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Abstract

Three new spherical wavelet bases have been developed to describe the direction of par-
ticle travel for neutral particle transport. Two methods are low order linear and quadratic
wavelet bases developed on the ideas of Swelden’s second generation wavelets. The third
is a spectral wavelet basis based on a Chebyshev collocation point method. The wavelet
bases are employed to discretise the angular variable of the one speed, linear Boltzmann
transport equation (BTE), which is used to describe the transport of neutral particles. The
methods are combined with a Streamline Up-wind Petrov Galerkin (SUPG) finite element

method which is employed to discretise the transport equation’s spatial dimensions.

A comprehensive demonstration of the new angular discretisation methods is given by
solving a number of steady state multi-dimensional neutral particle transport problems.
These demonstrate the capabilities of the wavelet methods by showing them to produce
very accurate solutions in comparison to the established discretisation méthaisl

Py. The numerical examples also demonstrate the wavelet’s ability to accurately approx-
imate difficult flux distributions and to reduce ray-effect distortions forming in their scalar
flux solutions (in comparison t8y).

Also presented in this thesis is a wavelet method for anisotropic adaptive resolution on the
unit sphere for approximating the angular variable of the BTE. The method is designed
to locate the areas of angle containing high errors and to react correctly by increasing
resolution only to these regions on the unit sphere. The self-adaptive method’s capabilities
are demonstrated by solving a number of steady-state particle transport problems. In
particular, problems involving difficult, highly directional fluxes are used to illustrate the
method working correctly by its application of high resolution only to the important areas
of angle. The numerical examples demonstrate the adaptive wavelets to be highly efficient
in approximating the angular flux and to provide very accurate solutions.

A new Krylov-based matrix solver is also developed. This solver uses a new variation of
the FGMRES algorithm which is preconditioned with a new hierarchical angular multi-
grid (MG) method. A demonstration of the preconditioned solver’s efficiency using vari-
ous MG cycles is presented.
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1.1 Introduction

The ability to accurately model the transport of neutral particles has become an essential
and integral part of many modern day applications. Some examples of fields which re-
quire the accurate simulation of neutral particle motion include: radiation shielding [6],
radiative transfer in stellar atmospheres and clouds [7, 8], reactor simulations [9], semi-
conductor device design, radiation/optical oncology [10, 11, 12, 13, 14, 14] and high en-
ergy physics. The processes affecting the transport of neutral particles as they transverse
through their hosting materials are described by the first order linear Boltzmann transport
equation [15, 16]. The Boltzmann transport equation was derived from the study in kinetic
theory of gasses where upon neutral particles were considered to behave similarly to that
of a rarefied gas. The equation considers a particle’s state in a 7 dimensional phase space
comprising of space, angle, energy and time and conserves neutral particles by describing
the individual physical processes effecting their state within this space. The processes
considered are absorption, scattering and (for neutrons) production of particles by their
interaction with atoms of the hosting media. Particle to particle collisions are considered
inconsequential compared to particle to media interactions and thus are ignored in this

transport equation.

Several analytical approaches for solving the transport equation have been developed
during the first half of the 20th century. Since the 1930s and 1940s, techniques such
as Weiner-Hopf [17], singular eigenfunction expansions [18] and methods using Greens
functions have all been available to provide analytical solutions. However, the complexity
of the 7 dimensional phase space often confines analytical methods to their use on sim-
plified configurations, such as problem domains of infinite half spaces (for example the
Milne problem). This imposes severe limitations on their use in particle transport appli-
cations and are certainly not relevant to modern day radiation engineering problems that
incorporate complex multidimensional geometries. Therefore, in order to find solutions
to these more general and difficult problems, numerical methods are required. In fact, the
field of numerical method development now forms a substantial and important part of the

research in radiation transport calculations.

It is the development of new approximation methods for the discretisation of the transport
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equation’s angular flux that forms the first section of research in this thesis. In particular,
the research is focused on the development of discretisation methods for the directional
variable of the angular flux. The essential outcome of this work is to develop robust an-
gular discretisation methods capable of accurately representing all types of angular flux
distributions. The development of new, accurate angular discretisations is particularly im-
portant to many modern day applications which often involve materials with vastly differ-
ent optical properties as they induce highly complex flux distributions. One example is in
radiation shielding where ducts containing voids (where no particles are absorbed) are set
into highly absorbing/scattering shields in order that the system'’s state may be observed.
The scattering material induces the flux to vary smoothly over solid angle, however, the
flux within the duct can become highly directional due to particles streaming through
space without colliding with the hosting material. In a similar situation, in transient reac-
tor analysis, slug regions with optically thin cross-sections can develop within fluidised
bed reactors. This is illustrated in figure 1.1 where gas bubbles combine to create large
void regions within which neutrons can stream free of interaction and generate highly

directional fluxes.

The implications of many problems involving material with very different optical prop-
erties are that vastly different and quickly varying angular fluxes can form over short
distances. As a consequence, these distributions present numerous difficulties to the dis-
cretisation methods. Highly directional fluxes that often form in voids are notoriously
difficult to approximate and require highly accurate and expensive discretisations. In fact,
it is more appropriate to approximate these fluxes using adaptive technologies. In ad-
dition to this, highly directional fluxes can also cause non-physical oscillations to form
over regions of angle containing high gradients (Gibbs oscillations) and these in turn may
cause the angular discretisation to form spurious negative fluxes. It is important to avoid
this situation, particularly for multiplying problems where particle production through
fission is dependent on the current state of the flux (which therefore must be positive to
be meaningful). Spurious oscillations in the scalar flux solutions (ray effects) are also a
common by-product of the angular discretisation. These typically form in discrete-type
discretisation solutions (such &) involving problems with isolated sources and non

scattering, optically thin materials.
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Figure 1.1: This diagram shows a conceptual fluidised bed reactor. Gas is pumped into
the reactor uniformly at the bottom within which the 2mm fissile fuel particles become

fluidised. As the gas (blue regions) rises through the material they coalescence and can
form slugs of very low cross-sections. Neutrons then stream through these regions without

collision, forming highly directional angular flux distributions.
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The final part of this thesis will focus on the fast solving of the linear system of equa-
tions generated by the discretisation of the Boltzmann transport equation. This is vitally
important to the progress of numerical methods as discretising all 7 dimensions of the
BTE will often result in extremely large linear systems which can be immensely time
consuming to solve. Specifically, a new solver based on Krylov solver technologies is
developed. The solver provides fast convergence on the system’s solution and reduces
the computation memory costs (in comparison to standard Krylov solvers). Furthermore,
in order to increase convergence rates further, a new hierarchical preconditioner is de-
veloped. The preconditioner is based on multigrid ideas utilising hierarchical angular
discretisation schemes. The new solver and new preconditioner are combined to establish
a fast algorithm designed specifically to solve the Boltzmann transport equation.

In order to address all issues mentioned, the new fast solver and angular discretisations
are developed in order to satisfy the following:

1. To produce numerically robust angular discretisations capable of accurately repre-
senting all distributions of angular flux.

2. To mitigate or reduce ray effects and Gibbs oscillations forming in scalar flux and
angular flux solutions.

3. To incorporate adaptive angular capabilities for difficult transport problems.

4. To develop a new preconditioned solver capable of increasing the efficiency of solv-
ing the discretised equations in comparison to current technologies.

