagons represent the positions of the

second level wavelets. It is shown that for every wavelet, there exists a set of neighbouring

wavelets belonging to the next higher level. The solid, dashed and dotted lines represent

the face partitioning on the zeroth, first and second subdivision, respectively.

as the expansion increases.

3) Wavelets of all levels have ’close by’ neighbouring wavelets associated with the next

hierarchical level - these are the new mid-point vertices generated in the subdivision - see

figure 6.4 and 6.5.

6.2.2 The angularly discretised Boltzmann transport equation

In order to resolve the directional variable of the BTE employing an adaptive angular tech-

nique the equation’s directional dependence is first discretised using a standard spherical

wavelet method. A wavelet angular discretisation of the Boltzmann transport equation

requires representing the angular variable ofψ by the series (6.1). That is the angular flux

ψ is approximated by,

ψ(r, Ω̂, t) ≈
M∑
j=1

Ψj(r, t)Gj(Ω̂), (6.2)
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Figure 6.5: Diagrams displaying the the neighbouring functions for each wavelet. The

© represents the wavelet of levelj under consideration. The2 represents the wavelets

of level j + 1 that are included into the expansion should the approximation around©

require further resolution.

whereGj,∀j ∈ {1, . . .M}, represent the wavelets basis functions andΨj are their corre-

sponding coefficients. Note that a suitable reordering of (6.1) is used to reduce the series

into a single summation. The approximation is then inserted into the first order Boltz-

mann transport equation [15] and the standard Galerkin method is applied resulting in the

angularly discretised transport equation.

1

v
A
∂Ψ

∂t
+ Ax

∂Ψ

∂x
+ Ay

∂Ψ

∂y
+ Az

∂Ψ

∂z
+HΨ = S (6.3)

The matrixA is theM×M angular mass matrix. The matricesAx, Ay andAz are the

M×M angular Jacobians. TheM×Mmatrix H represents the scattering and removal

operator andS is the external source vector of sizeM. The vectorΨ represents theM
coefficients of the wavelet expansion in (6.2). A complete derivation of this angularly

discretised equation, together with the definition of the matrices, can be found in [1] and

[2] and chapter 2.

6.2.3 Streamline Upwind Petrov Galerkin spatial discretisation

In order to resolve the spatial dimensions of the Boltzmann transport equation a finite

element method is used. The approach uses a weighted residual method in order to gen-

erate the weak form of equations that are solved in terms of the spatial discretisation’s
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unknown coefficients. A Streamline Upwind Petrov Galerkin method is also used, the

basic mechanics of this being that a contribution of the convection term is added to the

weighting of the angularly discretised equations. This induces more diffusion across the

spatial dimensions which in turn helps to prevent Gibbs oscillations forming in the so-

lution. The Streamline Upwind Petrov Galerkin formulation of the angular discretised

equations (6.3) is given by,

(I − A · ∇P )R(Ψ(r, t)) = 0, (6.4)

where

R(Ψ(r, t)) =
1

v
A
∂Ψ(r, t)

∂t
+ A · ∇Ψ(r, t) +HΨ(r, t)− S(r, t). (6.5)

The termA denotes the vector of angular Jacobians and∇ = ( ∂
∂x
I, ∂

∂x
I, ∂

∂y
I). P is

theM×M stabilisation matrix. Its coefficients determine the dissipative properties of

the discretisation method. Various formulations for this matrix exist of which some are

discussed in [84]. The stabilising term used in this chapter is treated in the next section.

In this work time is neglected and the spatial variables of equation (6.4) are approximated

using finite element interpolating functions [49]. The angular discretised fluxΨ, scatter-

ing and removal operator matrixH and source termsS are spatially represented by,

Ψ(r) ≈ Ψ(r) =
N∑

j=1

N j(r)Ψj, (6.6)

H(r) ≈ H(r) =

NH∑
j=1

NHj(r)Hj, (6.7)

and

S(r) ≈ S(r) =

NS∑
j=1

NSj(r)Sj, (6.8)

respectively. The matricesN j(r),NHj(r) andNSj(r) areM×M diagonal matrices

containing the finite element functionNj, NHj andNSj, respectively, along their diagonal.

The spatial approximation is performed by the set of finite element functionsN j, for j ∈
{1, 2, . . . ,N}. The termΨj is a vector of sizeM that represents the angular moments at

nodej of the finite element mesh. The termHj is anM×Mmatrix denoting the angular

discretised scattering/removal operator at node j of the finite element mesh. Finally, the
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vectorSj(t) is of sizeM and contains the angularly discretised source terms associated

with nodej of the finite element mesh. In this chapter the conditionNj = NHj = NSj is

assumed forj ∈ {1, 2, . . . ,N}.

To obtain the weak FE equations, equation (6.4) is pre-multiplied by theM×Mmatrix

N i(r). This is then integrated over space resulting in:

−
∫

V

(A · ∇N i(r))Ψ(r)dV +

∫
V

N i(r)(H(r)Ψ(r)− S(r))dV

+

∫
V

A · ∇N i(r)PR(Ψ(r))dV +

∫
Γ

N i(r)(A · n)(Ψ(r))dΓ

−
∫

Γ

N i(r)(A · n)PR(Ψ(r))dΓ = 0, ∀ i ∈ {1, . . .M} (6.9)

Here the surface integrals are a product of an application of Green’s theorem andn de-

notes the direction normal to the surface of the problem’s space boundaryΓ. The identity

matrix of sizeM×M is represented byI. The termsA ·n = nxAx +nyAy +nzAz and

A.∇ = Ax
∂
∂x

+ Ay
∂
∂y

+ Az
∂
∂z

. In this formulation the last term on the left hand side of

equation (6.9) is assumed to be zero.

6.2.4 Definition and approximation ofP

Incorporating the correct diffusion within the solution’s streamline direction is critical for

the mitigation of Gibbs oscillations manifesting over regions with large flux gradients.

A number of stabilising methods defining the termP have already been developed that

generally perform well when resolving transport problems with specific material cross

sections. This chapter employs the method proposed in [19] and [84] for which the stabil-

isation matrix combines two popular approaches in an attempt to extract the best qualities

from each. The formal definition ofP used in this work is given by,

P = fmin

(h
2
(f2(A)−1, H−1)T

)
(6.10)

for some vector of matricesB = (B1, B2, . . . , Bl). The termfp is defined by,

fp(B) = ||B1|p + |B2|p + . . .+ |Bl||
1
p . (6.11)
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The operator|Bi|p is defined as,

|Bi|p = L−1
Bi
|ΛBi

|pR−1
Bi

(6.12)

for which LBi
andRBi

denote the matrices formed from the augmentation of the left

and right eigen-vectors ofBi, respectively, andΛBi
is the diagonal matrix containing the

eigen-values ofBi. h in 6.10 denotes a measure of the elements length, see [84].

The definition ofP in its current form (6.10) gives rise to two issues with regards to its

practical implementation. First there are a number of mappings involved, each requiring

matrix matrix multiplications using the eigen structure matrices of the angular Jacobians.

These computations will need to be performed for each spatial node of the finite element

mesh since the inclusion of theH and h
2

terms makesP spatially variable. These map-

pings are computationally expensive when using large angular expansions. It is therefore

necessary to develop an approximation ofP in order to reduce this computational bur-

den. The second issue is with regard to the computation and sparsity of the matrices

generated by the multiplications of the angular Jacobians andP . That is the matrices

AxPAx, AxPAy, AxPAz, . . ., generated in the third term of (6.9). The computation and

application of these matrices is highly expensive if they are allowed to become dense and

it is highly possible that this will occur with the currentP . In order to keep the matrices

to a reasonable level of sparseness some restrictions on the approximation ofP must be

imposed.

To address these computational concerns the following assumptions are implemented.

Firstf2(A)−1 = A−1 whereA is the angular mass matrix. This is exact in 3-D calculations

and will also give close approximations in 2-D. By using this the first set of mappings

involved in calculatingf2(A)−1 are eliminated. In order to address the second issue, that

is in keeping the matrices in the third term of (6.9) sparse,P should also be sparse, see

below.

DiagonalP

One method is to impose the restriction onP that it is diagonal. This can be ensured by

using diagonal approximations tof2(A)−1 andH−1 in equation (6.10). To implement this

an approximation of the matrices are used. A diagonal approximation of the matrixH is
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formed through a row summation of it absolute values. The approximation is denoted by

H
′
and is given by,

H
′

i,j =


∑

k |Hi,k| if i = j,

0 otherwise.

In order to obtain a diagonal approximation ofA−1 the inverse of the diagonal elements

of A are used:

A
′

i,j =

 1
Ai,j

if i = j,

0 otherwise.

For orthonormal angular discretisations, for examplePN , SN and Walsh functions [77,

78], this is exact since the angular mass matrixA is already diagonal. Since the wavelets

are not orthonormal the above definition will be an approximation. However, the approx-

imation is good due to the diagonal dominance of the angular mass matrixA.

Combining the above amendments, the approximation toP is now defined as,

P
′

i,j =

 min((H
′
i,j)

−1, h
2
A

′
i,j) if i = j,

0 otherwise.

Expansion ofP

An alternative route for generating a sparse approximation ofP is to expand the inverse

of the angular mass matrix by the following sum of matrices,

A−1 = A
′

m ≈ (α0I + α1V + α2V
2 + . . .+ αm−1V

m−1)V −1
1 , (6.13)

whereV = I − V −1
1 A andV1 andV2 are generated through some splitting of the matrix

A = V1+V2. A possible definition of the constantsα. is presented in [151]. The appealing

aspect of this approach is that the low order matrices can be made to retain a high order

of sparseness and so by truncating the summation to just the first two or three terms, a

sparse and reasonably accurate approximation ofA−1 is generated.
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6.2.5 Application of adaptivity

Developing methods of anisotropic adaptivity using arbitrary angular expansions would

normally be plagued with numerous complications. The greatest problem being that a

varying angular discretisation at each spatial position would destroy the structure of the

angular discretised transport equation (6.3). However, the use of hierarchical expansions

provides a possible route for avoiding this situation. The procedure considers the em-

ployment of a full, high order wavelet expansion for discretising the transport equation

that produces a system of equations in the form of (6.3). Then, at each spatial point, the

wavelets that do not contribute to the angular flux approximation are cancelled out by

assuming the coefficient corresponding to the redundant wavelet has the value zero - this

would indeed be true if the wavelet has no contribution. The consequence of this is that

the wavelet is removed from consideration resulting in a reduced angular expansion. This

procedure therefore gives us the required freedom of having varying expansion of angular

basis functions for every spatial position, whilst at the same time keeping the mathemat-

ics watertight by considering the complete, spatially non-varying angular approximation.

The full potential of the wavelets can now be realised through their property of having

compact support as this presents a straight forward method for implementing anisotropic

adaptivity. Compactly supported functions allow the application of high resolution to only

the regions on the unit sphere where the angular flux variation is important. For example,

if the angular flux is non-zero in a small area on the sphere then only the wavelets with

supports covering this region of angle are required for an accurate representation.

6.2.6 Wavelet selection process

The wavelet bases naturally lead to a method that determines the regions on the unit sphere

in which the angular flux is under resolved when using some truncated wavelet expansion.

Furthermore they also present a simple but effective method that selects the wavelets

that will increase resolution. The directions in which the angular flux is under resolved

can determined as the regions surrounding wavelets with large expansion coefficientsΨj

in equation (6.2). The reason for this can be explained with the aid of the diagrams
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Figure 6.6: Left: A diagram displaying a subset of the octahedral face. The points labelled

1-4 represent wavelets of subdivisionj. The points labelled a-e represent wavelets of level

j + 1. Middle and right: Diagrams displaying how the wavelet of positiona operates

to increase the accuracy of a function approximation around its associated vertex. The

solid line represents the function being approximated. The dashed line represents the

approximation of subdivisionj. The dotted line represents the approximation at level

j + 1. The line plots are drawn along the edge 1-2.

presented in figure 6.6 representing a subset of the octahedral domain. The diagram on

the left presents two levels of the hierarchical subdivision. The coarser level is indicated

by the bold line triangles and associated with it are the waveletsG1,G2,G3 andG4. The

higher hierarchical level is shown by the thin line triangles and associated with it are the

waveletsGa,Gb,Gc,Gd andGe. The coefficients corresponding to the higher order wavelets

indicate whether the lower ordered wavelets were sufficient in approximating the angular

flux around the area of its support. In particular, when increasing the approximation,

the coefficients of the higher order wavelets determine the difference in the angular flux

approximation over their corresponding vertices. This is illustrated by the two examples

presented in figure 6.6. Both examples show the flux as a line through the edge joining

vertices 1 and 2 and show the low and high resolution approximation to some curve. The

first example shows the poorly performing low resolution approximation requiring a large

contribution from the waveletGa in order to correct the large error across its collocation

point. This in turn requires the coefficient corresponding to the waveletGa to be relatively

large. However, the low resolution approximation of the second example was sufficient to

approximate the curve. This therefore required little or no contribution from the wavelet

Ga and thus leads to a small coefficientΨa.
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6.2.7 Error measures

This section develops error measures based on the magnitude of the wavelet coefficients in

order to locate the areas of angle in which the angular flux is under resolved. On detecting

a large error around a wavelet collocation point the procedure adds the neighbouring

wavelets of the next hierarchical level to the expansion. These wavelets, discussed in

summary point 3 of section 6.2.1, are presented in figure 6.5. These wavelets will serve

the purpose of increasing the resolution of the important areas on the unit sphere and also

indicate whether further resolution is required. This process is repeated until all wavelets

necessary for an accurate approximation over all angles are included.

Here three error measures based on the magnitudes of the wavelet’s coefficients are pro-

posed.

Error measure 1 is a measure of the variation introduced by a wavelet over its associated

vertex. Its value takes the wavelet’s height over the collocation point multiplied by its

coefficient. A large error is then registered over the collocation point if this value exceeds

a predetermined toleranceτ . This is explicitly written as,

Gi(Ωi)Ψi ≥ τ, (6.14)

whereΩi is the angular position of the node associated with the waveletGi .

Error measure 2 analyses the scalar flux contribution from a wavelet. The error measure is

given by the wavelet’s height multiplied the coefficient and the area covered by the func-

tion’s support. This is aimed at providing a fairer reflection of the wavelet’s contribution

toward the scalar flux, as low order wavelets (with large areas of support) can make large

contributions with small coefficients. The error measure is given as,

Gi(Ωi)ΨiAi ≥ τ, (6.15)

whereAi represents the area of the wavelet’s support.

Ai =

∫
Gi 6=0

dΩ (6.16)

This value can be approximated by summing the areas of the triangles spanned by the

wavelets.
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Error measure 3 normalises the second error measure with respect to the scalar flux. This

may be useful as the value will represent the wavelets contribution with respect to the

actual amount of flux at a spatial point. This measure is given by,

Gi(Ωi)ψiAi

max{φ, ε}
≥ τ, (6.17)

whereφ represents the scalar flux,φ =
∫

Ω
ψdΩ, andε represents a small number greater

than zero. The inclusion ofε ensures that unnecessary resolution is not placed in regions

containing negligible scalar fluxes.

6.2.8 Self adapting wavelets within an iterative solver

Here the anisotropic adaptivity is incorporated to work within a general iterative solver,

for example a block Gauss-Seidel [152] or some Krylov subspace method such as GM-

RES [153] or FGMES [154]. The mechanics of the solver works by improving a current

approximation through finding a better approximation by searching along a specific search

direction. The search process is iterated until the exact solution is found or the approxi-

mation is within some tolerance of the true solution. To perform adaptivity in angle the

following is used:

1) The discretised equations (6.3) are formed with some maximum angular expansion.

2) Initial starting conditions are that only the lowest order scaling functions are included

in the angular expansion for all spatial points.

3) During each iteration of the solver, the coefficients are checked and, if they meet the

criteria for adaptivity, the neighbouring wavelets are added to the angular expansion.

4) The solver is allowed to iterate until a convergence has been reached.

6.3 Numerical Examples

In this section 3 steady-state problems are investigated in order to illustrate the capabilities

of the adaptive wavelet discretisation method. In resolving these numerical examples
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error measure 2 is employed using a range of different thresholdsτ . The aims are to

illustrate the adaptivity working in conjunction with the error measure and to investigate

the tolerance value’s effects on the numerical approximations. In order to give a fair view

of the robustness of the adaptive wavelets, the problems have been selected to expose

poorly performing angular discretisations. In particular, much emphasis has been placed

towards on resolving angular fluxes within voids.

In order to give some indication to how the adaptive methods increase the efficiency of

solving the following numerical examples, the following assumptions have been made.

The calculation times for the adaptive and non adaptive methods are calculated only in

terms of the angular expansion size (as the spatial discretisation remains the same for each

problem its influence on the solving time also remains the same and so can be neglected).

For the non-adaptive discretisations, the calculation times will be dependent on the an-

gular expansion sizeM that is defined in equation 6.2. For the adaptive methods, the

calculation times are based on the average number of angular basis functions that were

used on the spatial nodes of the finite element mesh, this value will be denoted byMadp.

For the numerical example in this chapter, the preconditioned GMRES algorithm has

been used to solve the linear systems generated from the discretised equations. The time

complexity for solving the linear systems are therefore dominated by the time to compute

a matrix vector multiplication and the application of a preconditioner. The preconditioner

is a block SSOR sweep over the finite element spatial nodes. This involves building

and solving a matrix of dimensionM ×M or Madp × Madp to resolve the angular

moments at each node of the spatial mesh. Therefore, the time to compute the matrix

vector multiplication and preconditioner will essentially depend on these block matrices.

In particular, the number of computer operations will depend on the sparsity of their non-

zero elements. We can therefore make upper and lower bounds on the time complexity

for these operations. In the best case, where the block matrices are very sparse, the time

complexity is of orderØ(M) (or Ø(Madp)). In the worst case, where the block matrices

have a high proportion of non-zero elements, the time complexity is of the orderØ(M2)

(or Ø(M2
adp)). In the following numerical examples, the relative approximate running

times of the adaptive wavelet methods are calculated against the approximate calculation

times of the full wavelet expansion using these upper and lower bounds.
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Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

Table 6.1: Source and material properties of the Box Source Problem 1.

The following numerical examples have all been restricted to time independent 1 group

problems. The wavelet calculations have been spatially solved using RADIANT. The

results of these numerical examples are compared with two established radiation meth-

ods. The first method, embedded in the EVENT code [20], is based on the variational

formulation of the even-parity form of the transport equation, employing continuous fi-

nite elements and spherical harmonic basis functions to discretise the space and angle

variables [129]. The second method embedded in the DG-DO code solves the first or-

der Boltzmann transport equation using discontinuous finite elements (a discontinuous

Galerkin method) and discrete ordinates to discretise spatial and angle variables [21].

6.3.1 Pure absorbing box source problem

This example is designed to demonstrate the adaptive linear wavelets capabilities in re-

solving a simple 2-D problem. The adaptive method is compared for various tolerance

settings in order to gain an insight of the method’s sensitivity of adapting, with respect to

this value.

This example uses the 2-D box source problem presented in figure 6.7. The corresponding

source and material properties are listed in table 6.1. The domain is a 3cm× 3cm square

with a constant absorbing cross-sectionσa = 0.5cm−1. An isotropic source of intensity

1.0 particlescm−2s−1 occupies the central square region of size 0.5cm× 0.5cm. Vacuum

boundaries are prescribed along all sides of the problem domain. For all calculations, the

2-D box source problem was solved using rectangular shaped bi-linear finite elements.

This calculation has 225 quadrilateral elements, ranging from 0.1×0.1 cm to 0.2×0.2 cm

in size, and 256 nodes.
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Figure 6.7: Diagram of the 2-D Box Source Problem.

The numerical solutions were provided by the adaptive octahedral wavelets and allowed a

maximum of 612 angular basis functions per spatial node (that is 4 layers of wavelets plus

the scaling functions, this is denoted byLW4). Error measure 2 was employed using the

three tolerance values 0.01, 0.005 and 0.001. The solution to this problem using the lowest

tolerance is shown in figure 6.8. It is possible to confirm that the scalar flux profile is in

very close agreement with the solutions benchmarked in [1] and [2]. The solution peaks

over the central region reaching approximately 3.4 particles.cm−2s−1. The profile then

falls away sharply from the centre as particles attenuate within the absorbing material.

Figure 6.9 shows three graphs displaying the number of wavelets used in the angular ex-

pansions over the finite element nodes of the spatial discretisation. The solutions confirm

that a relaxation in the error measure leads to significant increase in the inclusion of the

wavelet functions. The results from the toleranceτ = 0.01 required on average 70 wavelet

functions per spatial node. This value increased to 122 wavelets in the calculation using

τ = 0.005 and jumped significantly to 246 wavelets for the lowest tolerance calculation
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Figure 6.8: Scalar flux profile of the adaptive solution usingτ = 0.001.

τ = 0.001. Table 6.2 lists the relative computation times for these three calculations us-

ing the best and worst bounds described at the start of this section. The figures show that

the adaptive technique can reduce the computation cost from between 1.3% and40.1%

depending on the tolerance setting used.

It is however important to observe that the low and more accurate thresholdτ produces

a pattern in the expansion size that is uniform with respect to the distance from the prob-

lem’s centre. This would appear correct since fluxes at equal distance from the problem’s

centre will be of similar distribution and, therefore, require a similar number of angu-

lar basis functions. This pattern is not replicated in the calculation using the threshold

τ = 0.01. Here this tolerance appears to have restricted many of the wavelets from en-

tering the calculation - especially in the diagonal directions with respect to the source.

However, the thresholdτ = 0.005 appears to be a compromise between the two extreme

values.

All three results shown in figure 6.9 are in agreement in that the angular flux within the

central source region requires the largest wavelet expansions. This is due to complex

angular distributions covering the whole sphere being generated by the 2-D source em-

bedded within the weakly absorbing media. These type of geometries typically generate

high maximum around the poles of the sphere and require high resolution near the poles
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(a) τ = 0.01 (b)τ = 0.01

(c) τ = 0.001

Figure 6.9: Diagram plotting the number of angular basis functions used over the spatial

grid. Top left:τ = 0.01, Top right:τ = 0.005, bottom:τ = 0.001

toleranceτ Angular basis functions(Madp) Best relative time Worst relative time

0.01 70 1.3% 11.4%

0.005 122 3.9% 19.9%

0.001 246 16.1% 40.1%

Table 6.2: The table shows the average number of angular basis functions used for resolv-

ing problem 1. Included are the best and worst relative computation times to solve the

adaptive equations - in comparison to the full wavelet expansion.
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in order to resolve the flux fully. Along the boundary there is a significant drop in the

expansion sizes for all three results. This gives a strong indication that adaptivity is work-

ing correctly as these positions contain highly directional fluxes - thus making a large

proportion of wavelets redundant. On average, the increasing tolerance values require 45,

90 and 160 wavelets in order to resolve the angular flux positioned along the boundary.

This shows the angular expansion size for theτ = 0.01 calculation to be notably smaller

than the other two. However this vastly reduced expansion may also result in an under

resolved approximation of the angular flux. This in fact turns out to be confirmed by the

graph contained in figure 6.10. The graph shows the scalar flux profile along the bot-

tom boundary from position (0,0) to position (3,0). Large oscillations have distorted the

solution of theτ = 0.01 calculation due to the lack of resolution given to the approxi-

mation of the angular flux. However the figure does show that decreasing the tolerance

to τ = 0.005 was sufficient to eliminate these oscillations across the boundary interface.

The graph also reveals the solutions of the 0.001 and 0.005 calculations to have similar

profiles, indicating a level of convergence in terms of tolerance value has been found at

τ = 0.005. This is confirmed by the benchmark solution provided by the DG-DO method

shown in figure 6.10.

Figure 6.11 presents three angular flux profiles obtained from the solutions of the various

tolerance values sampled on the boundary at position (1.35,0). The figure also includes

the wavelet position plots corresponding to these three angular flux results. In these plots

points are placed over the collocation points of the wavelets that are included in the ex-

pansion of the angular flux in order to help illustrate the positions on the sphere where

high resolution has been applied. The three profiles show the angular flux is concentrated

along a vertical strip directing particles away from the source region in the negativey

direction. The profiles also show a higher concentration of particles are directed in the

negativex direction which conforms with the slight off centre position of the sampled

point.

The three results agree with the findings already observed with this numerical example.

By comparison of all angular flux results it is clear that the toleranceτ = 0.01 is too high

for a good reconstruction of the angular flux. The angular flux profile obtained using this

tolerance shows poor representation of the peaked strip which possesses a number of large
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Figure 6.10: Scalar flux profiles of the solutions obtained from DG-DO and adaptive

wavelets using toleranceτ = 0.01, 0.005 and 0.001. The line plots were sampled along

the box source problem’s bottom boundary (0,0)-(3,0).
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(a) Angular flux:τ = 0.01 (b) wavelets:τ = 0.01 (38)

(c) Angular flux:τ = 0.005 (d) wavelets:τ = 0.005 (103)

(e) Angular flux:τ = 0.001 (f) wavelets:τ = 0.001 (192)

Figure 6.11: Angular flux profiles and wavelet concentration plots taken at the position

(0,1.35) of the box source problem. The dots represent the collocation points associated

with the wavelets included in the wavelet expansion. The number of wavelets used in the

expansions are denoted by (.).
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oscillations. There is also no detail in the+x − y octant of the sphere. The reasons for

this poor representation is shown by the wavelet position plot which reveals that no high

order wavelets have been included in the expansion and that almost no resolution was

applied to the+x− y octant. In direct contrast to this the angular flux resulting from the

toleranceτ = 0.001 shows the peaked strip to be well constructed and free from large os-

cillations. However, the positions of the wavelets constructing this approximation reveal

a heavy concentration of functions to have congregated around the−y hemisphere. It is

therefore possible that while the approximation is accurate, the low tolerance has enabled

the smaller contributing wavelets to enter the expansion. Once again the results show the

toleranceτ = 0.005 to be a suitable compromise between the two extreme values. The

vertical strip is again well constructed, free from large oscillations and compares closely

to the flux of theτ = 0.001 calculation. However in this calculation the higher order

wavelets are shown to congregate only over the important areas of the sphere, namely

along the vertical band of flux, thus making the calculation highly efficient.

Figure 6.12 presents a similar set of angular flux profiles obtained from the three toler-

ance values sampled within the problem’s source region at position (1.55,1.35). Again

the figure has included the position plots of the wavelets used in the three angular flux

expansions. The three plots show the angular flux to be fairly uniform in magnitude about

the z axis and to contain large maxima around the poles of the sphere. There is also a

higher concentration of particles directed in the+x − y octant of the sphere due to the

slight off centre positioning of the sampling position.

Once again the profiles agree with the previous findings. The calculation using the toler-

anceτ = 0.01 has poorly reproduced the maxima about the poles of the sphere in which

large oscillations have formed. The plot corresponding to this approximation shows that

only a sparse scattering of high order wavelet have formed around the poles of the sphere.

This again indicates the tolerance is too high which has in turn excluded some important

wavelets from the expansion. In contrast to this, the toleranceτ = 0.001 has produced

a well formed flux with no oscillations forming about the pole. However, as with the

previous example, a large proportion of the high order wavelets have been included in the

angular expansion. It is therefore highly possible that the tolerance (being too low) has

again allowed to many of the non contributing wavelets to enter the angular expansion.
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(a) Angular flux:τ = 0.01 (b) wavelets:τ = 0.01 (154)

(c) Angular flux:τ = 0.005 (d) wavelets:τ = 0.005 (225)

(e) Angular flux:τ = 0.001 (f) wavelets:τ = 0.001 (518)

Figure 6.12: Angular flux profiles and wavelet concentration plots taken at the position

(1.55,1.35) of the box source problem. The dots represent the vertexes associated with

the wavelets included in the expansion. The (.) denotes the number of wavelets used in

the angular expansion.
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The results for the toleranceτ = 0.005 have again performed well in terms of both accu-

racy and efficiency. The peak around the poles are well formed and contain only minor

oscillations. However it is also shown that the high order wavelets have concentrated only

around the poles of the sphere. Therefore the high resolution has been applied to only the

regions where it is necessary.

6.3.2 Straight Duct Problem surrounded by a Purely Absorbing Re-

gion

This problem has been designed to demonstrate the ability of the adaptive wavelets to

produce accurate angular flux approximations for demanding problems involving ducts

containing voids. Both the octahedral and hexahedral linear wavelets are investigated and

their solution’s accuracy are compared to the solutions of EVENT.

The problem involves a straight duct surrounded by a pure absorbing media, see [49]

page 449. The domain is presented in figure 6.13 and the corresponding source and

material properties are listed in table 6.3. The problem domain is rectangular of size

36cm× 28cm. The central 6cm× 6cm square contains an isotropic source of strength 1.0

particlescm−2s−1 and hosts a purely absorbing material with a cross-sectionσt = 0.5.

Two near void ducts, with absorbing cross sectionsσt = 0.001, of width 6cm extend

from the source to the upper and lower boundaries. The regions surrounding the ducts

contain a purely absorbing material with a cross-sectionσt = 0.5. Vacuum boundaries are

prescribed along all boundaries of the problem domain. A finite element mesh comprising

900 quadrilateral elements and 961 nodes was used to discretise the spatial domain. The

calculations were performed with an adaptiveLW4 angular expansion. Error measure 2

with the toleranceτ = 0.005 was employed to locate the areas of angles requiring high

resolution.

The solution to this problem using the adaptiveLW4 angular discretisation is shown in

figure 6.14. The profile displays a flux peak over the central source region reaching ap-

proximately 1.75 neutrons.cm−2s−1. The strong pure absorber is shown to cause a sharp

attenuation of the particles. However, the scalar flux declines at a more gradual rate
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Figure 6.13: Diagram of the straight duct problem.

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

3 0.0 0.0 0.0

Table 6.3: Source and material properties of the Straight Duct Problem.
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Figure 6.14: Scalar flux profile of the adaptive octahedral wavelet solution of the straight

duct problem usingτ = 0.005.

through the ducts as particles stream through the void without collision. This solution

is consistent with solution provided by even-parityP21 as shown by the graph in figure

6.15. The graph shows the scalar flux profile from the centre of the source, through the

duct to the mid position of the top boundary. Over the source and duct regions the two

solutions compare closely, however, variations do appear across the interface between the

two regions. This variation is due to the large differences between the material properties

of the source and duct regions which causes large gradients to occur in the scalar flux so-

lutions. The variation is therefore a spatial discretisation issue and will not be considered

any further.

Figure 6.16 presents a diagram showing the variation of angular expansion size within the

spacial domain. The results show that adaptive wavelets have concentrated much effort

in resolving the source and duct regions. The source region requires a large number of

wavelet functions. That is because the problem’s geometry generates complex flux dis-

tributions containing maxima about the poles that require high resolution to be applied to

most regions of the sphere. To resolve the source region accurately approximately 200

wavelets were required at each spatial node. The result also reveals that the interface be-



6.3 Numerical Examples 250

0 10
y(cm)

0

0.5

1

1.5

2

Sc
al

ar
 F

lu
x:

 N
eu

tr
on

s/
(c

m
2 se

c)

RADIANT LW5
EVENT P21

Figure 6.15: A line plot of the scalar flux solutions through the positions (0,0) to (0,18).

The adaptive octahedral wavelet solutions is compared to the even-parityP21 solution.

tween the source and duct region were the most expensive to approximate by requiring

over 300 wavelets at each finite element node. However, this figure dramatically reduced

when resolving the angular flux at increasing distance from the source along the duct.