The numerical methods developed in this thesis are incorporated within the radiation
transport code RADIANT [19]. RADIANT employs space-time finite elements to discre-
tise the spatial and temporal dimensions. A Streamline Upwind Petrov Galerkin method
(SUPG) is incorporated within the code in order to suppress spurious oscillations forming
in its numerical solutions. RADIANT has been previously compared to existing bench-
marked radiation transport codes and has been shown, by numerical example, to yield a
diffusion limit.
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The methods of angular discretisation described here have been demonstrated for accu-
racy on a number of 2 dimensional, time independent, mono energetic particle transport
problems. The problems have been selected so their material properties vary between
being opaque and transparent in order to allow a diverse range of angular flux distribu-
tions to be tested. Benchmark solutions are provided by RADIANT using a spherical
harmonic angular discretisation. This allows a consistent comparison of the angular dis-
cretisation methods to be drawn, since the remaining space and time discretisation will
remain unchanged. Benchmark solutions are also provided by an even-parity [20] and
discontinuous Galerkin (DG) method [21]. These are fully established radiation transport
codes which therefore guarantee reliable solutions.

1.2 Numerical Methods for Solving the Boltzmann Trans-

port Equation

This section presents a historical review of numerical methods used to model neutral
particle transport for which an account of both the probabilistic and deterministic methods
has been included. Since the main focus of this thesis is in the development of new angular
discretisation methods, a comprehensive review of the previous angular approximation
schemes is given.

1.2.1 Stochastic Methods

Monte Carlo numerical methods [22, 23] are essentially statistical modelling methods
from which simulations are performed using a sequence of random numbers. For the
modelling of neutral particles, hundreds of thousands of particles are traced from their
birth by fission or an external source to death by capture or leakage through the problem’s
boundary. The path traced by a particle’s movement through the problem domain is called
a history. Each history tracks the absorption, scattering and fission events that a particle
encounters by statistical means. Essentially, by using the probability that a particle’s
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interacting event will occur, random numbers between 0 and 1 can be used to determine
a particle’s fate at each history instance. In the event of scattering occurring, random
number generators are again used to calculate the new direction of particle travel. This is

based on the probability density function of its scattering angle.

A disadvantage of the Monte Carlo method is that it is difficult to predict convergence
in their solutions - especially for criticality calculations. The stochastic framework also
means that the method is liable to statistical errors and convergence of the solutions can
not always be guaranteed. High computational cost are also a major disadvantage. This
is because a large number of particle histories are required in order to gain statistically
reliant results. In fact, Monte Carlo is one of the most time consuming of all methods
available for particle transport modelling. The method of variance reduction has been
developed to address this issue [24, 25]. This method optimises the statistics which re-
duces the number of particle histories required which in turn speeds up the calculation.
However, for many applications the method is still considered to be insufficient.

The main advantages of using the Monte Carlo method includes the fact that it is one of
the most accurate of the numerical methods available. The method avoids all discreti-
sation errors that are associated with the decomposition of the problem domain when
deterministic methods are used. In fact, the basic mechanics of Monte Carlo make it
favourable for use in modelling complex multi-dimensional domains. This has led to the
method being greatly applied in nuclear industry and applications of nuclear medicine.
Monte Carlo modelling can also be naturally computed in parallel since particle histo-
ries act independently of each other. In summary, Monte Carlo’s advantages are such
that it has established itself as the main tool for particle transport modelling. It is also
common to find the method being employed to provide benchmarked solutions for testing
alternative numerical methods [26, 27].

1.2.2 Deterministic Spatial Discretisations

The high demand for simulating a vast range of physical phenomena, for which a solution
to some fundamental partial differential equation is required, has led to an extensive range
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of discretisation methods for approximating spatial variables. Of these approaches four
have emerged as the most popular among researchers, namely the finite difference, finite
volume, finite element and spectral methods. This section presents the main tools used to
discretise the spatial domain of the Boltzmann transport equation. The methods presented
are well established techniques and will have been applied to most fields of numerical

modelling.
Finite Difference Method

One of the earliest discretisation schemes for approximating the BTE were designed on
finite difference technologies. The finite difference method (FDM) approximates the
equation over the points of a uniform grid (which is normally aligned with the Cartesian
space). The approach then utilises a re-arrangement of the Taylor series and expresses
the differential operators in terms of the variable’s value over the grid’s positions. Exam-
ples of the differencing schemes are the upwind and central differencing methods, these
provide first and second order accuracy, respectively. A linear system is generated by
FDM that expresses the PDE’s solution over the grid positions. One of its advantages is
that the treatment of the differential operators couples each grid position to their close
neighbouring points only. FDM therefore produces sparse linear system which, for some
equations, can be tridiagonal and symmetrical. A disadvantage of FDM is that the regu-
lar grid complicates the method’s application to irregular and complex problem domains.
The method’s use is therefore best suited to application involving structured geometries.

Finite Element Method

The finite element method (FEM) [28, 29, 30] has emerged as one of the most pow-
erful numerical techniques for the modelling of physical phenomena. The method first
arose from the work of Rayleigh, Ritz and Galerkin who were developing new numerical
solutions for problems in structural analysis. The technique proved to be successful and
highly versatile, especially for modelling complicated structural domains, and it was these
particularly important properties that attracted FEM to be applied in most other fields of

numerical modelling.

For the modelling of neutral particle transport, finite element techniques were first de-
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veloped at Los Alamos [31]. In their work they had shown how the use of higher order
Lagrangians led to substantial advantages over FDM in computing the multi-group diffu-
sion equations. From this others work soon followed. Ohnishi [32] had applied a finite
element formulation to both diffusion and transport theory. Semenza too had applied the
method in order to resolve the variational form of the transport equation [33]. This ini-
tial work was continued with Ackroyd [34], Kang and Hansen [35] and Pitkaranta [36],
to name a few, which subsequently led to the establishment of finite element in particle
transport theory. Reviews of FEM progress in this field of study, with applications to the
diffusion, first order and second order equations, have been compiled by Williams and
Goddard [37], Lewis [38] and Ackroyd [39].

When used to discretise the Boltzmann transport equation, the finite element method par-
titions the problem’s spatial domain into a finite set of non overlapping elements (or
sub-domains). Then, over each element, an approximation is sought using a set of in-
terpolating polynomial functions. In most cases the approximation has linear or quadratic
variation and typically uses an expansion of approximating (or trial) functions associated
with collocation points positioned over the corners and mid-edges of an element. The
problem is then reduced to finding the PDE’s solution over the finite set of collocation
points. These are computed by solving a linear system of equations which are formulated
using either a weighted residual or variational method.

It is common practise to employ triangular and quadrilateral elements to discretise 2 di-
mensional domains. For 3 dimensional problems, tetrahedral, triangular prisms and hex-
ahedral element are employed. In general the quadrilateral and hexahedral elements are
more accurate. However, triangular and tetrahedral elements are more suitable to dis-
cretising complex geometries requiring unstructured meshes. This leads to FEM’s main
advantage in that complex domains are easily treated. In some instances, the method can
also naturally incorporate boundary conditions.

Finite element approximations can be continuous or discontinuous over the elements’
boundaries. The latter option, the Discontinuous Galerkin method (DG), is generally
more accurate and stable for resolving fluxes with sharp gradients and discontinuities.
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1.2.3 Deterministic Angular Discretisations

This section reviews the main numerical methods used to discretise the angular variable

of the Boltzmann transport equation.
Diffusion Methods

Diffusion methods offer a simple and efficient treatment for the angular variable in parti-
cle transport modelling. Diffusion methods are low order methods that recast the transport
equation into a single diffusion differential equation which is independent of angle and
expressed in terms of particle density throughout space. The method began with Ed-
dington’s work in the 1940s. He had shown that if the angular flux could be represented
accurately with the first two terms of a spherical harmonic expansion (that is the flux is
nearly isotropic and varies smoothly over angle) the resulting equations could be reduced
to a single diffusion type equation expressed only in terms of the scalar flux. Subsequent
work in this area soon followed from where different assumptions were made on the angu-
lar flux distributions. Successful examples include the methods of equilibrium diffusion
[40], isotropic diffusion [41] and asymptotic diffusion theory [42, 43]. In all methods, a
single diffusion equation results that differed only in their diffusion coefficient.