This suggests that adaptivity is working efficiently as redundant wavelets have been omit-

ted from the calculation as the flux becomes more directional. In fact, at the interface

between the boundary and the duct only 170 -180 wavelet were required for an accurate

representation. It is also shown that the regions deep within the absorber acquired no

further resolution than that provided by the initial scaling functions. This is highly im-

portant as the scalar flux is negligible within these regions and so the discretisation has

avoided wasting effort by providing it extra resolution. In total, an average of 288 wavelet

functions were required to resolve this problem. The time for solving the adaptive discre-

tised equations will therefore be between 22.1% and 47.0% of the time to solve the full

non-adaptive equations.

Figure 6.17 shows seven angular flux profiles, viewed from the negativey direction, sam-

pled at 3cm intervals through the source and duct regions as illustrated in figure 6.13. The
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Figure 6.16: Diagram showing the adaptive octahedral wavelet expansion size over the

nodes of the straight duct problem’s spatial grid.τ = 0.005

figure also includes the wavelet collocation plots corresponding to the wavelets that were

used in each of the angular expansions.

Figure 6.17a presents the angular flux positioned over the centre of the source region. The

result shows the flux to be evenly distributed about thez axis and to contain high maxima

about the poles of the sphere. The wavelet expansion corresponding to this angular flux

is shown to have required the vast majority of the wavelets up to the third shell. The

result also shows that the high resolution, forth shell wavelets to have been placed only

in the areas where high resolution was required - namely the regions containing large

gradients. In total, the number of wavelets required for this expansion was 204 - that

is 33.3% of the available wavelets. Figure 6.17b shows the approximated angular flux

positioned over the interface of the source and duct regions. At this position a complex

angular flux is generated in the+y hemisphere. The regions requiring high resolution are

located close to thex axis as these angles form large gradients due to a low flux in the−y
hemisphere. The wavelet expansion at this position required 288 functions - that is47.1%

of the complete expansion set. The angular flux corresponding to position 3 is presented

in figure 6.17c. At this position the flux becomes highly directed over the+y angles due
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(a) Point 1: (0,18) (b) Point 2: (0,21)

(c) Point 3: (0,24) Point 4: (0,27)

(e) Point 5: (0,30) (f) Point 6: (0,33)

(g) Point 7: (0,36)

Figure 6.17: Angular flux profiles and wavelet concentration plots sampled at the posi-

tions: Point 1:(0,18), Point 2:(0,21), Point 3:(0,24), Point 4:(0,27), Point 5:(0,30), Point

6:(0,33), Point 7:(0,36). The dots represent the vertexes associated with the wavelets

included in the expansion.
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to particles streaming through the duct. The flux’s maxima has also transferred from the

poles to a vertical strip along thex axis in the+y direction. The results show that the

adaptivity was successful in adjusting its resolution to give high order representation to

these new regions where it was required. In total 322 wavelets were required to fully

represent the angular flux (52.2%). The angular flux over position 4 is presented in figure

6.17d. Similar to the previous result the flux is highly directional and forms a vertical band

over thex axis directing particles in the positivey direction. However, due to the position

being sampled further from the source the peaked band is narrower is shape. The wavelets

expansion has again successfully followed the flux’s pattern by concentrating over the

same (but narrower) band of angles. This in turn has and led to the number of wavelets

required to represent this angular flux to decreased to 286 (46.7%). The flux profiles over

the final three positions, points 5, 6 and 7, are presented in figures 6.17e, 6.17f and 6.17g

respectively. The results follow a similar pattern to that of the angular flux over position

4. Each profile shows the flux to be confined to the angles forming a vertical band over

the x axis, directing particle in the+y direction. However, the effect of the sampled

positions being at further distances from the source is that these bands become narrower

in shape. This has in turn allowed the adaptivity to use less wavelets in the construction of

each flux when the distance from the source is increased. To construct the angular flux at

positions 5, 6 and 7, 224 (36.6%), 204 (33.3%) and 183 (29.9%) wavelets were required

in the expansion, respectively.

An issue that has been brought to light by these results is the presence of Gibbs oscil-

lations forming in the angular flux approximations. In particular, heavy oscillations are

shown to manifest over the pole regions of the angular flux approximation at positions 3

and 5. In both approximations heavy oscillations have appeared due to the flux containing

large gradients at the poles - in these situations Gibbs oscillations tend to be at their most

damaging. However, the presence of Gibbs oscillations is not always as damaging as they

may appear. For example, the area in which the flux is negative is small in comparison

to surface of the sphere. Therefore the negative fluxes have only a minor influence in the

scalar flux solutions.
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Hexahedral wavelets

In order to demonstrate the adaptive hexahedral wavelets abilities, the method was used

to approximate the angular flux for the straight duct problem. The calculation was al-

lowed a maximum of 3 shells of wavelets, allowing up to 868 angular basis functions

per spatial node. Error measure 2 withτ = 0.15 was employed to locate the areas of

angle requiring high resolution. Figure 6.18 presents the adaptive hexahedral wavelet’s

scalar flux solution together with the diagram illustrating the number of wavelets used

in the angular expansion over the nodes of the spatial mesh. The scalar flux shows a

similar profile to the solution obtained from the octahedral wavelets. In fact the line plot

through the domain’s centre shows the two wavelet solutions to be almost identical, this

is presented in figure 6.19. The diagram displaying the spatial nodes’ expansion size also

reveals similar patterns seen with the octahedral wavelets. Again, the centre of the domain

required the highest resolution in which the full 868 wavelet functions were used in the

approximation. Large wavelets expansions also concentrated along the ducts. However,

as previously seen with the octahedral wavelets, the expansion size along the ducts de-

creased as the distance from the source increased. The adaptive hexahedral wavelets were

also successful in avoiding the placement of unnecessary resolution over the absorber re-

gions that acquired negligible fluxes. Over all the average number of wavelets per spatial

node was 202, that is23.3% of the available wavelets.

Figure 6.20 presents the angular flux profiles at positions 4 and 7 (as shown in figure

6.13). The diagrams clearly show the vertical peaked band of flux resulting from particles

streaming through the ducts. Once again the fluxes show a narrowing of the band as the

distance from the source region is increased. The wavelet expansions have successfully

adapted in order to apply an appropriate resolution to all regions of the sphere. The

results show that no wavelets directing flux in the−y direction have been included in the

expansions. It is also shown that the angular flux closest to the source region required the

majority of the high ordered wavelets centred about thex axis. However, for resolving

the flux further from the source, the contracting peak has allowed many of these wavelets

to be omitted. The results also show the hexahedral wavelet solutions to have developed

Gibbs oscillations. Not surprisingly the oscillations manifest over the same areas of angle
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Figure 6.18: Top: Scalar flux profile of the adaptive hexahedral wavelet solution usingτ

= 0.15. Bottom: Plot displaying the number of hexahedral wavelets used over the spatial

mesh
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Figure 6.19: Scalar flux profile of the linear octahedral and hexahedral wavelet solutions

measured along the line between the coordinates (0,0) and (0,36).

as observed with the octahedral wavelets. However the oscillations do appear to be less

severe in the hexahedral wavelet solution. The number of hexahedral wavelets employed

to resolve positions 4 and 7 were 364 (41.9% of the possible wavelets) and 288 (33.1% of

the possible wavelets), respectively.

6.3.3 The dogleg duct problem

In order to establish the strengths and abilities of the adaptive wavelet discretisation, a

problem where neutron streaming occurs in two directions along a near void duct is con-

sidered. For this demonstration the linear octahedral wavelets are used. Various tolerance

setting are considered in order to show the value’s influence on the adaptive solutions.

Solutions for comparing the wavelets accuracy are provided by EVENT and the discon-

tinuous Galerkin - Discrete ordinate DG-DO codes.

The problem is generally known as the dog-legged duct problem and is referenced in

page 465 of [49]. The problem domain is presented in figure 6.21 and the correspond-

ing source and material information is listed in table 6.4. The problem’s upper quarter

(note it has symmetry along both the x and y axes) has a rectangular domain of size
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(a) Point 4: (0,27) (b) Point 4: (0,27)

(a) Point 7: (0,36) (b) Point 7: (0,36)

Figure 6.20: Angular flux profiles and wavelet concentration plots from the hexahedral

wavelet calculations. Points 4 (top) and 7 (bottom) along the ducts were measured.
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Figure 6.21: Diagram of the dog-leg problem.

14 × 18cm. The bottom left square region contains a3 × 3cm source of intensity 1.0

particlescm−2s−1. A duct of width3cm runs from the source for9cm up along side the

y axis. The duct then takes a 90 degree turn to the right and proceeds a further6cm. The

duct then takes one final 90 degree turn to the left and continues to the problem’s top

boundary. An absorbing material surrounds the duct with a cross-sectionσt = 0.5cm−1.

Bare surface boundary conditions are applied to the top and right boundaries. A mesh

consisting of 1,296 nodes and 1,225 quadrilateral elements was used in order to discre-

tise the spatial domain. Calculations were performed with the adaptive linear octahedral

wavelets enabling a maximum expansion of 612 angular basis functions. Error measure 2

was employed with the tolerance set toτ = 0.025. In order to help clarify the solution’s

accuracy a number of even-parity calculations were also performed. In these calculations

the spatial and angular resolution was increased to very high levels in an attempt to obtain

a converged solution.

Figure 6.22 presents the scalar flux solutions of the adaptive wavelets and even-parity.

The even-parity calculation used aP19 angular expansion and a very fine FE spatial mesh

consisting of 122,500 elements. The two solutions appear to be in close agreement.

The scalar flux peaks over the centre of the source region at approximately 4.9 parti-

clescm−2s−1. Both results show a high attenuation of the particles through the absorbing
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Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 0.0 0.5 0.0

2 0.0 0.005 0.0

3 1.0 0.005 0.0

Table 6.4: Source and material properties of the dog-leg problem.

media. Through the first section of the duct the flux declines at a slower rate as particles

stream through the void without interacting with the material. Upon reaching the first

turn, the particles continue into the absorber and are quickly absorbed. The results also

show a small number of particles avoid collision with the absorber and reach the domain’s

boundary via the 3 segments of the duct.

Figures 6.23 and 6.25 present scalar flux profiles through the lines (0,0)-(0,18) and (0,18)-

(14,18) of the scalar flux solutions obtained from three even-parity and wavelet calcula-

tions. The even-parity calculations usedP15 and a 30,625 FE spatial mesh, aP19 and

a 30,625 FE spatial mesh andP19 and a 122,500 FE spatial mesh. Figure 6.23 plotting

the scalar flux from the domain’s centre to the top boundary shows the wavelet solution

peaks at approximately 4.95 particlescm−2s−1 - which is some way above the peak of 4.3

particlescm−2s−1 obtained by the even-parityP15 calculation. However, increasing the

even-parity’s angular approximation toP19 returns a scalar flux that peaks at 4.6 particles

cm−2s−1. This increase in angular resolution has resulted in halving the original varia-

tion - this is illustrate by the corresponding error plots presented figure 6.24. This gives

a strong evidence that the even-parity calculation has failed to converge in angle, even

with this high level ofPN . The graph also demonstrates that an additional increase in

the spatial resolution also produces an increase in scalar flux peak. The Even-parityP19

using the spatial mesh consisting of 122,500 elements has produced an increased scalar

flux peak of 4.75 particlescm−2s−1. Again this implies that even-parity has also failed to

converge in its spatial approximation.

This pattern of slow convergence is also shown in the results of figure 6.25. The suc-

cessive increases in the even-parity’s angular and spatial resolution produces lower scalar

fluxes measured at the boundary containing the duct’s mouth. This is highlighted by the
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Figure 6.22: Scalar flux profile of the adaptive solution usingτ = 0.025 (left) and EVENT

P19 on a high resolution spatial mesh (right).
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Figure 6.23: A line plot of the scalar flux solutions through the positions (0,0) to (0,18)

of the dogleg problem. The linear octahedral wavelet solutions are compared to the even-

parityP19 solution.
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Figure 6.24: A line plot of the scalar flux errors through the positions (0,0) to (0,18) of

the dogleg problem. The linear octahedral wavelet errors are compared to the even-parity

PN solutions.

corresponding error plots of in figure 6.26. These two graphs show evidence that the

even-parity is highly dissipative for this problem.

Both graphs of figures 6.23 and 6.25 reveal that increases in even-parity’s angle and spatial
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Figure 6.25: A line plot of the scalar flux solutions through the positions (0,18) to (14,18)

of the dogleg problem. The linear octahedral wavelet solutions are compared to the even-

parityP19 solution.
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Figure 6.26: A line plot of the scalar flux errors through the positions (0,18) to (14,18) of

the dogleg problem. The linear octahedral wavelet errors are compared to the even-parity

PN solutions.
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resolution produces solutions converging toward the wavelets calculation. However, in

order to establish a benchmark solution a discrete ordinate, discontinuous Galerkin finite

element (DG-DO) calculation was performed using a 10,000 ordinateSN quadrature set

over a spatial mesh consisting of 14,700 DG elements. The scalar flux solutions have

been included in the graphs presented in figures 6.23 and 6.25. The results reveal close

profiles between the wavelet and DG-DO solutions, confirming that the wavelet solution

is in close agreement with the benchmark DG-DO solution. These results also confirm

the even-parity solutions to be highly dissipative, underestimating the true solution over

the source region and overestimating the flux at the boundaries.

Figure 6.27 shows the spatial variation of the number of wavelet basis functions used.

This figure clearly shows the source region to be the most difficult to resolve. It requires

the full set of 612 wavelet functions. The figure also shows the large number of wavelets

needed to resolve the duct regions. Note here that even the bends in the duct are clearly

visible. Again, as with the previous numerical example, the absorbing regions with negli-

gible flux have the least angular resolution. In total the number of angular basis functions

used in this calculation was 11,572, that is11.1% of the total angular basis functions

available. The time for this calculation can therefore be expected to be between1.2% and

11.1% of the time to resolve the full non-adaptive equations.

Figure 6.28 presents six angular flux approximations sampled at various positions along

the problem’s duct (as shown in figure 6.21). The diagrams also indicate the density of

the wavelets on the sphere. For the first four plots large Gibbs oscillations were found to

dominate the angular flux scale. These plots have therefore had their scale restricted in

order that the detail of the angular flux may be seen.

Figures 6.28a and 6.28b present the angular fluxes at positions 1 and 2, respectively.

These are positioned in the first section of the duct, before the bend, and have a direct line

of sight with the source. The angular flux profiles show highly directed fluxes travelling

in the negativey direction. The two plots reveal a narrowing of the peak in angular flux

as the distance from the source is increased. The diagrams demonstrate the wavelets

to have adjusted to this by their exclusion of high resolution in the−x − y regions on

the sphere. This in turn has reduced the expansion from 254 wavelets (41.5% for the
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Figure 6.27: Diagram plotting the number of octahedral wavelet basis functions used in

the angular expansions over the nodes of the dogleg duct problem’s spatial grid.τ = 0.025

maximum available functions) to resolve the flux at position 1 to 236 (38.5%) wavelets to

approximate position 2.

The angular fluxes at positions 3 and 4 are presented in figure 6.28c and 6.28d, respec-

tively. Positioned within the mid section of the duct and out of direct line with the source

the two fluxes display highly directional profiles in the+x− y octant of the sphere. The

flux at position 3 has a well formed peak that has required the majority of the high order

wavelets positioned over this range of angles (142 wavelets - 23.3%). The profile of the

angular flux at position 4 reveals a reduced peak which results from the particles having

to travel further through the absorber region in order to reach this point. The wavelet

have performed well by adding high resolution to only the directions close to the+y

axis, therefore requiring just 82 (13.2%) of the available wavelet functions to resolve the

angular flux distribution.

Figure 6.28e and 6.28f present the two fluxes at positions 5 and 6, respectively. Both flux

distributions display highly directional profiles. This has allowed the vast majority of the

wavelet to be excluded from the flux approximation, requiring only 98 (16.0%) wavelets
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(a) Point 1: (1.8,10.2) (b) Point 2: (1.8,7.8)

(c) Point 3: (4.8,7.8) Point 4: (7.8,7.8)

(e) Point 5: (7.8,4.8) (f) Point 6: (7.8,1.2)

Figure 6.28: Angular flux profiles and wavelet expansion positions sampled at the po-

sitions: Point 1:(1.8,10.2), Point 2:(1.8,7.8), Point 3:(4.8,7.8), Point 4:(7.8,7.8), Point

5:(7.8,4.8), Point 6:(7.8,1.2). The dots represent the vertexes associated with the wavelets

included in the expansion.τ = 0.025
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for position 5 and 68 (11.1%) wavelets for position 6.