An advantage of this approach is that the spatially discretised diffusion equations can be
solved and stored in memory efficiently. The method also yields accurate solutions when
the problem conforms with the assumptions of the angular flux. This usually requires the
flux to have a high degree of isotropy which, in turn, makes diffusion methods suitable
for many applications including reactor calculations [44] and optical imaging [11].

The methods weaknesses are that poor solutions result from difficult problems (‘difficult’
relating to hard angular distributions to replicate) and that breakdown occurs when resolv-
ing voids (this is due to the diffusion coefficients possessigjg term wheres,; denotes

the material cross section). The methods can also violate causality. Causality states that
the magnitude of the flux can not exceed the density of particles multiplied by their speed.
One solution to this problem is to use flux limiting [45]. Flux limiters modify the diffusion
coefficients which, in turn, manipulates the dissipation to ensure causality is maintained
at all instances. Initial flux limiters were adapted in an ad-hoc manor in order to preserve
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causality in the presence of large flux gradients. However, a more elegant approach was
developed by Pomraning’s who derived a diffusion method which had a natural built in
flux limiter [46].

Py, Simplified Py and Solid Harmonics S H Py

The Py method is one of the first approximation methods used in neutral particle mod-
elling [47, 48, 49]. ThePy method approximates the angular variable of the particle flux
using expansions of spherical harmonic functions [50, 51, 52]. Spherical harmonics are
a complete set of orthonormal functions that form a basis for the angular variables

- the variables that represent direction of particle travel on the unit spherePy lagp-
proximation arises through the truncation of the spherical harmonic expansion to include
all harmonics functions up to the ordat. The result is a polynomial approximation of
order N (over the angular variables) - whehkeis usually chosen to be odd. The method
provides spectral accuracy and unlike the diffusion methods, it converges to the exact so-
lution in its asymptotic limit - that is a8 — oo. The spherical harmonic basis is defined

as the se{Y;,, Y5, } forl € {0,1,...00} andm € {0,1,...,1}, whereY};, andY,
denote the real valued sine and cosine spherical harmonics, respectively,

Yo, = Bu) cos(mw),
Yo, = PMu) sin(mw). (1.1)

The functionsP™ define the associated Legendre polynomials [15].

The advantages aPy is that it is generally accurate for most transport problems. For
problem domains that involve significant scattering, and where the angular flux possesses
a fair degree of isotropy, low order expansions are sufficient for accurate approximations.
The method is also rotationally invariant. This is particularly important as ray effects
are guaranteed not to form in the scalar flux solutidfy, also has the ability to treat
anisotropic scattering kernels exactly. In addition to this, whgis applied to the second

order transport equations the odd moments can be eliminated to form the reduced set of
even parity equations.

The disadvantages d?y include the problem of vacuum boundaries being difficult to
maintain due to the continuous variation of the approximated flux. There is also the
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problem of sharp gradients in the scalar flux solution being smoothed out by low order
expansions. However, the more significant disadvantages are that the multidimensional
Py equation sets are complicated, expensive to solve and grow rapidly in the order of
(N + 1)2. This has been a huge draw back for the method’s progress in the transport
approximations. Even despite being one of the earliest methods developed, the high com-
putational requirements has pushéd beyond use in most practical applications.

In contrast to this, the one dimensional, equations, which are derived by an expan-
sion of Legendre polynomials [15], are simple and grow at the much slower rate of just
(N +1). It was this reduction in complexity that attracted Gelbard to the idea of expand-
ing the planar equation sets into a multi-dimensional framework as a method of avoiding
the complications ofy. He first achieved his goal in the 1960s [53] when he proposed
the simplified spherical harmonic methafiHy). His method was to generalise the set

of (N + 1) planar equations by the replacement of the spatial derivatives with multi-
dimensional Laplacian and divergence operators. The initial test calculations on one di-
mensional cylindrical [54] and spherical [55] geometries yielded impressive results.

By its construction, th& Py advantage is that the equations are simple and small in num-
ber. In addition to this, the method retains its rotational invariance, therefore ensuring
the solutions do not contain ray effects. Unfortunately the method’s mathematical foun-
dation was weak for general domains and Gelbards ad-hoc derivation was never fully
accepted by the research community. In addition to this, the asymptotic linsiPgf

did not converge to the equation’s exact solution (except on a few specific cases). For
these reasons the research in this field stagnated over the next two decades. It was not
until the early 1980’s that interest i$iPy began to re-emerge. In 1981, Lemanska [56]
reported huge improvements in accuracy on diffusion theory using the low $rdeand

S P5; equations. Smith [57, 58] then independently derivedSlis equations and again
reported huge increases in accuracy over the diffusion theory applied to two dimensional
lattice and core applications. As interest gré#’y was applied to multidimensional ap-
plications of shielding, core and lattice problems [59] and again similar improvements on
the diffusion equations were reported. The general pattern shé\igdwvas capable of
providing significant improvements on the diffusion theory {®}, especially when the
diffusion (P;) was the leading term. This view was strengthened when Gamino [60, 61]
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reported that oves0% of the error of theP, approximation could be corrected with a low
orderS Py solution.

The main breakthrough came when papers by Larsen, McGhee and Morel [62, 63, 64]
gave a mathematical basis for the asymptotic limit for $i&; equations. Using both a
variation analysis and asymptotic limit argument, they were able to show thatvas a

high order approximation of the transport equation for problems whergte&pansion

was the leading term. Geometries with this attribute have the tendency of being optically
thick, having low absorption cross-sections and relatively high scattering cross-sections
which are not highly forward peaked. Essentially’y is a higher order approximation to

the diffusion theory. Pomraming was also able to show that for domains with an infinite
homogeneous mediur,Py solutions were guaranteed to converge on the exact solution.

Another simplification of thePy approximation is the solid harmonic methasi{H )
proposed by Ackroyd in the 1960s [65, 66, 67]. Ackroyd’s aim was to relax the con-
straints of the unit vector denoting direction and the inconveniences caused by its direc-
tional components. The transport equation was generalised to incorporate a directional
vector of arbitrary length and expanded in angle using solid harmonics. The result was
a set of multi-dimensional first order differential equations that had strong similarities to
the planarPy equations. Subsequent work followed which recast the equations into sec-
ond order differential form. Elimination of the odd moments then provided a system of
diffusion-like equations that showed a strong resemblance to thasg,of

Discrete Ordinates

The discrete ordinate methofly) is one of the most popular and simple techniques used

in radiation transport approximations. The discrete ordinate method discretises the angu-
lar variable into a finite set of rays or ordinaté§, } fori € {1,2,..., M}, and particles

are permitted to travel only in these directions. The directions are then coupled with a set
of weights to form a quadrature set on the sphéfg, w; } fori € {1,2,..., M}, and the
transport equation’s integrals are numerically approximated using $hespiadrature

rules. The set ofM equations follows from expressing the transport equation at each of
the directiong;, fori € {1,2,..., M}.
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The Sy method was proposed by Carlson [68] in the 1950s and quickly became popular
for transport calculations. A reason for its popularity was that its simple treatment of
the angular variable meant that the equations sets were only coupled through scattering.
Therefore, pure absorbing problems would generate a sét afidependent hyperbolic
equations that are solved for each direction. In addition to this, bare surface boundary
conditions are easily resolved by simply determining the ordinates directing particles into
the system and setting the associated fluxes to zero.