In order to investigate the solution’s sensitivity to the error measure’s tolerance the an-

gular flux was recorded at position 5 using various adaptivity tolerancesτ . Figure 6.29

presents the angular flux and wavelet profiles viewed from the negativey direction ob-

tained usingτ = 0.005, 0.01, 0.025 and 0.05. The lowest toleranceτ = 0.005 produces

the well defined peak in angular flux which accurately depicts the particle distribution

emanating directly from the source region. However, in achieving this highly accurate

approximation the complete set of wavelets directed over the+x − y octant were in-

cluded in the expansion. A similar situation arises with the tolerance levelτ = 0.01. The

vertical strip of flux is clearly visible but again the wavelet expansion included all but a

few of the higher order functions in the+x− y octant of the sphere. The tolerance value

of τ = 0.05 has managed to significantly reduce the number of wavelets. The higher

order wavelets that are included in the expansion are concentrated along the peak of the

angular flux. However, some of the wavelets along this peak are excluded causing a poor

representation of the flux around this region. The toleranceτ = 0.025 however appears to

be the best of the sampled values. As already demonstrated the high resolution is applied

only to vicinity of the angular flux maximum.

This problem has proved to be particularly demanding. This was evident from the even-

parity solutions failing to converge in space and angle, even when high resolutions were

used. The wavelet solution appears to be close to the benchmark solution, provided by the

DG-DO calculation, which has again showed the wavelet’s ability to adapt to the problem

by applying high resolution to the areas of angle that are important. This demonstration

also highlights the problem associated with selecting an appropriate tolerance for the error

measure.

6.4 Conclusions

In this chapter a new method for self adaptive angular discretisation of the first order

Boltzmann transport equation has been presented. The method employs hierarchical an-
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(a) Point 5:τ = 0.005 (b) Point 5:τ = 0.01

(c) Point 5:τ = 0.025 Point 5:τ = 0.05

Figure 6.29: Angular flux profiles and wavelet concentration plots sampled at point 5

(7.8,4.8). (a)τ = 0.005, (b)τ =0.01, (c)τ = 0.025 and (d)τ = 0.05

gular expansions using second generation spherical wavelets to represent the directional

variable of the angular flux. The procedure used the hierarchy and compact support prop-

erties of the wavelet functions to locate areas on the unit sphere in which the flux is under

resolved and to add functions that increased resolution to these regions. The methods de-

scribed have been applied to a number of two dimensional, steady state, mono energetic

neutron transport problems. These problems were designed to generate complex angu-

lar flux distributions in order to test the methods capabilities. The method’s results were

compared to the results from two established radiation transport methods. One method

solved the even-parity form of the Boltzmann transport equation using spherical harmon-

ics to represent the angular variable and finite elements in space. The second method uses

anSN representation of the angular dependence of the first order form of the transport

equation and a discontinuous Galerkin spatial discretisation. The demanding numerical

examples demonstrated that the adaptive wavelets are capable of resolving the angular

flux accurately and efficiently. This was illustrated by the problems involving neutron

streaming through voids in which the angular flux became concentrated to small regions

on the sphere. The wavelets adapted successfully by applying high resolutions to only
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these regions in angle. This in turn led to a significantly reduced wavelet expansion for

approximating the angular flux - which in turn increased the computation efficiency for

solving the problems by up to 90% (in some cases the time efficieny was more than

this). The demonstration also highlighted the method to be numerically robust. This was

demonstrated in the dog-leg duct example in which a weakness was exposed in the even-

parity code where the solutions failed to converge in angle, even when using high order

spherical harmonic expansions. The wavelets expansion did not experience this prob-

lem and went on to provided highly accurate approximation that compared closely to the

discrete ordinate solution.
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This chapter presents a new angular hierarchical preconditioned variant of FGMRES that

is specifically designed to solve the linear system generated by the discretised Boltzmann

transport equation. The preconditioner is based on algebraic and geometric multigrid

ideas for which the shells of any arbitrary hierarchical angular discretisation are used to

generate the multigrid levels. The new solver, IVOR, based on a variant FGMRES al-

gorithm, is also developed. This new solver offers an alternative approach to the restart

method by it discarding and replacing specific vectors within the solver when the di-

rection search space is full. The solver also allows the algorithm to partially restart the

search direction space by using the latest residual to calculate new search directions. The

steady state Boltzmann transport equation is discretised in angle and space using an ar-

bitrary angular approximation and finite elements, respectively. A demonstration of the

hierarchical preconditioner and new solver are provided by the solving of two neutron

transport problems. A number multigrid cycles are examined for their efficiency in term

of reducing the number of solver iterations required for its approximation to converge.

The preconditioner is also compared to other standard preconditioning techniques. The

numerical examples also examine the new preconditioner in order to investigate the so-

lution’s convergence rates (number of iterations) with respect to the number of angular

multigrid levels. A demonstration of the intelligent vector replacement method is also

presented.



7.1 Introduction 271

7.1 Introduction

In this chapter a new matrix equation solver method is developed that is specifically de-

signed for solving the system of equations formed through discretising the dimensions of

the Boltzmann transport equation. Numerically approximating deterministic solutions of

the Boltzmann transport equation requires the 7 dimensional phase-space comprising of

space, angle, energy and time to be discretised. However, when discretising all 7 dimen-

sions the resulting linear system can often become extremely large and badly conditioned.

Therefore, in order to solve these types of systems efficiently, careful design of both ap-

proximation method and solver is required in order that robustness and fast convergence

is ensured. For this purpose this chapter develops the new solver IVOR (Intelligent Vector

Orthonormal Replacement). IVOR is an enhanced FGMRES algorithm which incorpo-

rates the new methods of partial restarts and search vector replacements. In addition to

this, this chapter also develops a new hierarchical angular multigrid preconditioner in

order to increase the IVOR algorithm’s efficiency.

The IVOR algorithm, based on FGMRES [154], originates from the family of Krylov

subspace solvers. This family includes the more familiar names of Conjugate gradient

(CG) [155, 156] and GMRES [154]. The conjugate gradient method was developed in

the 1950s independently by Hestenes, Stirfel [157] and Lanczos [158] for solving sym-

metric positive definite linear systems. Its establishment re-directed the development of

iterative schemes (which had mainly been restricted to the Jacobi and Gauss type solvers)

and began the new generation of Krylov subspace methods. However, CG was not im-

mediately viewed as an iterative solver. Instead the method of conjugate gradients was

considered to be a direct solver as the exact solution was guaranteed in at mostn itera-

tions -n denoting the size of the linear system. The properties of conjugate gradient’s use

as iterative solvers were however quickly recognised by Hestenes. It was seen that almost

all of the method’s iterations served to reduce the residual norm and so the method could

provide close approximations with a substantially reduced number of steps. Over a period

of 25 years CG established itself to become a first choice iterative solver of symmetric

positive definite linear systems [159]. Its popularity was particularly established in its use

in solving large sparse linear systems formed through the discretisation of certain types
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of partial differential equations (PDEs).

The establishment of CG was soon followed by alternative Krylov methods for solv-

ing unsymmetric linear systems. Some early examples include ORTHODIR [154], OR-

THOMIN [154], FOM [154] and BI-CG [160]. However, these methods suffered from

being numerically unstable and were often prone to break down. The breakthrough in

the Krylov methods came with the invention of the GMRES algorithm, introduced by

Saad and Schultz in 1986 [161], which was designed to avoid such weaknesses. The al-

gorithm is a generalisation of MINRES [162] which in turn was a generalisation of CG

for solving symmetric indefinite linear systems. The advantage of GMRES is that it is

guaranteed to find the approximation with the minimum residual norm from the space of

all search directions. It is also numerically robust. However, the algorithm includes an or-

thogonalisation of the search directions, using the Arnoldi procedure [163], and requires

all search directions to be stored in memory. High computational costs are also incurred

in orthogonalising large sets of basis search vectors. In fact, these computational costs

increase linearly with the iterations of the algorithm. Techniques for reducing high com-

putational and memory costs are to restart GMRES or use incomplete orthogonalisation

[164]. Restarting is commonly employed, however, in doing so the user loses the guaran-

tee of convergence in at mostn iterations and may also see a slow down in convergence.

IVOR is designed to provide an alternative option to restart when the search direction

space is full. This new solver allows a vector of a full search space to be discarded and

replaced with a new search direction. This new vector is then orthonormalised with re-

spect to the remaining search directions. The advantage of this method is that specific

directions may be discarded that allow better search directions to be found. This tech-

nique also retains a large proportion of the information of the previous search directions -

all this information is lost with a complete restart.

Preconditioners are commonly employed within GMRES in order to maintain the effi-

ciency of the algorithm by ensuring that convergence is found in the solution’s approxima-

tion using only a small number of iterations. The preconditioned GMRES [154] contains

a fixed preconditioner within the algorithm that acts as an approximation to the linear sys-

tem, but which is significantly easier to solve. Another variation of the algorithm allows

the preconditioner to vary at every iteration step, FGMRES [154]. This in turn gives the
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algorithm total flexibility in choosing its search directions but carries the penalty that the

overheads for storing the search vectors in memory are doubled. Common GMRES pre-

conditioners employ a small number of sweeps using standard Jacobi, Gauss Seidel, SOR

or SSOR stationary iterative solvers [152]. However, recently there has been considerable

research made in developing alternative preconditioners with a large amount directed into

the use of multigrid techniques (MG). Here, in this section, we continue this area of de-

velopment. IVOR, which includes the flexibilities of FGMRES, incorporates a multigrid

preconditioner based in angle. A significant advantage in using this preconditioner is that

it may vary during the evolution of the solver. The solver may therefore concentrate effort

in resolving specific angular moments that are important or under-resolved.

Like stationary iteration techniques, multigrid methods are developed as standalone solvers

for linear systems [165, 166, 167, 156]. Over the past couple of decades MG methods

have seen their use spread to numerous applications. In particular, they have generated

a considerable amount of interest in solving discretised PDEs where problems of ever

increasing complexity have allowed MG’s unique properties to stand out above other

solvers. MGs have been applied in the areas of solving convection diffusion problems

[168], elliptic equations [169], computational fluid dynamics (CFD) using compress-

ible and incompressible [170, 171] Navier-Stokes equations and nuclear reactor trans-

port problems [172]. Part of MG’s success is that the method’s approximation converges

quickly over both the long and short wave information of a PDE’s solution [165]. This has

immediate benefits over traditional stationary solvers from which fast reductions in only

the short range errors are obtained. MG methods are partitioned into two categories: alge-

braic multigrid (AMG) [173] and geometric multigrid [174]. Geometric multigrid forms

the more traditional MG approach for solving discretised PDEs. The geometric approach

constructs a succession of coarsened grids using the approximation method employed to

discretise an equation. Linear systems are then generated for each grid and used to reduce

the error terms of an approximation in relation to its corresponding grid. Typically, short

ranged errors over the fine grids are relaxed using stationary iteration solvers and long

ranged errors are mitigated through solving the coarse (and small) linear system directly.

Geometric MG works naturally within discretisations using regular grids and hierarchi-

cal techniques. However, AMG has recently become more useful in unstructured mesh
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problems since the method is not reliant on a grid coarsening technique [173].

Multigrid’s powerful ability to solve PDEs efficiently have been enhanced by their use as

preconditioners for Krylov subspace solvers. In [175] MG was shown to be a powerful

preconditioner for GMRES when used to solve the one and two dimensional Helmholtz

equations. The results showed that as a preconditioner, multigrid calculations converged

on the solution using a number of iterations that was independent ofh (the element size

of the regular mesh). That is, the number of iterations required to solve the equations did

not increase when finer discretisation meshes were used. This property was particularly

attractive since the MG method used as a standalone solver was shown to diverged in its

number of solver iterations when used on finer meshes. This undesirable characteristic

was therefore avoided with the use of MG as a preconditioner. Here it was also shown that

the number of iterations used by the MG preconditioned Krylov solver converged with

respect to the number of MG grids. A similar conclusion was found in [176] where MG

was compared as both a solver and preconditioner (for GMRES and BiCGSTAB [154])

for solving singular perturbed problems. Again there were examples showing MG to be

unsuccessful as a solver but successful as a preconditioner. Other examples of multigrid

preconditioners for Krylov solvers include applications in the solutions of convection

diffusion equations [177, 178], incompressible Navier-Stokes [170, 171] equations and

radiation transport problems [179, 172, 20].

This chapter develops an angular multigrid preconditioner for the IVOR algorithm which

is applied to solve the first order Boltzmann transport equation. The MG method uses

arbitrary hierarchical angular approximations of the angular flux - for example spherical

harmonics [15] or spherical wavelets [1, 2]. The multigrid meshes are generated by the

hierarchical levels of the angular flux approximation with the remaining space, energy and

time discretisations kept constant (wavelet discretisations use finite element type meshes

to generate the MG levels but forPN , where no meshes are generated, shells of spher-

ical harmonics for each level ofPN are used). The potential benefits of this is that the

preconditioner is capable of concentrating effort on specific angular moments that are

considered to require the highest attention. It is also expected that the solver will posses

attributes common to other MG preconditioned solvers. One such important attribute is

that convergence in the number of solver iterations should be found with respect to the



7.2 Angular Hierarchical Preconditioned FGMRES-Based Solution Method 275

number of multigrid levels.

The following sections are set out as follows. Section 7.2.1 reviews the GMRES algorithm

together with its variants preconditioned GMRES and FGMRES. This section then devel-

ops new variants for FGMRES using intelligent direction updates - IVOR. Section 7.2.2

describes the multigrid methods and their application as preconditioners for the GMRES

and FGMRES algorithms. Section 7.2.3 introduces the angularly discretised Boltzmann

transport equation for which the angular discretisation is assumed to be hierarchical. A

Streamline Upwind Petrov Galerkin (SUPG) finite element (FE) discretisation of the spa-

tial variables is presented. This treatment of the spatial variables is consistent with the

radiation transport code RADIANT [83, 84]. The angular multigrid preconditioner is de-

scribed and an account into maximising efficiency of the solver’s operations (in relation

to solving the BTE) is addressed. In section 7.3 some numerical examples are presented.

All calculations were performed using RADIANT. The aims are to illustrate the capa-

bilities of the angular multigrid preconditioner employed within IVOR. Comparisons of

convergence are made with standard stationary preconditioners using two vastly different

radiation transport problems: one relatively easy and one relatively difficult. The results

try to establish the effects of various multigrid cycles on the convergence rate of the solver.

In sections 7.4 the chapter finishes with a conclusion.

7.2 Angular Hierarchical Preconditioned FGMRES-Based

Solution Method

7.2.1 Krylov subspace solvers

GMRES was developed to approximate solutions of large, sparse, non-symmetric linear

systems of the form,

Ax = b. (7.1)

The algorithm finds an approximation to the system by continuously updating an initial
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guess by transversing along search directions and finding nearer estimates to the exact

solution. At each stagei of the iterative process, an approximationxi to the system’s

solution is found by the projection onto a subspacex0 + Ki. The vectorx0 denotes the

starting point or initial guess of the exact solution,x, andKi represents the spanned basis

of search directions which is defined as the Krylov subspace for a vectorv and matrixA.

Ki(A, v) = span{v,Av,A2v, . . . ,Ai−1v} (7.2)

By construction, GMRES is guaranteed to find the approximationxi with the least square

error from all the available vectors of the subspaceKi. That is, GMRES findsxi that

satisfies,

min
x
′
i∈x0+Ki

‖b− Ax
′

i‖, (7.3)

where‖.‖ is the 2-norm.

GMRES selects its first search directionv1 to be the initial residual vectorr0. This defines

the Krylov search spaceKm explicitly in terms of the initial residualr0 and matrixA,

Km(A, r0) = span{r0,Ar0,A2r0, . . . ,A
m−1r0}. (7.4)

The algorithm generates an orthonormal basis of the Krylov subspace (7.4). At each itera-

tion, a search directionvi is generated through the matrix vector multiplicationAvi−1 = vi

and orthonormalised with respect to the previous search directions,v1, v2 . . . vi−1. Or-

thonormalisation is performed using the Gram-Schmit method. The elements of an upper

Hessenberg matrixH are also computed [163]. Two properties ofH are,

AVm = Vm+1Ĥm (7.5)

and

V T
m AVm = Hm, (7.6)

for which the proof can be found in [154]. The matrixVm is then × m matrix formed

through the augmentation of the column vectors of search directionsv1, v2 . . . vm. The

matrixHm is formed from the Hessenberg matrix̂Hm with the last row removed. The

approximationxm is expressed in terms of the initial guessx0 and search directionsVm

by,

xm = x0 + Vmy, (7.7)
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wherey is a vector of lengthm. The residual is expressed as,

rm = b− Axm = b− A(x0 + Vmy) = r0 − AVmy = βVm+1e1 − Vm+1Ĥmy, (7.8)

wheree1 is the first column vector of the(m+ 1)× (m+ 1) identity matrix. Using (7.8),

the least squares problem reduces to:

min
y
‖βe1 − Ĥmy‖. (7.9)

GMRES has gained much popularity for solving linear systems generated through dis-

cretising PDEs. This is due to the computationally expensive part of the algorithm being

the matrix vector multiplication. Therefore, performing this operation using large sparse

linear systems generated by many discretised PDEs is relatively inexpensive. However,

the method does have its draw backs. Computational round off errors can dominate the

solutions for large Krylov sets. The expense of storing search vectors and computing their

orthonormalisation also grows linearly with each iteration of the algorithm. The method

of restart is normally used to overcome these issues. This allows the algorithm to iterate

betweenm = 5 and 40 iterations. The memory for the search directions is then cleared

and GMRES is restarted with the latest approximation,x0 = xm.

Preconditioning

Krylov solvers can suffer with a lack of robustness resulting in a slowly converging iter-

ative process. This problem often occurs when poorly conditioned matrices are involved.

However, an effective method of avoiding this situation is to use preconditioning. The

method of preconditioning re-casts the system of equations into a better conditioned lin-

ear system that possess the same solution. The preconditioner is defined by a mapping

matrixM that approximates the matrixA to some extent. The method can be applied to

the linear system by two approaches. One direction is the method of left preconditioning,

M−1Ax = M−1b, and the other right preconditioning,

AM−1u = b (7.10)

where,

x = M−1u. (7.11)
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In both cases, the matrix systemsAM−1 andM−1A are expected to be better conditioned

than the linear systemA.

Right preconditioning is employed within the GMRES solver. The algorithm is modi-

fied to solve the system of equations (7.10) and then theu variables are substituted into

(7.11) to obtainx. Theu variables are not formed explicitly as the initial directionv1 is

calculated from the initial vectorx0, by v1 = AM−1u0 = Axo, and the approximation is

expressed in terms of thexm by pre-multiplyingum byM−1, to give,

M−1um = M−1u0 +M−1V y = xm = x0 +M−1V y. (7.12)

The preconditioned GMRES finds the approximationxm by a projection onto the precon-

ditioned Krylov subspace,

Km(AM−1, r0) = span{M−1r0,AM
−1r0, (AM

−1)2r0, . . . , (AM
−1)m−1r0}. (7.13)

ProvidedM is a close approximation toA, the number of iterations required to solve the

system will be reduced significantly. However, in order to be sure that the computation of

AM−1vj does not swamp the efficiencies gained through reducing the iterations,M must

be carefully selected to ensure that it is computationally efficient to solve.

FGMRES

The FGMRES method has the option of applying a different preconditioner for every it-

eration of the GMRES algorithm. In the FGMRES algorithm the vectorszj = M−1
j vj

are defined using a unique preconditioning matrixMj for each iterationj. The search

vectorsvj are then formed by the matrix vector multiplicationAM−1vj = Azj and or-

thogonalised with the previous search directions.

The approximationxm is expressed in terms of the initial vectorx0 and search directions

zj, for j ∈ {1, 2, . . . ,m}. That is,

xm = x0 + Zmy, (7.14)
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whereZm is then × m matrix containing the columns of search directionszj for j ∈
{1, . . . ,m}. The algorithm is presented in algorithm 1. Note that line 4 can act inde-

pendently of the preconditioning matrix and may therefore take the form of an arbitrary

vector. This gives the algorithm complete freedom in choosing its search directions. How-

ever, the costs are that the directionsZm are required to be stored in memory - this doubles

the algorithm’s storage requirements.

The least squares condition on line 14 follows from the condition,

AZm = Vm+1Ĥm. (7.15)

This leads into expressing the residual as,

r = b− Ax = r0 − AZmy = βv1 − Vm+1Ĥmy = Vm+1(βe1 − Ĥmy),

and reducing the least squares problem to the following,

min
y
‖βe1 − Ĥmy‖. (7.16)

Intelligent Direction Replacement: IVOR

A new method is presented in this section that provides an alternative approach to au-

tomatically restarting FGMRES once the available search direction memory has been

exhausted by the algorithm. The method (employed by IVOR) continues the iterations of

the solver when the search direction space is full. For each additional iteration, a search

direction is discarded and replaced with a new search direction generated using the most

recent residual. The new search vector is then orthonormalised with the existingm − 1

search directions and its contribution to the approximation is computed. The search di-

rection discarded from the search direction set is that with largest contribution to the

approximation, that is, the direction corresponding to the largestyi in line 14 of algorithm

1 (note that the contributions are weighted with the current residual in order to make the

comparison fair). The purpose for this is that by discarding the largest contributing vec-

tor, a similar search direction may be explored - since the new search direction will not
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Algorithm 1 FGMRES
1: r0 = b− Ax0, β = ‖r0‖ andv1 = r0/β

2: Define:Ĥ as anm+1×mmatrix with elements{hi,j} for 1 ≤ i ≤ m+1, 1 ≤ j ≤ m.

3: for j = 1,m do

4: zj = M−1
j vj

5: w = Azj

6: for i = 1, j do

7: hi,j = (w, vi)

8: w = w − hi,jvi

9: end for

10: hj+1,j = ‖w‖

11: vj+1 = w/hj+1,j

12: end for

13: Define:ZM = [z1, . . . , zm]

14: Calculateym through minimising‖βe1 − Ĥym‖

15: xm = x0 + Zmym
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have to be orthogonalised w.r.t. the discarded vector. This is expected to be advantageous

as the direction discarded has been shown to be a good direction to explore since it has

the largest contribution of all the search directions. Furthermore, the new direction will

be orthonormalised against the remaining directions that have contributed the least to the

approximation. The new direction will therefore be forced to search away from these

poor directions. The process of direction replacement is iteratedζ times (determined by

the user) after which the algorithm is restarted with the latest approximation. The IVOR

algorithm is presented in algorithm 2 and seeks an approximationxζ spanning the search

direction space defined by:

Kζ = {M−1
0 r0,M

−1
1 r1,M

−1
2 r2, . . . ,M

−1
ζ rζ}. (7.17)

Standard Preconditioners: Stationary Iterative Solvers

Preconditioned systems are derived from the process of any stationary iterative solver of

linear systems (7.1) being expressed in the form,Bxi+1 = Cxi+b,whereB andC denote

an arbitrary splitting of the matrixA, A = B − C. In [154] it is shown that this splitting

leads to the preconditioned system,M−1Ax = M−1b, whereM is the preconditioning

matrix. Standard iterative solvers such as Jacobi, Gauss Seidel, SOR and SSOR are com-

monly employed as preconditioners. Their preconditioning matrices are expressed as,

M = D,M = D − L,M = 1
ω
(D − ωL) and

M =
1

ω(2− ω)
(D − ωL)D−1(D − ωU), (7.18)

respectively. The matricesD, −L and−U denote the diagonal, lower triangle and upper

triangle of the matrixA, respectively.

7.2.2 Multigrid Scaling

This section presents the multigrid method and its application to preconditioning Krylov

subspace solvers. The processes are described in the context of obtaining the solution to

a linear system that is generated through the discretisation of some general PDE.



7.2 Angular Hierarchical Preconditioned FGMRES-Based Solution Method 282

Algorithm 2 IVOR
1: k = 1, r = b− Ax0.

2: for j = 1, ζ do

3: zk = M−1
j r

4: qk = Azk

5: for i = 1,min(j,m) do

6: if (k 6= i) then

7: qk = qk − (qk, qi)qi

8: zk = zk − (qk, qi)zi

9: end if

10: end for

11: qk = qk

||qk||

12: zk = zk

||qk||

13: αk = (qk, r)

14: x = x+ αkzk

15: r = r − αkqk

16: αk = αk

‖r‖

17: if (j > m) then

18: k = l s.t. αl = max{αi, i ∈ {1, 2, . . . ,m}}

19: else

20: k = k + 1

21: end if

22: end for
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Discretising PDEs using approximations such as finite elements and finite difference gen-

erates linear systems that are to be solved in order to find the approximation’s coefficients.

Assuming that the element (or step) sizes of the discretisation method can be generally

represented by the valueh1, the resulting linear system generated by the approximation

is given by,

Ah1xh1 = bh1 , (7.19)

wherexh1 denotes the exact solution to the linear systemAh1 andbh1 is the corresponding

right hand side vector. The error of an approximationuh1 is defined as,

eh1 = xh1 − uh1 , (7.20)

and the residualrh1 is given by,

rh1 = bh1 − Auh1 = Aeh1 . (7.21)

Relaxation schemes, such as Jacobi or Gauss Seidel, can be employed to relax the error

terms of the approximation. However, a multigrid method functions by re-modelling the

PDE over a coarser grid. The re-modelling is performed with discretisation elements (or

steps) of the general magnitudeh2 > h1, and produces a second, smaller linear system

Ah2. The residualrh2 is then projected onto the coarser grid using a restriction operator

Q,

Qrh1 = rh2 , (7.22)

and the new system solved to obtain the error vectoreh2 defined over the coarse grid,

Ah2eh2 = rh2 . (7.23)

By construction, the linear systemAh2 is smaller than the systemAh1, and can be solved

exactly to obtain the erroreh2. The erroreh2 is then mapped to the finer grid using a

prolongation operatorR,

Reh2 = êh1 , (7.24)

resulting in an approximation to the error termeh1 . The updates to the current solution

uh1 is then given by,

unew
h1

= uh1 + êh1 . (7.25)



7.2 Angular Hierarchical Preconditioned FGMRES-Based Solution Method 284

The procedure just described forms the basis of the multigrid method. In general, it

performs well in terms of giving fast convergence to the smooth proportion of the solution.

That is, the solution’s general shape represented by the coarse discretisation. However,

on its own the method is poor in converging on the solution’s local detail represented

within the finer grid. It is therefore mixed with Jacobi or Gauss Seidel relaxation, as these

methods are recognised for providing quick convergence in the solution’s fine detail - the

combination of the two methods should therefore provide fast convergence to all aspects

of the solution. The sweeps are applied across the fine grid prior to, and after performing

the operations of (7.25) .

In this example two discretisations of varying resolution levels were used to create two

linear systems for approximating the PDE. However, an arbitrary number of grids may be

used in the general multigrid framework. This allows a fine grid to be successively coars-

ened an arbitrary number of times until a low resolution, easily solvable linear system is

obtained. The multigrid procedure then visits and relaxes the errors over the highest and

intermediate levels and solves the errors exactly for visits to the lowest resolution linear

system. Using multiple levels allows a numerous number of cycles (the sequence of vis-

iting the levels) to be employed. A number of the popular approaches are discussed in a

later section.

The previous section showed how standard iterative solvers were employed as precon-

ditioners for the Krylov subspace solvers. The preconditioning involved a block Gauss-

Seidel relaxation sweep (BSOR) or a forward and backward relaxation sweep (BSSOR)

through the system’s elements. In the same manor, multigrid can be employed as a pre-

conditioner by using some multigrid cycle to act as the approximationM to the linear

systemA in algorithms 1 and 2.

7.2.3 Streamline Upwind Petrov Galerkin discretisation of the BTE

This section first details the Streamline Upwind Petrov Galerkin FE discretisation of the

angular discretised Boltzmann transport equation. This is then followed with a review of

the approximation method’s properties (in angle and space) for increasing the efficiency
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in computing the operations of the IVOR (and FGMRES) algorithm.

This section begins with the angularly discretised steady state Boltzmann transport equa-

tion.

Ax
∂Ψ(r)

∂x
+ Ay

∂Ψ(r)

∂y
+ Az

∂Ψ(r)

∂z
+HΨ(r) = S(r) (7.26)

This is generated using the Bubnov Galerkin weighted residual method, formed from the

first order Boltzmann transport equation, where the angular fluxψ(r, Ω̂) is represented by

the set ofM angular basis functionsGi for i ∈ {1, . . . ,M}.

ψ(r, Ω̂) ≈
M∑
j=1

Ψj(r)Gj(Ω̂) (7.27)

The variableΨ represents the vector of sizeM containing the angular moments corre-

sponding to the angular basis functionsGi for i ∈ {1, . . . ,M}. The termA is theM×M
angular mass matrix. The matricesAx, Ay andAz areM×M angular Jacobians. The

M×M matrixH contains the angular discretised scattering and removal operator and

S is the vector of sizeM containing the angular discretised source.

Prior to discretising the space and time variables the angularly discretised equation (7.26)

is pre-multiplied by the Petrov Galerkin term(I − A · ∇P ). This gives,

(I − A · ∇P )R(Ψ(r)), (7.28)

where

R(Ψ(r)) = A · ∇Ψ(r) +HΨ(r)− S(r). (7.29)

The termA represents the vector of angular Jacobians(Ax, Ay, Az) and∇ = ( ∂
∂x
I, ∂

∂x
I, ∂

∂y
I)

whereI represents theM×M identity matrix. TheM×M matrix P represents the

stabilising term. The role of this matrix is to add the correct amount of diffusion in the

stream line direction in order to mitigate the Gibbs oscillations that form in the approx-

imated solution. Various definitions for this matrix exists, see [19] for details. In this

chapter the stabilising matrix defined in chapter 6 and [4] is used, this is defined as,

P
′

i,j =

 min((H
′
i,j)

−1, h
2
A

′
i,j) if i = j

0 otherwise,
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where,

H
′

i,j =


∑

k |Hi,k| if i = j

0 otherwise,

and

A
′

i,j =

 1
Ai,j

if i = j

0 otherwise.

The choice for this matrix lies with it being diagonal. It will shortly by shown that this

increases computational efficiency through induced sparsity within the linear system.

The spatial variables are approximated using finite element functions. The angular flux,

external source and scattering and removal operator matrix are represented by,

Ψ(r) ≈ Ψ(r) =
N∑

j=1

N j(r)Ψj, (7.30)

H(r) ≈ H(r) =

NH∑
j=1

NHj(r)Hj, (7.31)

and

S(r) ≈ S(r) =

NS∑
j=1

NSj(r)Sj, (7.32)

respectively. The angular flux space variables are represented by the finite element func-

tionsNj(r) for j ∈ {1, . . . ,N}. Similarly, the scattering-removal and source terms are

represented by the finite element functionsNHj(r) andNSj(r), respectively. The terms

N j,NHj andNSj represents theM×M matrices containing the finite element func-

tionsNj, NHj andNSj along their diagonal. The termsΨj andSj are vectors of sizeM
containing the coefficients of the angular flux and source, respectively, associated with

finite element functionNj andNSj. Finally Hj represents the scattering and removal

operator matrix associated with nodej of the scattering removal finite element discretisa-

tion. In this paper the conditionNj = NHj = NSj is assumed forj ∈ {1, 2, . . . ,N}.

The weak form equations are formed through pre-multiplying equation (7.28) by theM×
MmatrixN j and integrating over space. The resulting equations can be expressed in the

following form where Green’s theorem has been applied to reduce some of the volume
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integrals to integrals over the domain’s surface.