The Sy method does have many disadvantages, the most notable of which are the pres-
ence of ray effects in their solutions. Ray effects [69, 70] arise in multidimensional so-
lutions as a direct consequence of the discretisation limiting the angular flux to travel in

a finite set of directions. Ray effects appear as unphysical oscillations in scalar flux so-
lutions and are at their most damaging when a problem contains isolates sources within
a rarefied, non scattering media. Various methods and techniques have been proposed
in order to suppress the oscillations caused by ray effects from destr8yisglutions.

One technique is to ensure enough directions are used so that source regions are directly
connected to all elements of the spatial discretisation. Another technique is to select a
guadrature set that is more rotationally invariant, thus less susceptible to oscillating solu-
tions. A third, more elegant approach is to recastifeequations into a set with close
similarities to thePy equations (that are free from ray effects) [71, 72]. This is achieved

by adding a fictitious source term to the transport equation to induce direction coupling
through the streaming operator. In addition to ray effects, anéthelisadvantage is that

it generates a fully coupled system of equations for scattering problems. This has obvious
disadvantages for the memory and CPU resources.

Various .Sy direction and weighting quadrature sets have been developed. For 1-D cal-
culations the direction and weights are normally chosen to correspond to the roots of
the N — 1 Legendre polynomial [15]. In this instance it can be shown thatStheind

Py_1 approximations are equivalent [15]. For multi-dimensional discretisations, common
guadrature sets are usually equal weight numerical integration schemes. Two examples
are the Kershaw: Harte and rectangular partitioning methods [73], an example of these

is presented in figure 1.2. The diagrams illustrate the method’s discretisation by a parti-
tioning on the sphere. The centre of each patch denotesyadirection while its area
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Figure 1.2: The equal weight discrete ordinate discretisation of the sphere. (a) The Ker-
shaw& Harte method §;). (b) The rectangular partitioning method. The centre of the
patches represent a direction%§. The patch’s area represent the direction’s correspond-

ing weight in theSy quadrature rule.

corresponds to the weight. Other multi-dimensional quadrature schemes include uniform
weight [74], uniform Gauss-weight (using the tensor product of two 1-D Gauss quadrature
rules) [75] and Chebyshev-Legendre [76] schemes.

Walsh Functions

Walsh functions [77, 72, 78] are well established in numerical analysis for expanding
and approximating functions on the real line. Walsh functions form an orthonormal and
complete set of hierarchical basis functions over the inteval§—1, 1). The hierarchi-

cal levels,j € {0,1,..., 00}, form piece-wise constant approximation over the intervals
(27 + k, 277 1 K] for k € {0,1,...27}. The functions are defined as:

Wal(2i+p,z) = (=) {Wal (i, 2(x +0.5)) + (—1)" Wal(i, 2(z — 0.5))} (1.2)
with an initial Walsh function defined as,

1 for -1 <x<1
Wal(0,x) = (1.3)
0 otherwise,

and the first four Walsh functions are presented in figure 1.3.
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Wal(0,x) O -

Wal(1,x) 0 --- === -mmm oo

Wal(2,%) 0 --======- == mmmmmm s

Wal(3,x) 0 -----------mm s

Figure 1.3: This diagram presents the first 4 Walsh functions defined in equation 1.2.

A tensor product of two Walsh expansions are used to discretise the angular variable of
the Boltzmann transport equation. The two expansions are used to discretise angular vari-
able over the azimuth and polar angles separately. This results in an approximation that
IS piece wise constant over a rectangular partitioning of the sphere which is similar to
the second equal weighty partitioning shown in figure 1.2. The Walsh approximation
has an advantage ov8k in that the light coupling of the angular variables through the
streaming term serves to reduce oscillating solutions caused by ray-effects [78]. In addi-
tion to this, the discretisation of scattering terms does not result in fully coupled systems
(as what happens withy). Furthermore, the two separate expansions allow the angular
discretisation to vary its resolution across the polar and azimuth directions. This allows
high resolution to be applied to the directional variables that are important - for instance
the azimuth angle is more important in 2-D calculations [79]. The disadvantage of the
method is that ray effects do occur in the solutions. The method is also of low order
accuracy.
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1.2.4 Solutions of the Boltzmann Transport Equation

This section describes the two main methods for solving the discretised Boltzmann trans-
port equation. A popular technique for reducing spurious oscillation that result from the
discretisation are also discussed.

Variational Techniques

Variational techniques are employed when the solution to the differential equation under
consideration is equivalent to the optimisation of a different differential equation [80].
The variational method functions by substituting an approximation into this alternative
equation (called the functional). The functional is then optimised by differentiating it
with respect to each expansion coefficient and solving the resulting linear system with all
terms equated to zero. One advantage of using variational techniques is that the functional
is often easier to handle as it is usually of lower differential order than the original differ-
ential equation. Another advantage is that the method can be used to prove the existence
of a solution.

The variational method has been extensively applied to obtain solutions for the second
order even parity equations. Examples of these include Lillie and Robinson work on dis-
crete ordinate, finite element solutions of the even and odd parity equation [81] and the
spherical harmonic, finite element solutions of multigroup problems developed by Olive-
ria [82]. A full demonstration of the variational approach’s use in transport calculations
is also given in [49].

Weighted Residual Methods

Residual methods are techniques that find solutions to the discretised equations by the
minimisation of its residual term. The residual is defined as the error that results from the
substitution of the approximation into the transport equation. Obviously, the expansion
of trial functions will not normally be able to provide a solution that results in a zero
residual over whole phase space. Therefore, as an alternative, the residual is required to
vanish in some average sense. One residual approach is the collocation method. This
technique selects a finite number of collocation points at which the residual is required
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to vanish. Other popular techniques include the sub-domain collocation and least squares
methods. However, the most popular of the residual methods is the weighted residual
Galerkin technique. In the Galerkin method the approximated equation is multiplied by
a set of weighting functions and integrated over its phase space. This results in a set of
weak form equations that form to build a linear system. This is then solved to find the ex-
pansion coefficients that satisfies the Galerkin weighted conditions. Numerous weighting
techniques exist. One approach is to perform the weighting using the same trial functions
as used in the approximation - the Bubnov Galerkin method. Alternatively one could use
a separate set of trial functions to carry out the weighting - the Petrov Galerkin method.

Stabilization Methods

For many numerical techniques, solving PDEs in which convection dominates can often
result in spurious Gibbs oscillations forming in their approximations. Typically, under
high convection conditions, sub optimal numerical schemes produce solutions that are
under diffusive and contain spurious oscillations over regions of high gradients. For many
applications in transport modelling, the oscillations can be highly damaging and may also
cause negative angular and scalar fluxes to form. In these situations it becomes necessary
to mitigate the oscillations and negative solutions using a suitable stabilization method.

Numerous techniques have been developed for numerical stability in finite element and fi-
nite difference solutions. The Petrov Galerkin methods are one such successful example.
In Petrov-Galerkin methods, additional diffusion is introduced into the solution in order
to compensate the under dissipative approximation of the original discretisation. This is
achieved by pre-multiplying the transport equation by the Petrov Galerkin term, this is es-
sentially a contribution of the equations convection operator. Then, when combined with
the equation’s own advection, the SUPG term yields an additional diffusion component.
Selecting the optimal dissipative contribution of the stabilizing term remains an active
area research. Various techniques have been derived that perform well under specific
material regimes. For example, the self adjoint angular flux method (SAAF) provides
stability for optically thick materials. The Streamline Upwind Petrov Galerkin method
[83] (SUPG), in which diffusion is added in the solution’s stream line direction only, is
more applicable for optically thin regimes. Methods combining both approaches in order
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to gain optimal stability over all regimes have also been developed [84, 19]. In addition
to this, non-linear methods can also be applied to SUPG in order to mitigate oscillations
that do not propagate in the stream line direction - such examples include discontinuity or
shock capturing methods [84, 19].