−
∫

V

(A · ∇N i(r))Ψ(r)dV +

∫
V

N i(r)(H(r)Ψ(r)− S(r))dV

+

∫
V

A · ∇N i(r)PR(Ψ(r))dV +

∫
Γ

N i(r)(A · n)(Ψ(r))dΓ

−
∫

Γ

N i(r)(A · n)PR(Ψ(r))dΓ = 0, ∀ i ∈ {1, . . .M} (7.33)

The vectorn denotes the outward direction normal to the problems surfaceΓ. The term

A · n = nxAx + nyAy + nzAz. In this formulation the last term of equation (7.33) may

be presumed zero.

Efficiently Solving the BTE with IVOR

Efficiently computing Arnoldi solvers relies primarily on the discretisation methods pro-

ducing sparse matrices when large linear systems are involved. Finite element methods

are recognised for this property in producing sparse systems of equations when employed

to discretise the spatial and time dimensions of PDEs. In relation to solving the BTE, the

method of angular discretisation also plays a significant role in the solver’s computational

efficiency. The method chosen to discretise the angular variable determines the structure

of theM×M block matrices generated at each pair of finite element nodes(i, j), for

i, j ∈ {1, . . .N}, that share an element. In order to compute the solvers operations effi-

ciently, sparse block matrices are required. Each block is generated by a combination of

17 matrices defined in (7.33). Five of the 17 constituent matrices are the angular matrices

of the discretised transport equation (7.26),

A, Ax, Ay, Az, H. (7.34)

Three are formed through multiplying the angular Jacobians withPH,

AxPH, AyPH, AzPH, (7.35)

and the remaining 9 are formed through a combination the angular Jacobians andP ,

AxPAx, AxPAy, AxPAz, AyPAx, AyPAy, AyPAz, AzPAx, AzPAy, AzPAz.

(7.36)
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Sparsity structure of 2-D angular matrices

P9 (55) P17 (171) LW2 (60) LW3 (180) LW4 (616)

A 1.8 0.6 25.0 20.7 11.8

Ax 5.4 1.9 25.0 20.7 11.8

Ay 5.4 1.9 25.0 20.7 11.8

H 1.8 0.6 25.0 20.7 11.8

AxPH 5.4 1.9 25.0 24.5 24.5

AyPH 5.4 1.9 25.0 24.5 24.5

AxPAx 10.3 4.1 24.5 23.9 24.0

AxPAy 7.7 3.0 25.0 23.5 23.8

AyPAx 7.7 3.0 25.0 23.5 23.8

AyPAy 10.3 4.1 24.5 23.9 24.0

Table 7.1: This table lists the percentage of nonzero elements of the 2-D angular matri-

ces for theP9, P17 spherical harmonic andLW2, LW3, LW4 spherical wavelet angular

discretisations.

In order that the block matrices retain a high degree of sparsity, the matrices defined in

(7.34),(7.35) and (7.36) should also be sparse. The angular discretisation must therefore

be relied upon to generate sparse angular matrices in (7.34). The stabilising matrixP was

also defined in the previous section to be diagonal. This can therefore only act to preserve

sparsity within the matrices (7.35) and (7.36), once the angular discretisation has been

selected. Figures 7.1 and 7.2 show the sparsity structure of some of these constituent

matrices generated by aP9 andLW2 angular discretisation and diagonal stabilising term

P . Table 7.1 lists the percentage of non zero elements in these matrices using various

spherical harmonic and spherical wavelet discretisations. These figures show that the

discretisations go some way to producing the sparse structure required within the block

matrices.
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Figure 7.1: These illustrate the sparsity structure of the 2-D angular matrices generated by

theP9 angular discretisation: figure (a)Ax andAxPH, figure (b)Ay andAyPH, figure

(c)AxPAx, figure (d)AxPAy, figure (e)AyPAx, figure (f)AyPAy
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Figure 7.2: These illustrate the sparsity structure of the 2-D angular matrices generated

by theLW2 spherical wavelet angular discretisation. The left diagram shows the structure

of all the matricesAx,Ay,AxPH,AyPH,AxPAx,AxPAy,AyPAx andAyPAy for pure

absorbing problems. The right diagram shows the structure of the matricesAxPH and

AyPH for isotropic scattering problems.

7.2.4 Hierarchical Preconditioner

The preconditioner employed within FGMRES will play the pivotal role for determining

the solver’s success in converging to the exact solution efficiently. This section develops

an angular multigrid preconditioner for the FGMRES algorithm that is designed specifi-

cally for solving the discretised Boltzmann transport equation. The grids (or levels) of the

MG method are generated using the varying expansions of a hierarchical angular discreti-

sation - for example spherical harmonics, Walsh functions or spherical wavelets. More

specifically, the preconditioner fixes the spatial, energy and time discretisations and gen-

erates grids using the blocks of angular moments generated by each level of the angular

discretisation. The multigrid cycles may then visit a level and relax or mitigate the error

terms associated with the corresponding angular moments.

As with most standard multigrid methods, the error terms are relaxed when the cycle vis-

its the highest or intermediate levels and are solved directly on a visit to the lowest order

angular moments. Relaxing is performed using block SSOR (BSSOR). This involves a

forward and backward sweep through the spatial discretisation’s nodes. At each node a



7.2 Angular Hierarchical Preconditioned FGMRES-Based Solution Method 291

local matrix system is formed and solved in terms of the node’s angular moments asso-

ciated with the level of the MG cycle. This process is analogous to the relaxed Gauss

Seidel (for relaxing a single variable) extended to multi variables. Direct solving of the

lowest order angular moments is performed using a separate (F)GMRES algorithm using

BSSOR preconditioning.

Hierarchical angular discretisations are not only used to define the levels of the angular

multigrid preconditioner but their use also simplifies the treatment of the prolongation

and restriction operators used in mapping variables between the spaces of the MG levels.

In order to implement the restriction process and reduce the error terms of an intermediate

or the lowest MG level, the angular moments at all nodes are arranged in the order of their

angular discretisation to generate the following linear system, A1 1 A1 2

A2 1 A2 2

  Ψ1

Ψ2

 =

 b1

b2

 .

The vectorsΨ1 andΨ2 form the complete set of angular basis coefficients. TheΨ1 co-

efficients correspond to a restricted level for some multigrid cycle andΨ2 contain the

remaining higher level moments. The sub matricesA1 1,A1 2,A2 1, andA2 2 form the

global matrix and(b1, b2)T is the right hand side vector containing the discretised source.

For some current approximation of the angular variablesΨi = (Ψi
1,Ψ

i
2)

T , the residualri
1

of the restricted MG level can be calculated by the following,

ri
1 = b1 − (A1 1 , A1 2)

 Ψ1

Ψ2

 . (7.37)

Note that this is only possible due to the angular discretisation being hierarchical. The

error termei
1 relating to the moments of the restricted MG level is calculated by solving

the reduced system,

A1 1 ei
1 = ri

1, (7.38)

and, again, by the angular discretisation being hierarchical, the update to the current ap-

proximation is given by, Ψi+1
1

Ψi+1
2

 =

 Ψi
1

Ψi
2

 +

 ei
1

0

 . (7.39)
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Alternatively one could just relax the right hand side vector,b̂1 = b1 − A1 2 Ψ2, and

solve the reduced system to obtain the new approximation forΨi+1
1 :

A1 1 Ψi+1
1 = b̂1. (7.40)

In order to show these two approaches are equivalent, the solution from (7.40) can be

expressed in terms of an updateêi
1 so thatΨi+1

1 = Ψi
1 + êi

1. From (7.40) the following

holds,

A1 1 Ψi+1
1 = b̂1,

A1 1 (Ψi
1 + êi

1) = b1 −A1 2 Ψ2,

A1 1 êi
1 = b1 −A1 1Ψ

i
1 −A1 2 Ψ2 = ri

1. (7.41)

That is, from (7.38), the updatêei
1 is equivalent to the error estimateei

1.

This approach has shown that the hierarchical angular discretisation naturally blends itself

into the multigrid framework. The hierarchy avoids the cumbersome computation of the

prolongation and restriction operators between the multigrid levels. Another important

aspect is that the reduced linear systems of the lower levels retain the structure of the

global moment matrix - see equation (7.40). The method therefore avoids re-computing

a new linear system at every multigrid level.

7.2.5 Angular multigrid cycles

The multigrid method provides the useful option of concentrating effort in resolving spe-

cific angular moments by the setting of its preconditioning cycle. The common cycles

found in the literature are initiated from the highest multigrid level. The simplest of these

is the V cycle for which successive coarsening levels are visited and corresponding error

terms relaxed. When the cycle reaches the coarsest grid, the errors are solved exactly. It

then proceeds back up the refining levels, terminating at the maximum grid. The V cycle

is illustrated in figure 7.3a where the MG levels are related to the shells of thePN angular

discretisation. Two other common MG cycles are the W and the F cycles. The W cycle

is designed to pay more attention to the lower order moments. The cycle sweeps from
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the maximum to the minimum grid, as seen with the V cycle. However, before returning

back to the top grid, the cycle performs a number of visits over the low order moments.

An example of the W cycle is shown in figure 7.3b. The W cycle is expected to have

fast convergence if the exact solution’s low orderPN moments are large and highPN

moments are small - that is if the angular flux is smooth and isotropic. The F cycle is de-

signed to work in a similar manor. As before the cycle begins at the maximum level and

proceeds to visit every intermediate stage to the minimum level. The cycle then begins a

sequence of mini cycles. Each mini cycle begins at the lowest level, works its way up to

a higher level and then returns back to the lowest level. The mini cycles are grouped so

that their mini peaks are incremented one level at a time. The cycle is terminated when

the maximum level is reached - see figure 7.3c. The F cycle is designed to pay the most

attention to the low order moments. However, it deviates from the W cycle by still paying

attention to the other spherical harmonic shells. In fact, it is designed to slowly reduce

effort in resolving each shell as their order in the angular expansion increase. Its aim is to

apply the correct amount of effort to eachPN shell for resolving moments generated by

expansions of typical angular fluxes. That is, the coefficients of expanded fluxes have the

tendency to be large for low order functions and to decrease as the function’s expansion

order increases. The F cycle therefore tries to mimic this pattern and apply a proportional

amount of effort to eachPN shell in relation to the magnitude of their coefficients.

Alternative cycles extend from full multigrid methods. These methods employ cycles that

are initiated from the lowest multigrid level and work their way up towards the maximum

level. The ncycle is one example. This works on similar principals to the F cycle where

increasing mini cycles build up the general sequence. Figure 7.3d and 7.3e show the

ncycle = 1 and figure 7.3f shows the ncycle = 2, the latter using by a double mini cycles

before incrementing to the next level. Other full multigrid sequences include the modified

V and modified W cycles. The modified V employs an up and down sweep through the

multigrid levels - see figure 7.3g. The modified W is performs the same operations as the

modified V but has additional sweeps through the low orderedPN moments before and

after, see figure 7.3h.

CPU preconditioning/matrix vector costs
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(A) V Cycle
(B) W Cycle (C) F Cycle

(D) Ncycle = 1, 7 Levels (E) Ncycle=1, 4 Levels (F) Ncycle=2, 4 Levels

(G) Modified V cycle (H) Modified W cycle

Figure 7.3: Presented here are 9 multigrid cycles over the levels generated by theP13

equations. Cycles A, B and C show the traditional V, W and F cycles, respectively. Cycles

D, E and F show the n cycles with 4 (D and E) and 7 (F) levels. Cycles G and H show the

modified V and W cycles where the cycles are initiated from the bottom level.
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Preconditioning Cycle Costs Cost of a solver iteration

MG V 4 5

MG F 4 5

MG W 4 5

MG NCYCLE=1, 4 LEVEL 4 5

MG NCYCLE=2, 4 LEVEL 4 5

MG NCYCLE=1, 7 LEVEL 6 7

MG MODIFIED V 2 3

MG MODIFIED W 2 3

BSSOR 2 3

Table 7.2: The costs in performing the preconditioning MG cycles and an iteration of the

preconditioned FGMRES and IVOR algorithms. The costs are denoted in terms of CPU

units.

In order to gain an insight into the efficiency of preconditioned solver, the costs of per-

forming the preconditioning cycles and matrix vector multiplications will need to be es-

tablished. In this paper a rough estimate of the preconditioning costs are calculated by the

number of visits made by the MG cycle to the highest order and most expensive angular

shell (as lower MG levels are considerably cheaper to perform they may be neglected

from consideration). As each visit at the top level sweeps through the angular moments

twice, (a forward and backward sweep through the spatial nodes) the cost of the visit will

be estimated to be two CPU units. Similarly, the matrix vector multiplication also sweeps

across all spatial nodes and angular moments. The cost in performing this operation is

therefore estimated to be 1 CPU unit. Table 7.2 lists the costs in performing a single

iteration of the FGMRES/IVOR algorithm when preconditioned with the MG cycles il-

lustrated in figure 7.3. The cost of the standard BSSOR preconditioner has also been

included.
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Figure 7.4: This diagram shows the domain of the scattering problem (problem 1).

7.3 Numerical Examples

This section investigates the performance of different preconditioning MG cycles for the

FGMRES algorithm by solving two neutron transport problems. The domain of the first

problem (problem 1) is shown in figure 7.4 and the corresponding material cross-sections

are listed in table 7.3. The problem has a4 × 4cm square domain containing a material

with absorbing and scattering cross-sectionsσa = 0.5cm−1 andσs = 0.5cm−1. The

central 2cm square region contains an isotropic source emitting 1.0 particles.cm−2s−1

and vacuum boundary conditions are prescribed across all sides. Problem 2 is a straight

duct benchmark problem [49]. The geometry of the problem is shown in figure 7.6 and the

corresponding material cross sections are listed in table 7.4. The problem domain has a

36×28cm rectangular region. The central 6cm square region contains an isotropic source

of intensity 1.0 particles.cm−2s−1. Two ducts of width 6cm containing very low cross-

sections (σa = 0.001cm−1) extend from the source to the upper and lower boundaries.

A pure absorbing material withσa = 0.5cm−1 surrounds the ducts and vacuum boundary

conditions are prescribed along all sides. TheP13 solutions of the two problems are

presented in figures 7.5 and 7.7.

The two problems used in this investigation are of varying levels of difficulty for the

angular discretisation in resolving the angular flux. Problem 1 is relatively easy for the
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Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.5

2 0.0 0.5 0.5

Table 7.3: Source and material properties of the scattering problem (Problem 1).

Figure 7.5: This shows the scalar fluxP13 solution of the scattering problem (problem 1).

Region Source(cm−2s−1) σa (cm−1) σs (cm−1)

1 1.0 0.5 0.0

2 0.0 0.5 0.0

3 0.0 0.0 0.0

Table 7.4: Source and material properties of the Straight Duct Problem (problem 2).
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Figure 7.6: This diagram shows the domain of the straight duct problem (problem 2).

Figure 7.7: This diagram shows the scalar fluxP13 solution of the straight duct problem

(problem 2).
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Figure 7.8: This diagram shows the angular fluxLW3 solution of problem 1 at the position

(2,2). The high scattering cross-section has induced high isotropy within the angular flux.

These, in turn, require only a low order angular expansion for an accurate approximation.

angular approximation method as the high scattering induces angular isotropy (see figure

7.8) which, in turn, requires only low order expansions for an accurate approximation. In

contrast to this, problem 2 generates highly directed fluxes through the duct regions, an

example is shown in figure 7.9. These fluxes are in general far more demanding for the

angular discretisation to replicate, and in turn require large contributions from the higher

order angular basis functions. The preconditioning MG cycles presented in figures 7.3

are investigated. Their performance in relation to a problem’s difficulty forms the second

section of this investigation. The first part aims to investigate the dependencies between

the number of MG levels and the number of solver iterations. This also compares the MG

performance with the standard block SSOR (BSSOR) preconditioners and also tests the

effects a varying spatial discretisation has on the solver’s efficiency.

The following calculations have been performed using the Streamline Upwind Petrov

Galerkin code RADIANT which was partially described in the previous section. Quadri-

lateral finite elements are employed to discretise both problem’s spatial domains - the

number of elements used in the discretisation will be stated for each calculation. The hi-

erarchical angular approximation uses both spherical harmonics and octahedral spherical
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Figure 7.9: This diagram shows the angular fluxLW5 solution of problem 2 at the po-

sitions (0,27) (left) and (0,36) (right). These diagrams show the low absorbing cross-

sections within the duct induce highly directed fluxes. These complex fluxes require a

high order angular discretisation in order to be resolved accurately.

wavelets [1]. The multigrid preconditioning relaxing sweeps are performed using block

Gauss Seidel relaxation BSSOR. The relaxation is incorporated within theM×M local

matrix systemAi,i, (for each nodei of the finite element mesh), by adding to it a diagonal

matrixDi,

(Ai,i +
(1− ω)

ω
Di)Ψi = bi +

(1− ω)

ω
DiΨold, (7.42)

whereDi is formed by an absolute row sum of the elements of the matrixAi,i,

Di
j,j =

∑
k

|Ai,i
j,k| , ∀j ∈ {1, . . . ,M}, (7.43)

andbi represents the corresponding right hand side vector of the local system. The vari-

ableω = 0.5 is used to ensure all local matricesAi,i,∀i ∈ {1, . . .M}, is non singular

and well conditioned (by it being diagonally dominant). Unless started otherwise, the

following calculations have all used 20 Krylov search directions. On the event that all

direction were used the method of restarting FGMRES was employed.
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7.3.1 Convergence properties of MG and BSSOR preconditioners

This section is designed to test the effect the number of multigrid levels employed within

the MG preconditioned FGMRES solver has on the solver’s rate of convergence. For this

investigation, problems 1 and 2 were solved using two spatial meshes. Meshes consisting

of 200 and 400 finite elements were used to discretise the spatial domain of problem 1.

For problem 2, meshes of 900 and 3,600 elements performed the spatial discretisation.

For this investigation the modified V multigrid cycle was employed to solve the spherical

harmonic equations, fromP3 to P19, and the spherical wavelet equations,LW1 to LW3.

Comparisons of the performance and efficiency of the MG method are made with the

standard BSSOR preconditioner. For all calculations the FGMRES algorithm was allowed

to run until the convergence criteria,

‖r‖
‖r0‖

≤ 10−5, (7.44)

for problem 1 and,
‖r‖
‖r0‖

≤ 5× 10−5, (7.45)

for problem 2, was reached. A maximum of 400 and 2000 solver iterations were allowed

for thePN and wavelet calculations.

Table 7.5 presents the number of iterations required by the FGMRES algorithm in finding

the solutions of the problem 1 (PN ) when preconditioned with BSSOR and MG. The

figures show FGMRES uses fewer iterations when preconditioned with MG as opposed

to BSSOR. The difference in the number of iterations is at its greatest for the high order

PN calculations. Here it is seen that FGMRES used between a third and a half of the

iterations when preconditioned with MG. The results also reveal the multigrid method

has retained its important behaviour in that the number of solver iterations converges with

respect to the number of multigrid levels. In fact, the isotropy of the problem has led to a

reduction in the number of iterations for the high orderPN calculations. This is due to the

high order moments being close to zero which, in turn, allows the extra relaxation sweeps

of the high orderPN cycles to give further resolution to the low orderPN moments.

Similar patterns have also emerged in the number of FGMRES iterations required to solve

thePN equations generated by problem 2. These figures are listed in table 7.6. For the
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Number of solver iterations usingPN on problem 1

Low resolution mesh High resolution mesh

PN (MG levels) Expansion size MG BSSOR MG BSSOR

P3 (2) 10 20 23 23 32

P5 (3) 21 20 26 22 34

P7 (4) 36 18 27 22 37

P9 (5) 55 15 27 21 35

P11 (6) 78 22 28 21 37

P13 (7) 105 12 28 18 38

P15 (8) 136 11 29 18 38

P17 (9) 171 11 29 18 38

P19 (10) 210 10 29 18 38

Table 7.5: This table displays the number of iterations performed by the FGMRES solver

to resolve problem 1 discretised using variousPN angular expansions. Convergence is

assumed when‖r‖‖r0‖ ≤ 10−5. The multigrid modified V cycle and BSSOR preconditioners

are compared.
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low resolution spatial mesh calculations, the number of FGMRES iterations converged

to around 81 as thePN discretisation was increased. This convergence pattern began

to emerge in the BSSOR results, however, the number of iterations required to solve

the problem was significantly higher than MG at around 250 -270. For the high spatial

resolution mesh, the MG preconditioner has performed far better than BSSOR. The cal-

culation using the BSSOR preconditioner have all exceeded the 400 iteration limit with

the exception ofP3. On exceeding this limit, the relative residuals, denoted in brackets,

show the BSSOR calculations to some way off from converging on its solution. The MG

conditioned solver has however shown strong signs of convergence, requiring around 300

iterations when the angular expansion reached high orderPN . The wavelet calculations

listed in table 7.7 also agree with the results seen so far. That is, they show the number of

iterations required by the solver was significantly reduced using the MG preconditioner.

The results indicate that the efficiency of the angular multigrid preconditioned FGMRES

is dependent on the resolution of the spatial grid. That is, for both problems, the number

of iterations increase significantly for the refined spatial mesh. In order to investigate this

further theP5 equations were solved on a number of spatial meshes of varying resolution.

For problem 1 spatial meshes consisting of 100, 400, 1,600, 6,400, 9,216 and 14,400

finite elements were used to discretise theP5 equations and solved with the modified V

preconditioned FGMRES. Similar calculations were also performed to solve problem 2

for which meshes consisting of 225, 900, 2,025, 3,600, 5,625, 10,404 and 14,400 elements

were used to discretise the spatial domain. Convergence in the solutions were assumed

when criteria (7.44) and (7.45) were reached for problems 1 and 2, respectively. Figure

7.10 shows the graphs that plot the number of iterations used by FGMRES to resolve

the linear systems generated by all meshes. The results confirm that for both problems,

the number of solver iterations increase with the number of elements used in the spatial

discretisation. In fact the results show that the number of iterations increase linearly with

respect to the number of spatial elements - this is especially the case for the straight duct

problem.
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Number of solver iterations usingPN on problem 2

Low resolution mesh High resolution mesh

PN (MG levels) Expansion size MG BSSOR MG BSSOR

P3 (2) 10 65 104 219 262

P5 (3) 21 88 135 319 -(7.0E-5)

P7 (4) 36 92 164 362 -(1.4E-4)

P9 (5) 55 91 195 338 -(1.3E-4)

P11 (6) 78 89 220 302 -(1.6E-4)

P13 (7) 105 88 328 287 -(1.7E-4)

P15 (8) 136 84 253 266 -(2.1E-4)

P17 (9) 171 81 254 317 -(1.7E-4)

P19(10) 210 81 263 339 -(1.6E-4)

Table 7.6: This table displays the number of iterations performed by the FGMRES solver

to resolve problem 2. Convergence is assumed when‖r‖
‖r0‖ ≤ 5 × 10−5 or a maximum

of 400 iterations is reached. In the case of the maximum iterations being reached, the

(.) indicates the relative residual at this termination point. The multigrid modified V and

BSSOR preconditioners are compared.
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Figure 7.10: These graphs show the iterations required by the solver in resolving problem

1 (left) and problem 2 (right) on increasing resolution spatial grids. AP5 angular discreti-

sation is used for both problems and the solver employs a modified V MG preconditioner.

The iterations are seen to increase linearly with respect to the number of spatial elements.
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Number of solver iterations usingLWN on problem 2

Low resolution mesh

LWN (MG levels) Expansion size MG BSSOR

LW1 (2) 24 95 288

LW2 (3) 60 487 1958

LW3 (4) 180 699 -(2.3E-2)

Table 7.7: This table displays the number of iterations performed by the FGMRES solver

to resolve problem 2. Convergence is assumed when‖r‖
‖r0‖ ≤ 5 × 10−5 or a maximum

of 2000 iterations is reached. In the case of the maximum iterations being reached, the

(.) indicates the residual at this termination point. The multigrid modified V and BSSOR

preconditioners are compared.

7.3.2 Comparison of MG preconditioners

This section is designed to compare the performance of the various MG precondition-

ing cycles presented in figure 7.3. For this investigation problem 1 and problem 2 were

solved using FE spatial meshes consisting of 200 and 900 elements, respectively, and a

P13 angular expansion. The convergence criteria (7.44) was employed to terminate the

algorithm, for which a maximum allowance of 400 iterations was made. Table 7.8 lists

the number of iterations required by the solver when preconditioned using the MG cycles

and BSSOR. The estimation of the CPU costs have also been included.

The results show the best cycles for reducing the number of FGMRES iterations and CPU

costs for the scattering problem (problem 1) are the F, W and n cycles. These MG precon-

ditioners led to the FGMRES processing between 5 and 8 iterations - requiring between

30 and 35 CPU units. The modified V and W cycles required 12 and 13 iterations (36

and 39 CPU units), respectively. This shows that despite giving a higher priority to the

low orderPN moments, which is where the largest angular coefficients were expected to

form, the modified V and W preconditioners did not perform as well as expected. The

graph presented in figure 7.11 shows the residual’s evolutions within the FGMRES solver.

The BSSOR preconditioner is seen to perform poorly in comparison to all MG methods.
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A comparison of various preconditioners

Preconditioner Scattering problem Straight duct problem

MG V 7 (35) 139 (695)

MG F 6 (30) 69 (345)

MG W 7 (35) 81 (405)

MG NCYCLE=1, 4 LEVEL 8 (40) 113 (565)

MG NCYCLE=2, 4 LEVEL 6 (30) 73 (365)

MG NCYCLE=1, 7 LEVEL 5 (35) 66 (462)

MG MODIFIED V 12 (36) 140 (420)

MG MODIFIED W 13 (39) 139 (417)

BSSOR 28 (84) 397 (1191)

LUMPED DIAGONAL 65 ∼2000

NO 166 ∼1700

Table 7.8: This table displays the number of iterations performed by the FGMRES solver

to resolve problems 1 and 2. The table compares the performance of all multigrid pre-

conditioning cycles listed in figure 7.3. The table includes the figures using the standard

BSSOR preconditioning, lumped diagonal preconditioning and no preconditioning. Con-

vergence is assumed when‖r‖‖r0‖ ≤ 10−5 for both problems 1 and 2. AP13 angular discreti-

sation was used to represent the angular dependence. Meshes consisting of 200 and 900

elements were used to discretise the spatial dimensions of problems 1 and 2, respectively.

The (.) represents the estimated CPU costs.
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Figure 7.11: This graph presents the residual evolution when using the MG precondi-

tioning cycles of figure 7.3 for solving the scattering problem (problem 1). Included in

the graph is the residual from using the BSSOR preconditioner. Convergence is assumed

when ‖r‖
‖r0‖ ≤ 10−5.

For all MG preconditioners, the residuals decays exponentially with respect to the num-

ber of iterations up to 7th iteration. After this point the residuals corresponding to the

modified V and modified W cycles begin to level out. However, the modified W pre-

conditioner’s graph shows small increases in the residual, indicating that computational

errors can dominate the solvers updates at aroundrm = 5.0×10−6. Therefore, on inspec-

tion of the residual prior to the error, the modified W cycle compares well with the other

preconditioners - requiring 8 iterations and only 24 CPU units - and shows the cycle to

have the greatest potential with respect to this problem.

The results for the straight duct problem (problem 2) give a different insight into the

quality of the MG preconditioning cycles. The figures in table 7.8 show the most effective

cycles for reducing the number of solver iterations to be the n1 (7 level), followed by the F,
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n2 (4 levels) and W cycles. These required 66, 69, 73 and 81 iterations respectively. When

considering computation costs the F followed by the n1 (7 level) and W cycles were the

most efficient. Again, the modified W and modified V cycles performed poorly, requiring

140 and 139 iterations (and over 415 CPU units), respectively. This, however, would be

expected for this type of problem as these preconditioners give less preference to the high

orderPN moments - thus the large coefficients corresponding to the high order moments

within the ducts would be slow to evolve. The V cycle also performed poorly, requiring

140 iterations, again, for the same reasons that few visits to the high order moments were

carried out. The graph in figure 7.12 shows the residual’s evolution during the solver’s

process using all MG preconditioners. The BSSOR is again shown to have the slowest

decline. The performance of the F, W and long n-cycles can be seen to be working well

and produce consistently sharp reductions in the residual over all iterations. The small

n cycle, modified V and modified W cycles show a residual with a more gentle decline.

Note here that for these calculations, computational errors have not effected the evolution

of the solver.

These results have established an insight into which preconditioners are optimal for a

given problem to be solved. Although the (easy) scattering problem results revealed a

smaller number of iterations were used by the F, W and ncycles, the cheaper modified

V and modified W cycles required only a few more iterations. Therefore, in terms of

efficiency, the modified V and, more specifically, the modified W cycles performed the

best. However, in order to resolve the straight duct problem the results showed that us-

ing the more expensive F, W and n1 (7 level) cycles gave significant reductions in the

number of solver iterations. The results also showed that the gains made in performing

significantly less iterations compensated for the higher computational costs of the pre-

conditioner. Therefore, when solving these type of problems it is beneficial to use the

expensive preconditioners that give more preference to the high order moments.

7.3.3 IVOR’s Intelligent Direction Replacement

This section is designed to demonstrate the capabilities of the direction replacement

method of IVOR developed in section 7.2.1 for ensuring fast convergence when solving
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Figure 7.12: This graph presents the residual evolution when using the MG precondition-

ing cycles of figures 7.3 for solving the straight duct problem (problem 2). Included in

the graph is the residual from using the BSSOR preconditioner. Convergence is assumed

when ‖r‖
‖r0‖ ≤ 10−5.
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difficult neutron transport problems. The investigation of this section also concentrates on

the solver’s convergence rates when a reduced memory for the search directions are used.

This investigation solves the straight duct problem where aP7 angular discretisation and a

14,400 finite element spatial mesh are used to discretise the angle and space dimensions.

In total, six calculations have been carried out using FGMRES that is preconditioned with

the standard V MG cycle. The calculations are divided equally between using 10 and 20

Krylov vectors. For both Krylov vector spaces, 3 calculations were carried out using the

following options:

1. No vector updates (Standard FGMRES),

2. Vector updates allowing FGMRES to perform 100 iterations but not using latest

residual to calculate the search directions,

3. Vector updates allowing FGMRES to perform 100 iterations and using latest resid-

ual to calculate the search directions (IVOR).

The graph presented in figure 7.13 shows the residuals of the six calculations. The results

using 10 Krylov vectors vary greatly when the various FGMRES options 1, 2 and 3 are

employed. The option using standard FGMRES produces a residual that declines slowly

and requires 261 iterations to converge on the solution. The result for option 2 shows that

using search vector updates decreases the number of iterations required for convergence

to 207. However, the residual’s profile for this calculation also reveals that during the

evolution of the algorithm, the residual had the tendency to stagnate. The first of these

stagnant periods occurs over the interval of 30-100 iterations. The residual only manages

to free it self from stagnation when the algorithm underwent a complete restart, however,

the residual stagnated again 50 iterations after this restart. The best performing variant

is shown to be option 3 (IVOR). This calculation required only 124 iterations in order

to find convergence. The calculation’s residual graph also shows that by using the latest

residual with the direction replacement method, the residual avoids all stagnation periods

that were seen in the calculation of FGMRES variant 2.

The calculation corresponding to variant 1 FGMRES using 20 Krylov vectors has pro-

duced consistently sharp reductions in the residual for all iterations. The graph corre-
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Figure 7.13: This graph presents the number of iteration required by the solver to resolve

the straight duct problem using aP7 angular expansion and a spatial mesh consisting of

14,400 elements. The results compare the reduction in the residual using the variants of

the FGMRES solver discussed in section 7.2.1. Set 1: 10 Krylov vectors and restarting

after 10 iterations. Set 2: 10 Krylov vectors and restarting after 100 iterations. Set 3: 10

Krylov vectors and restarting after 100 iterations using partial restartη = 1. Set 4: 20

Krylov vectors and restarting after 20 iterations. Set 5: 20 Krylov vectors and restarting

after 100 iterations. Set 6: 20 Krylov vectors and restarting after 100 iterations using

partial restartη = 1. All calculation were performed using the V preconditioning cycle.