1.3 Scope of Thesis

This thesis is concerned with approximating the solution of the time independent, mono
energetic, first order linear Boltzmann transport equation. The first aim of this thesis is
to produce new robust numerical methods for discretising the transport equation’s angu-
lar variable. This work is based on the application of spherical wavelets for which three
schemes have been developed. Two are based on low order wavelet discretisations and
the other is an approximation method using spectrally accurate wavelets. The reasons for
investigating spherical wavelet discretisations are due to their particular properties. Apart
from having already shown their powerful ability in function approximation, their proper-
ties of compact support and hierarchical expansions makes the application of anisotropic
adaptive resolution in the angular phase-space possible. This leads into the next topic
of the thesis - to develop and apply a method for self adaptive angular discretisations of
the Boltzmann transport equation. The final section of this thesis concentrates on the ef-
ficient solving of the space/angle discretised equations. In this work a new variation of
FGMRES is developed. The solver is also combined with a new preconditioner based on
hierarchical angular multigrid ideas in order to increase efficiency further.

In chapter 2 the transport of neutral particles is described and the first order linear Boltz-
mann transport equation is presented. The angular discretised transport equations are then
derived for an arbitrary angular discretisation. The full treatment of the scattering term has
been included where the scattering cross-sections are assumed anisotropic and expanded
using Legendre polynomials. A Riemann method for treating bare surface boundary con-
ditions is also presented. Chapters 3 and 4 develop the two low order spherical wavelet
discretisations based on second generation wavelets. The full development is presented
and tests are performed on a number of 2-D problems domains. Chapter 5 presents the
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spectral wavelet discretisation based on Chebyshev collocation point polynomials. Again
tests are conducted on a number of 2-D problems domains. Chapter 6 develops a new
method for self adaptive angular discretisations using the spherical wavelet bases devel-
oped in the previous chapters. Numerical examples are presented showing the successful
functioning of the adaptive angular resolution using the two low order wavelet bases. In
chapter 7 the new solver and preconditioner are developed. The solver is based on Arnoldi
Krylov search space ideas and is an extension of the FGMRES algorithm. The precon-
ditioner uses the hierarchy of the angular discretisations which naturally lends itself to a
hierarchical or multi-grid solution method. This allows the preconditioner complete free-
dom to select and concentrate on resolving the angular moments that require the highest
effort. Chapter 8 presents the conclusions of this thesis and a section detailing possible
future work.
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2.1 Introduction

The Boltzmann Transport Equation (BTE) [49, 15, 16] mathematically describes the
transport of neutral particles, such as neutrons and photons, and details the interaction

55
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processes between the particles and their hosting materials. The transport equation was
derived by postulating some basic concepts, or assumptions, concerning the directional
flow of radiation and how its orientation and energies are influenced when contact is made
with the atoms of the surrounding matter. The assumptions conform exceptionally well to
the natural motion of neutral particles and naturally lead to the notation of material cross-
sections and secondary particles emitted through the processes of scattering and fission

reactions.

This chapter presents the foundations of particle transport simulation that are relevant for
the work of this thesis to proceed. Section 2.1.1 presents the assumptions of neutral parti-
cle travel and describes the terminology of material cross sections that describe the events
of absorption, scattering and fission. Section 2.1.2 then presents the linear Boltzmann
transport equation (as well as its alternative forms) and describes boundary conditions
common to practical applications. Section 2.2 derives the angular discretised Boltzmann
transport equations. The equations are based on using arbitrary expansions of angular
basis functions to approximate the transport equation’s angular dependence. The treat-
ment of the scattering term using an expansions of Legendre polynomials are also fully
described. Section 2.3 presents an SUPG method and a finite element discretisation of
the spatial variables. A treatment of bare surface boundary conditions using a Riemann
method is presented. This method is illustrated on 1-D equations where the Riemann
method is used to approximate fluxes at the surfaces of a control volume discretisation.

2.1.1 Neutral Particle Motion

For the derivation of the Boltzmann Transport Equation the following presumptions on
neutral particle propagation are:

1. Particles are considered as points.

2. Particles travel in straight lines between collisions with the surrounding matter.

3. Interaction between particles may be ignored.
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4. Particles emitted from collisions with the surrounding matter are instantaneous,
except in the case of delayed neutrons in fission reactions.

5. The material-particle interaction properties are assumed to be known.

A consequence of assumptions 2 and 3 is that a particle’s energy and direction can only
change through collisions with the atoms of the hosting materials. The types of interac-
tions that occur on collision are absorption, scattering and, for neutrons, fission. In the
absorption process a particle is captured by an atom of the hosting media and, in a math-
ematical point of view, cease to exist thereafter. In a scattering interaction, a particle is
deflected by contact with a hosting material atom which results in a change to its direction
and energy state. The two types of scattering processes are elastic and inelastic. Elastic
scattering is governed by the conservation of momentum and kinetic energy where as in-
elastic scattering results from the loss of a particle’s kinetic energy that occurs due to the
increase in the atoms energy state. Finally, in a fission reaction, a neutron is captured
(absorbed) by the nucleus of a hosting fissile atom. An instantaneous or delayed emission
of one of more neutrons then follows this event.

The rates of which all three processes occur are governed by the material cross-sections
which are known from the outset by assumption 5. The cross-sections, denotedrey
macroscopic quantities. They have the dimensians! and represent the probability

that a particle will undergo a collisional process having travelled a distande. ofor
example, the probability of a particle being captured when travelling a distande of
through a material with an absorbing cross-sectigns given by,

absorption probability = o, dr.

In a similar manor the probabilities of scattering and fission processes occurring are de-
scribed by the cross-sections and o, respectively. The likelihood of any collision
occurring is denoted by the material’s total cross-sectioMhis is defined as the sum of

all interaction cross-sections,

O - Oq + Os,
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where the absorption cross-sectignis the summation of the captuse and fissions ¢
cross-sections,

O = O¢ + Os.

The total cross-section’s reciprocal also defines the materials mean free path. This is the
average distance a particle can expect to travel before undergoing a collision event.

In this thesis only materials with isotropic cross-sections are considered. This requires the
probability of a particle’s interaction occurrence to be independent of its initial direction.
For the vast majority of applications this property conforms well with the behaviour of
materials. However, in some instances the application of anisotropic materials are im-
portant [85]. Some examples include applications of modelling radionuclides through
fractured rock [86], calculations of low energy neutron propagation through crystalline
media and near-inferred propagation through living tissue.

2.1.2 The Boltzmann Transport Equation

This section presents the first order, time dependent linear Boltzmann transport equation
which describes the transport of neutral particles based on the assumptions stated in sec-
tion 2.1.1,

1 . . . .
_% (T7Q7E7t> + Q'vw(r7 Q7E7 t) —l_ O-t(/r’ E)¢(T’Q’E7t) =
v

qex(TaQaE7t> + qS(hQaEat) + Qf(T,Q,E,t). (21)

The field variable of the Boltzmann transport equation is the angulanzf{w@, Et).

This variable exists in a 7 dimensional phase space that is made up of three spatial, two
angle, an energy and a time dimension. The angular flux represents the number of neutral
particles that occupy the spatial regienthat are travelling in the directiof2, that have

the energyr at the time instancg multiplied by their velocityv.