Convergence is assumed when‖r‖‖r0‖ ≤ 5× 10−5.
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sponding to this calculation shows that convergence on the solution is found using just

136 iterations. Variant option 2 ,using 20 Krylov vectors, has again shown a susceptibil-

ity to a stagnating residual. As before, a complete restart was required in order to free

the residual from its stagnating regions. However, in this case, the number of iterations

required for convergence increased to 181. The strongest option using 20 Krylov vec-

tors was again shown to be FGMRES variant 3 (IVOR). Option 3 consistently produced

smaller residuals than both variants 1 and 2 and converged on the solution using just 121

iterations. This third variant setting has again successful avoided the stagnating residuals

that occurs in the calculations using variant 2.

The results contained in figure 7.13 have shown the larger Kyrlov spaces produce faster

converging solvers. This was particularly apparent in the algorithms where the standard

FGMRES as used. The FGMRES variant that used the most recent residual with the di-

rection replacement method (IVOR) performed remarkably well for both search direction

sets. The calculations using this variant of FGMRES showed the size of the search spaces

tested had little influence on the evolution of the residual. In fact, using the smaller search

vector set required only 3 more iterations. This indicates that IVOR, using 10 search vec-

tors may be the most efficient of all the FGMRES algorithm’s variations examined here.

This is based on when the reduced memory requirements and reduced computational bur-

den of orthonormalising smaller sets of search vectors are taken into consideration.

7.3.4 Pivoting onP1 and P3

This section demonstrates the convergence rates of the solver when the MG precondi-

tioner pivots on theP3 equations, that is, where the preconditioner solves theP3 equa-

tions directly rather thanP1. For this demonstration both the scattering and straight duct

problems were solved using theP9 andP11 angular approximations. The standard V MG

cycles were used to precondition the solver. The preconditioner that pivots on theP1

equations uses the standard V cycle illustrated in figure 7.3. The cycle that pivots on

theP3 equations follows the same pattern but has a turning point, where the equations

are solved directly, that occurs on theP3 shell. Figure 7.14 show the evolution of the

residuals for the calculations solving problems 1 and 2.
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Figure 7.14: These graphs show the residual’s evolution through the FGMRES solver,

left: scattering problem, right: straight duct problem. The graphs compare the perfor-

mance of the solver when the MG preconditioner is pivoted on theP1 andP3 spherical

harmonic equations. TheP9 andP11 angular expansions are used to discretise the angular

dimensions. The spatial dimensions are discretised using finite elements meshes consist-

ing of 1,600 (scatter problem) and 900 (straight duct problem) elements. The standard

V MG cycle is used to precondition the FGMRES solver. Convergence is assumed when
‖r‖
‖r0‖ ≤ 10−5 and ‖r‖

‖r0‖ ≤ 10−5 for problems 1 and 2, respectively.
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For the scattering problem, pivoting on theP3 equations give slight improvements in terms

of reducing the residual in comparison to pivoting onP1. The difference in the residuals

between the two preconditioners are more apparent in the early iterations of the solver.

However, this variation is not enough to decrease the number of iterations required by the

solver when pivoting onP3. The graph shows that all calculations required 8 iterations.

For the straight duct problem,P3 pivoting takes very slightly longer to converge - here it

is shown to be only one or two iterations more than whenP1 pivoting was used. How-

ever, this may not be too unexpected as the straight duct problem is more concerned with

resolving the high orderPN moments. Therefore, solving theP3 equations exactly will

have little influence on the quality of the preconditioning.

7.4 Conclusions

In this chapter a hierarchical preconditioner for the FGMRES algorithm has been devel-

oped for solving the discretised Boltzmann transport equation. The preconditioner has

been designed on algebraic and geometric multigrid methods in which hierarchical angu-

lar discretisations were used to form the multigrid levels. This chapter has also developed

a new variant of FGMRES (IVOR) which offers a new alternative method to restarting

when the memory for search directions is full. The preconditioned solver was incorpo-

rated within the Streamline Upwind Petrov Galerkin, finite element, radiation transport

code RADIANT. A discussion on the code’s efficient implementation within the algo-

rithm has been presented in the text. Spherical waveletLWN and spherical harmonic

PN hierarchical angular discretisations were employed in the numerical examples. Using

these discretisation methods a number of multigrid cycles were investigated.

The numerical examples have illustrated the angular multigrid method to be a good per-

forming preconditioner for the FGMRES algorithm. They have shown that convergence in

MG angular levels can be gained using even the simplest of multigrid cycles - namely the

modified V cycle. The numerical examples have demonstrated that the optimal precon-

ditioner is dependent on the problem being numerically approximated. Simple problems
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with smoothly varying fluxes can be solved efficiently using cycles that concentrate on

resolving low order angular moments - the modified V and modified W cycles. However,

for difficult transport problems the complex preconditioning cycles that gave more pref-

erence to the high order moments were found to be the most efficient. In all examples

the MG preconditioner out performed the BSSOR preconditioner by some considerable

margin.

The variant of FGMRES (IVOR) developed in this chapter has been demonstrated to in-

crease further the efficiency of the solver - this is in respect to both the CPU efficiency

and the memory requirements. In particular, IVOR’s method of using the latest residual

to select its next search direction, together with the method of search direction replace-

ment, was found to be significant in producing the best results on all examples tested. It

was also demonstrated that the number of iterations performed by the MG preconditioned

solver was dependent on the spatial resolution. That is, increases in the spatial meshes

often resulted in more iterations being required by the solver. However, convergence in

the solver’s iterations with respect to the spatial discretisation is not expected as the MG

is based on angle only. Therefore, in order to solve problems with large spatial discretisa-

tions, future research may be necessary in the mixing of this angular MG preconditioner

with one for the spatial variables in order to gain iteration convergence in both space and

angle.
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This section presents a conclusion of the research for neutron transport approximation

that has been covered in the chapters of this thesis. Following this is a discussion of the

possible directions for future work that can continue on the research presented here.

8.1 Spherical Wavelets (Chapters 3, 4 and 5)

In chapters 3,4 and 5 the foundations of the work in this thesis were laid. These chapters

were concerned with the development of the three spherical wavelet bases. Low order

octahedral and hexahedral spherical wavelets and a Chebyshev spectral spherical wavelet

bases were developed. The wavelet bases were all applied to discretise the unit sphere,

used to represent the direction of particle travel, and represent the angular variable of the

angular flux of the first order Boltzmann transport equation. All bases were incorporated

within the neutral particle transport code RADIANT. The code employed a Streamline

Upwind Petrov Galerkin finite element method to discretise the spatial dimensions of the

transport equation. A Riemann method was also used to resolve bare surface boundary

conditions. This utilised the eigen-structure of the angular Jacobians in order to calculate

the incoming and outgoing information through the surface of the boundary.

A number of numerical examples were presented in order to demonstrate the wavelets ca-

pabilities in approximating the Boltzmann transport equation. The wavelets abilities were

clearly demonstrated to provide accurate solutions for all test problems solved. They were

shown to be comparably accurate to the established methodsSN andPN when similar

sized angular expansion were used. Furthermore, in some examples the wavelet discreti-

sations were superior toPN in providing accurate scalar solutions. This was highlighted

in the test problem involving the source within a void cylinder. This numerical example

demonstrated a severe weakness of thePN method as it was unable to generate a solution

in close agreement with the exact solution. The wavelets, however, avoided this problem

and did produce meaningful solutions that were in close agreement with the exact solu-

tion. The investigation of the numerical examples also set out to illustrate the wavelets

ability to suppress ray-effects forming in their scalar flux solutions. This indeed turned
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out to be the case as all numerical examples showed the wavelet’s solutions to be less

oscillatory (in their scalar flux solution due to ray effects) than the solutions ofSN . In

general the numerical examples demonstrated the wavelets could produce accurate so-

lutions for a range of extreme transport conditions, from transparent to opaque material

regimes, whilst suppressing the formation of ray-effects.

Of all the wavelets developed in these chapters the linear octahedral wavelets stand out to

the preferred choice for expanding in angle. The reasons for this lies with their angular

matrices being the least dense. The numerical examples showed all expansions to be

roughly of equal accuracy - with respect to the number of angular unknowns. Therefore,

the sparser structure of the linear octahedral wavelets will serve to make the solving of

their discretised equations the most efficient to perform. However, having said this, it still

remains to further test these expansion on 3-dimensional problems. It is quite possible that

the hexahedral based expansions are more suitable for representing these fluxes where the

co-latitude angle becomes more important to representing the transport of particles.

8.2 Angular Adaptivity (Chapter 6)

In chapter 6 a wavelet method for anisotropic resolution on the sphere for discretising

the angular variable of the BTE was developed. This method employed the low order

octahedral and hexahedral linear wavelets, developed in chapters 3 and 4, to represent the

angular flux. The method essentially detailed a technique allowing the wavelet to locate

areas on the sphere in which the angular flux was under resolved and to select the correct

wavelets in order to increase the angular resolution to these regions only. The chapter

also discussed a routine in order for the self adaptive wavelet solution to evolve during

the process of an iterative solver of the linear system generated by the space and angle

discretised equations.

Several numerical examples were used to demonstrate the capabilities of the adaptive

wavelets. In particular, problem domains involving ducts containing voids embedded

within strong absorbers were used to generate highly demanding and highly directional



8.3 Fast FGMRES solver (Chapter 7) 320

flux distributions. The angular flux solutions demonstrated the wavelets to be capable

of locating the regions of angle in which the flux was directed, and to correctly apply

their effort in resolving these angles only. The numerical solutions also demonstrated

the wavelets to be capable of detecting regions of negligible scalar flux, and to avoid the

placement of further resolution to these areas. The chapters finding showed that for prac-

tical problems such as the dog-leg duct problem, the adaptive angular resolution could

reduce the number of angular moments used in the approximation by up to 80% without

incurring significant errors. This in turn was shown to substantially reduce the computa-

tion times for solving the transport problems.

8.3 Fast FGMRES solver (Chapter 7)

In chapter 7 a new solver (IVOR) and preconditioner was developed in order to solve

the space and angle discretised transport equations. The solver forms a new variation

of the FGMRES algorithm that provides an alternative method to the restart procedure

once the available memory for search directions has been exhausted. IVOR’s method is

to intelligently select and reject directions from the full complement of search vectors and

replace them with the most recent preconditioned residual.

The preconditioner is based on a new hierarchical angular multi-grid method. The MG

grids are generated using the levels of a hierarchical angular discretisation - the hierarchy

is shown to naturally blend itself into a multi-grid framework. The numerous cycles

available provides the solver much flexibility in selecting the effort it applies to resolve

particular angular moments.

The numerical examples demonstrated the angular multi-grid preconditioner to be highly

successful in increasing the efficiency of the solver in comparison with standard precon-

ditioners. The angular multi grid cycles were also demonstrated to have a large influence

on the solvers efficiency. That is, the best performing preconditioning cycles were those

which suited the problem being solved. For example, isotropic problems were efficiently

solved using cycles that concentrated on the low order moments whereas the problems
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with highly directed fluxes were solved efficiently using cycles that concentrated on the

high order angular moments. The preconditioned solver was also demonstrated to have

the important property of converging in its number of iterations with respect to the size of

the angular expansion. The numerical examples had also demonstrated IVOR’s method

of search direction replacement to increase the solver’s efficiency compared to standard

FGMRES.

8.4 Future Work

The research contained in this thesis has opened a number of possible avenues for future

work. Some of these directions are discussed here.

8.4.1 Further Wavelet Development

The wavelets currently developed are linear, quadratic and spectral wavelets based over

an octahedral or hexahedral domain [1, 2] in which all fall into the category of second

generation wavelets. It therefore remains an open field for exploring the classical wavelet

functions usage in neutron transport theory [144]. These types of wavelet functions offer

additional advantages such as full orthogonality of high order wavelet functions. This is

important as it means that the matrices have highly sparse structures.

The future of the wavelet discretisations may also lie in the development of h-p type

wavelet approximations. These methods will essentially allow an approximation to in-

crease its resolution by either increasing its spectral accuracy over an element on the

sphere or by using low order approximations over a higher resolution grid. This enables

the flux to be approximated using the most suitable type of approximation. For exam-

ple, fluxes with discontinuities will be approximated using h-type approximations while

fluxes that change smoothly over angle will be resolved with an approximation that in-

creases its resolution spectrally. This will of course also require an effective error measure

to determine which approximation type is applied to all areas of angle.
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8.4.2 Error Measures

Good error measures, such as those in [180, 181], could be generated as they would be

useful in applications such as transient and non-linear transient analysis. These measures

would be based on optimising the accuracy of something of key interest or importance,

for example, energy deposition in a linked fluids-thermal radiative problem. This will also

give an indication of the error in this quantity due to both discretisation and model errors

e.g. from the non-linear sub-grid-scale radiation transport discretisation or possibly, a

linked Large Eddy Simulation (LES) and its effect on source terms and cross-sections.

Therefore, the calculation of the error metric (used for mesh and wavelet adaptivity) will

be based upon using adjoint sensitivity analysis which will optimise the accuracy of what

is important.

8.4.3 Mitigation of Gibbs Oscillations

BothPN and wavelet discretisations form Gibbs oscillations in their angular flux approx-

imations - a manifestation of Godonovs theorem [182]. Future work may be directed in

mitigating these oscillations, for which a couple of approaches could be explored: The

first approach could introduce a diffusion term that acts on the angular flux distribution

on the unit sphere with a magnitude related to the magnitude of the residual of the trans-

port equations. In order to avoid using excessive quantities of dissipation, the diffusion

operator could be formed by first mapping the wavelet approximation to a standard finite

element expansion on the unit sphere. This expansion is then lumped, which effectively

results in an SN quadrature set. This is then mapped back to the original basis, resulting

in a first order angular discretisation on the unit sphere. The high order wavelet discretisa-

tion (or more specifically mass matrix on the unit sphere) is then subtracted from the low

order discretisation to produce the desired diffusion operator and a known quantity of this

dissipation to introduce. This method would have much in common with standard Petrov-

Galerkin shock capturing methods and retains the desirable property that it is a residual

based scheme. The second approach could be to simply to add this diffusion term into

the discretised equations in an analogous way to flux limiting methods commonly used in
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transport schemes to suppress spurious oscillations or Gibbs oscillations [83, 84, 182].

8.4.4 Dual Approximations

Further research could also explore the use of a dual angular approximation. In essence,

the approach would be to allow the angular expansion to interchange betweenPN and

Wavelets so that the flux is approximated with the ’best’ angular approximation method.

For example, areas inducing isotropic flux distributions, such as those containing highly

isotropic scattering materials and strong isotropic sources, are best approximated with

low orderPN . Over other areas that create highly directed or peaked fluxes, for example

those with flux streaming through voids, a wavelet expansion with anisotropic adaptivity

would be by far the most suitable. The optimal situation would be to a switch between the

two angular expansions so that the most efficient representation is used everywhere on the

spatial domain. This can be viewed as a h-p (adjusting the number of angular moments

and adaptive polynomial expansion) angular expansion method.

8.4.5 Spatial Multigrid

The angular multigrid preconditioner developed in chapter 7 was demonstrated to give

convergence in the number of solver iterations with respect to increasing angular expan-

sions. This property however was not repeated for increasing sized meshes for the spatial

discretisation. In order for this to be achieved a spatial multigrid preconditioner is re-

quired. An algebraic multigrid such as SAMG [183], where course meshes are generated

by collapsing spatial nodes of a finite element discretisation, could be combined with the

angular MG method to produce an integrated space angle multigrid preconditioner. This

should provide the space and angle convergence (iterations with respect to the space and

angle expansions) property that is desired for the preconditioned solver.
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