The Boltzmann transport is essentially a balance equation that conserves neutral particles
during their propagation through a material. Each component of equation (2.1) mathe-
matically represents the individual mechanisms influencing particles over the phase space
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instance(r, O, F, t). The first term of equation (2.1) represents the rate of change of an-
gular flux with respect to timé. In order to ensure the number of particles balance, this
term equates to the number of particles lost through streaming, the number of particles
lost through absorption and the number of particles gained through emission during the
short time period + dt. The second and third terms of equation (2.1) describe the net
loss of particles due to streaming and capture (for all interactions), respectively. The three
terms on the right side of equation (2.4y,, ¢; andgy, denote the emission of angular flux
coming from external sources, scattering and fission reactions, respectively. The external
Sourceqe, (r, Q, E,t) is an explicitly known function of the 7 dimensional phase space.
The emission of particles through scattering and fission are implicit functions which are
dependent on the current state of angular flux.

The discharge of scattered particles in directidbmvith energyE is calculated in a sta-
tistical average framework. Using the cross-sectigfr, O -0 FE - E, t) to denote
the probably density function of a particle, initially travelling in directi@hwith energy
stateE, to be scattered into the directiohwith energyE, the scattering emission can be
calculated by integrating the cross-section and angular@zf[mxfz/, E',t) over the angle
and energy phase spa@@, £'),

qs(r,Q,E,t):/ / os(r, QY = QE — E,t)(r,Q0,E  t)dQY dE'. (2.2)
E' Jar

The emission of particles through fission (where delayed neutrons neglected) is also cal-
culated in a statistical framework. For this a textt¥) is used to denote the probability
density function of a fission neutron having an enefjyA second term/(E’) denotes

the mean number of neutrons produced in a fission reaction initiated by the absorption
of a neutron with energy’. The fission cross sectiary(r, E') is used to represent the
probability of a neutron with the energy’ being captured by fission. The assumption
made on these terms is that the discharge of fission is assumed to have isotropic distribu-
tion - that is, the neutrons released have no bias to any direction. The output of fission
particles can then be calculated by multiplying the probability and cross section terms
with the scalar flux and integrating over the energy varidble

A

qr(r, S, B t) = x(E) /000 V(El)af(r, E/)gzﬁ(r, E/,t)dE/. (2.3)
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The scalar flux is defined as the angular flux integrated over dhgle

o(r,E,t) = / dup(r,Q, Et) (2.4)

This has an important physical meaning as it defines the mean density of particles at po-
sitionr with energyF at timet. Two other important quantities are the radiative flux and
pressure due to the radiation flow. The radiative flux is a three element vector measuring
the flow of particles across a unit area of surface at positidrhis is defined by,

o(r,E,t) = /dQQ¢(r, O, E,t), (2.5)

where(} is the unit vector defining the directidhin terms of the spatial coordinates. The
pressure due to the radiation flow is represented by the 9 element matrix, again defined in
terms of the unit vecta2 and the angular flux,

~

o(r,E,t) = /dQ QQY(r,Q, E ). (2.6)

Alternative forms of the BTE

It is important to mention alternative versions of the Boltzmann transport equation as es-
tablished codes that solve these variations are frequently employed to provide benchmark
solutions. One variation is the even-parity equation which can be constructed directly
from the first order equation (2.1) or by means of a variational approach [34]. The method
defines the even and odd parity variables as,

V() = S((0) +v(- ),
V() = S((0) - v(-0),

which replace the angular flux within the transport equation. Cancellation of the odd-
parity variables, the second order equation involving the even-parity moments results,

~ 1 4 o A
—QV—QVYT(r,Q, E )+ op(r,Q, E, t)
o

t

= Qex(ra Qa Eat) + QS(Ta Qa Eat) + Qf<T7Q7E7t)' (27)

An advantage of this equation is that it is self-adjoint, which enables fast and efficient
algorithms to be applied for solving the discretised equations. Furthermore, a spherical
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harmonic approximation of the angular flux results in the elimination of the odd harmonic
moments, which reduces the number of angular unknowns which in turn increases the
efficiency of solving the discretised equations. The main disadvantage of the even-parity
method is the presence of t@gterm inside the second order differential operator. This
prevents the equation’s use in solving particle transport through voids. In this situation
it becomes necessary to add small cross sections to void regions in order to prevent the
equations breaking down. However, one must be sure that these small variations do not
have large influences on the solution.

Another alternative version of the transport equation is in its integral form. This version
is again constructed from the first order equation, the details for this can be found in [15]
and [16]. The time independent integral form transport equation is given by,

" A

[r—rs|
W(r, Q) =D(rg, Q) exp(—/0 ds"crt(r -5 Q)+

!

/ ds q(r — s Q, Q) exp(—/ ds oy(r — s Q)). (2.8)
0 0

The point denoted by; is the position on the boundary which is in line with the opposite
direction of 2 from positionr. The termI'(r,,€)) denotes the boundary condition at
positionr, boundary conditions will be discussed in the next section. The ietemotes

a spatial distance angdis the sum of all flux emitted through external sources, scattering
and fission. For pure absorbing problems, = o; = 0, equation (2.8) provides an
analytical solution of the Boltzmann transport equation.

2.1.3 Boundary Conditions

In order to solve the transport equation, certain conditions at the system’s boundary must
be specified. The initial state of the angular flux at the first time instance (t=0) must be
known explicitly for all space, angle and energy dimensions,

W(r,Q, E,0) = U(r,Q, E). (2.9)

Furthermore, conditions at the system’s spatial bounflargre required for all time in-
stances. More precisely, it is the incoming angular flux at the spatial boundary that is
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required to satisfy certain boundary conditions. That is, the angular flux is required for,

O, QL E ), ¥V E t,rel,, Qn<0, (2.10)
wheren denotes the outward normal vector perpendicular to the surface boundary at the
pointr € I',..

In practical applications of particle transport modelling a number of common boundary
conditions are applied over a domain’s spatial edge. Explicit conditions include surface

sources at the spatial boundaries,

b(r,Q, B, t) = qea(r, 2 B, t) (2.11)
for r € T, and{2.n < 0. For the case where the source is zero, i.e. there is no incoming
flux at the boundary, the boundary is said to be a bare surface or vacuum boundary. Com-
mon implicit boundary conditions include the albedo reflecting condition. This defines
the incoming angular flux to be the reflected image of the outgoing flux multiplied by an
albedo constant(E),

O(r,Q, Et) = a(B)Y(r,Q E,t) rel,, Qn<o. (2.12)

The angleQ* represents the outgoing reflecting angléXtavith respect to the boundary
at the point- € I',.. This can be calculated by satisfying the conditions,

~

Qn=—-0"n,
(2 x Q).n=0. (2.13)

In the case ofv(F) = 1, the boundary condition (2.12) gives a perfect reflecting surface.

A second implicit surface condition is the White boundary condition. The White condi-
tion requires all particles passing through the boundary at poanf”, to be distributed
back into the system isotropically. The incoming distribution of flux for this surface con-
dition is represented by,

A~ 1 Al oy} gy
b(r, 0, B, t) = —/A dQ n.QY (r, QY B, 1) (2.14)
n.Q' >0
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2.1.4 The BTE Considered in the Thesis

This thesis considers the mono energetic, non multiplying linear Boltzmann transport
equation. In order to reduce the mathematical notation, the obsolete energk tmnoh
fission sourcey; are not considered any further from here. The thesis assumes the scat-
tering cross-sections are anisotropic. That is, the probability of a scattered particle’s di-
rection is only dependent on the scattered angle= ('.Q2. This in turn leads to the
following simplification of the scattering emission of equation (2.2),

4 1) —/ oo o, 1) (s 1) dY (2.15)
47
The final form of the Boltzmann transport equation that is considered in this thesis is
given as:
10 A A . .
;a%b(hﬁft) + QV@D(T’,Q,t) + O't(’l")”(/}(’l",Q,t) =
Gea(, A1) + / os(r, o, t) (r, Q1) dY. (2.16)
47

2.2 The Angularly Discretised Transport Equation

This section derives the angular discretised Boltzmann transport equations. The work in
the following chapter of this thesis will begin from this point. The following sections de-
scribe the full procedure for discretising the angular dimension using an arbitrary angular
approximation scheme. This includes a complete description of treating the scattering
cross-sections using expansions of Legendre polynomials. This section begins from the
Boltzmann transport equation (2.16)

2.2.1 The Non-Scattering System of Equations

This section considers the transport equation (2.16) without the scattering;terin
order to approximate the angular variable and derive the angular discretised transport
equations, the angular dimensions of (2.16) are expanded using some arbitrary set of



2.2 The Angularly Discretised Transport Equation 64

angular basis functions. That is, the angular fw(x,fz,t) is approximated using an

expansion of the form,
M
U(r, Q1) & Y y(r,0)G;(Q), (2.17)

j=1

whereg,(Q) represent the expansion’s angular basis functionsigiid ¢) are the corre-
sponding expansion coefficients (in this case they are referred to as the angular moments).
The approximation (2.17) is inserted into the transport equation (2.16) and a system of
equations are generated using a weighted residual method. This requires equation (2.16)
to be multiplied by a weighting functioﬁ'i(fl), fori € {1,..., M}, and integrated

over the angular variabl@. For the work in this thesis the Bobnov Galerkin method

is applied. This method uses the angular basis functions in the expansion (2.17) as the
weighting functions, i.eG’ = G. This results in,

(10 . M )
/dQ G:(9) { (5 + QY +or(r, B) D W, 0G;(2)

J=1

~ea(r, QB 1) | =0 forj=1,.... M. (2.18)

From this point, the vectar will be described by the Cartesian coordinafesy, =} and

the angular vectof? is represented by the variablgs, the cosine of the polar angte
measured with respect to the spatially fixed z axis, and the azimuthal @antfle angle
describing the direction d? in thexy plane - see figure 2.1. This set of spatial and angle
coordinates allows the streaming operator of (2.18) to be defined specifically as,

0.9 9y ¢ 3+§22+Qz£ (2.19)

OV =(Q,. 0, ) (—, —, —
V= (0,0, 0) (&E’@y’@z) “ox Yoy 0z’

whereQ,, ), and(), are components of the unit vector describing the directiof af
Cartesian space. These components are expressed in tetrasadd by,

Q, = (1—p?)2cosw,
Q, = (1- /12)% sinw,
Q, = pu (2.20)

The angularly discretised transport equations are derived by inserting (2.19) and (2.20)

into (2.18), and grouping the removal and scattering operators (which is discussed in the
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Figure 2.1: This diagram illustrates the representation of particle travel on the unit sphere.
The direction of particle travel is represented(byThis variable is constructed from the
two variablesv andy. These represent the azimuth and co-latitude angles, respectively.

In many cases it is convenient to use the cosing,ahis is represented hy.
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next section) together.

lAa\Il(r, t)

oV (r,t) A oY (r,t) +AZ('N/(T, t)
v ot

+ A ox Y oy 0z

+ HY(r,t) =S(r,t) (2.21)

The variable¥(r, ¢) is a vector containing thé angular moments which form the ap-
proximation of the angular flux at positiorand timet. The variableS(r,t) is a vector of
size M which forms the angularly discretised external source over positand at time

t. Aisthe M x M angular mass matrix,, A, andA, are theM x M angular Jacobin
matrices and is the M x M scattering removal operator matrix. The elements of the
above matrices and source vectors are specified as,

dw p Gi(p, w)Gj(p, w),

S;(r,t) = /dQ qw(r,fl,t) Gj(Q) = /d,u/dw Qes(pt,w) G, w). (2.22)

The elements of the scattering/removal matiixare defined in the next section.

2.2.2 Discretisation of the Scattering Term

In order to discretise anisotropic scattering cross sections, it is customary to expand the
probability density function of the scattered anglg used in equation (2.15), in terms of

the orthogonal Legendre polynomials [15]. That is, the scattering cross segtjay) is
expanded by,

[e.e]

oy (r, Q.Q) = o,(r, o) Z (2L + 1) og(r) P(o), (2.23)

=0
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whereP, is thel'" order Legendre polynomial and;(r) are their corresponding expan-
sion coefficients. Due to the orthogonality of the Legendre polynomial basis, the expan-
sion coefficientsr,; can be computed by multiplying the cross section withitherder
Legendre polynomial and integrating over the scattering amgle

na= [ % 7+ (110) P (1o) (2.24)

Inserting (2.23) into (2.15) gives the following expression for the emission density of
scattered particles,

o0

gs(r, Q1) =Y (20 + 1)asl/dQ’a(§z.Q’)w(r, Q' t). (2.25)

=0
This is then simplified using the addition theorem [15] which expands each Legendre

polynomial in terms of products of spherical harmonic functions,

P(0.Q) Z (). (2.26)

m=—I

Complex spherical harmonics [15] are defined as,
Yim(Q) = B (p)e™™, (2.27)

with Ylfm(ﬂ) denoting their complex conjugates afRl’ represent the associated Legen-
dre polynomials [15].

The purpose of this is that the directions before and after scattetirmd 2, can be
separated and treated individually. Combining (2.25) and (2.26) yields the following
expression for particles emitted through scattering,

Z Z Q)og(r /dQ Vi () (7, 2 1), (2.28)

=0 m=—1
which is now in a suitable form for the angular dimension to be discretised.

Conforming with the previous section, the Bobnov Galerkin weighted residual method is
employed to discretise angular variable. Equation (2.28) is pre-multiplied by the angular
basis functiorg;, fori € {1,2,..., M} and integrated over angfe,

/dQ G Z Z Usl /dQ/ Yl,m(Q/) ¢(T7 Q/,t),

=0 m=-—1

Vie{1,2,..., M}, (2.29)
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which is then arranged into the form,

Ay

M
[a26@ S Vi@ au) [agf vio@) vty +
=0
M l

[#6@Y 3 v @) [ a0 vin@)ee. 90,

=0 m:—lm¢0

Vie{l,2,...,.M}.  (2.30)

This expression can be simplified using the following property of the complex spherical
harmonics,
Y () = (1) Yo (). (2:31)

Allowing @7 (r, t) to represent the integrals of equation (2.30),
O (r,t) = / dQ Yy (Q) (r, Q) 1), (2.32)

the sumYlj*m(Q)(I)?1 + Y, _m(Q)®;™ can be expressed as,

Vi (Q) @ + Vi () &

A

= V26 [0V @) W) + (17 i (@) [ a1 ¥ () W)

oy

= Q) — i V()] / Y5, () +1 Y, (9) w(Q)] d

’

Ay

VR i V()] / Ve () 11 Vo) W)
- / Ve () W) dY [V (Q) — Y (9) + Y () + Y ()
+i/Ylf’m(Q

—2Y2 () / Y (©) (@) dY + 2V, () / Yo

!’

/ Ay

) () dQY (2.33)

where the functionéflfm(Q) and Ylj’m(Q) represent the real and complex parts of the

spherical harmonic functioky ,,,(£2),

Vi () = \/ A ) cos(on,

V() = \/ A e s (2:34)



2.2 The Angularly Discretised Transport Equation 69

where
Vi (Q) = Y5 (Q) +1 Y2, ().

Using the result of (2.33) the scattering contribution of equation (2.30) is expressed in
terms of the spherical harmonics’ real and complex paftsandY°.

[d26 @)Y o) Vi@ [ a0 Vi (@) wirn @) +

> ) Y V) [ d0Yio, @) 00+

/

2Y5,(9) [ a9, (0) (1) (2.35)

Then, by inserting the angular approximation (2.17) into (2.35) and defining the variables,

aﬂm—/ﬁQG@m (),
a%m—/ﬁQGab (), (2.36)

J

the equation set (2.35) can be expressed as,

oo M
= Z oq(r) oc;’l’o Z aft Wy (r, t)
1=0 j=1

l M
+2ZUSZ Z elmz elm olmz olm Tt (237)
=1 m=1 i=1

fori € {1,2..., M}. Upon the re-arrangement of the above equation, that is, by pulling
angular coefficients outside the brackets, the weighted scattering term is given by,

l

00
elO elO elm elm ol,m _olm
g U, (r,t)] g og(r +2§ os(r E +ai™ o 1]
=0 =

m=1

Vie{1,2,...,M}. (2.38)

The equation (2.38) is arranged into a matrix vector form, the vector being the set of
angular moments. Therefore, the scattering contribution tqthg element ofH in
(2.21) is calculated to be the expression within the brackets. The eleméritad@R.21)
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are now defined to be,

Zo'sl elO ZelO + Qzasl Z elm elm a?,l,m olm) (239)

where the integrals on the right side account for the total cross-section removal term.

A Summary of the Angular Discretised Equations

The full angular discretisation of the non-multiplying linear Boltzmann transport equation
using an arbitrary angular approximation (2.17) has been presented. For all the angular
discretisation methods discussed in the following chapters, the objective is to derive the
system of equations (2.21) for which the matrices and vectors are defined by (2.22) and
(2.39). At this point the angular flux is fully described by the coefficiehisr, t) for

j € {1,2,..., M}, and forms the starting point for developing the time and spatial dis-
cretisation methods.

2.3 Spatial Discretisation Methods

This section briefly overviews the spatial treatments of the Boltzmann transport equation
that are used in the numerical examples of this thesis. The aim here is not to provide
a complete description of the spatial treatment, as this will be covered in the following
chapters, but rather to present the spatial discretised transport equations at which the point
of resolving boundary conditions becomes necessary. This will then be followed by a
comprehensive description for treating bare surface boundary conditions using a Riemann
method. In order to simplify the equations the time dimension has been neglected as it
has no implication on the treatment of the boundary condition.
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2.3.1 SUPG Stablilization

Discretisation of the spatial variables for the multi dimensional numerical examples in
this thesis use both the SUPG finite element and control volume finite element (CVFEM)
methods. In both approaches the SUPG stabilization method is employed in order to
reduce un-physical spatial oscillations forming over regions with large gradients [84, 19].
The SUPG method is described in more detail in the later chapters of this thesis. Here it
is just briefly introduced in order that the spatially discretised equations can be derived.
The method of SUPG pre-multiplies the angularly discretised transport equation (2.21)
by the SUPG ternt/ — A - VP), whereA denotes the vector of matrices containing the
angular JacobiansA = (A4,, A,, A,), and P is the stabilizing matrix. The SUPG term

is designed to add diffusion to the transport approximations in their streamline direction
only . The elements of the matrik are selected in order to add the correct diffusion for

a stable, non-oscillatory solution (which will be addressed in a later chapter).

2.3.2 CVFEM & FEM Discretisations

In this section a brief outline of the control volume finite element method (CVFEM)
and finite element method (FEM) is presented. In these two approaches the resulting
discretised equations follow similar paths in their development, and vary only when a
different set of weighting functions are used. It is assumed that the angular flux spatial
domain has been discretised using some arbitrary finite element mesh.

From the SUPG angular discretised equations, the equation sets are once again pre-
multiplied by a set of weighting functions and then integrated over the spatial domain. For
the FEM, the weighting functions are the same functions used to discretise and approxi-
mate the spatial variable of the angular flux. For the CVFEM, the weighting functions are
defined using a control volume discretisation. The control volumes are centred over the
nodes used in the finite element discretisation and a formed by a Voronoi decomposition
[87] of the spatial domain. The weighting functions, for: € {1,2,..., N} have the

value 1 over their associated control volufi&; and are O else where.



2.3 Spatial Discretisation Methods 72

For both methods, the resulting set of spatially discretised equations are,

/VMi(r)(H\I/(T, t)—S(r,t))dV + . M;(r)(A-n)¥(r,t)) =0,
T Vi e{l,. . NV,

for CVFEM (see [88]) and,

_ /V (A-VN,(rM))U(r)dV + /V N (HE)O () — S(r)dV
+ / A-YN,(WPRIM)AV + [ Nir)(A-n)(T(r)dr,,
v T,
Vi e{l,...N},

for FEM (see [83]). The termiV; denotes theM x M diagonal matrix containing the
finite element function associated with nadef the finite element mesh. Similarly, the
term M ; denotes the\ x M diagonal matrix containing the control volume function as-
sociated with node of the finite element mesh. The termdenotes the outward pointing
normal vector on the boundatry.

2.3.3 Riemann Method for Bare Surfaces

In both the CVFEM and FEM methods, similar surface integrals appear in the discretised
transport equations as a result of applying Greens theorem to the volume integrals,
M;(r)(A-n)¥(rt)), Vie{l,...N}, (2.40)
l_"r
and
N, (r)(A-n)(V(r))dl,, Vie{l,...N}. (2.41)

r,
In order to resolve these integrals correctly, the angular flux must also satisfy the sys-

tem’s boundary conditions. For the numerical examples in this thesis, vacuum boundary
conditions are resolved using a Riemann approach [89, 19]. The basic mechanics of the
Riemann method is to exploit the eigenstructure of the angular Jacobian matrices in order
to decouple the angular moments and calculate the incoming and outgoing information
passing through the system’s boundary. In order to illustrate Riemann method a 1-D con-
trol volume discretisation method is presented (with no SUPG) in which the Riemann
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method is employed to approximate the incoming and outgoing information through each
of the control volume’s surface.

1-D CV Riemann Decomposition

For this demonstration the steady state, 1-D angular discretised Boltzmann transport equa-
tion is considered without a scattering/removal operator. The spatial domain is discretised
using a set of\V' control volumes (for simplicity a regular spaced grid is considered) and
the angular flux is spatially expanded using,

N
U(r) ~ ¥(r) = Z W, M, (r), (2.42)

where M ;(r) denote the control volume functions (which have the value 1 over their
respective control volum€'V; and 0 else where) anli; are the expansion’s coefficients.
Applying the standard Bubnov Galerkin weighted residual method, the angular discretised
equations are pre-multiplied by each control volume and integrated over space (which is
just the x variable in this case),

M;A, 6\If(x)dx = MZ-S(x), 1 E {1, 2,... ,N}. (2.43)
cV; Ox cv;

The angular Jacobian, is then expressed in terms of its eigenstructure by,
Ay = RyA R (2.44)

whereR, is anM x M matrix formed from the augmentation of the columns of right
eigen vectors ofi,. The matrixA, is anM x M diagonal matrix containing the eigen
values ofA, along its diagonal elements. Due to the symmetrylpfthe matrix of left

eigenvectors can be represented by the inverge, af the decomposition (2.44).

The method then maps the angular momdn(ts) onto a Riemann space using a mapping
matrix defined byR,,
U(r) = RV, (2). (2.45)

Inserting the mapping (2.45) into (2.43) and pre-multiplyingityy* gives,

v Ox Vi
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Applying Green’s theorem to the streaming term reduces the order of the differential
operator and simplifies the volume integral to one over the surface of the control volume,
Mng Ay, (2)dl = R;l/ M;S(z,t), ie{1,2,....N}, (2.47)
Tcov, 1%
where the termm, denotes the outward direction to the control volume’s surface. The
implication of this approach is that in equation (2.47), the Riemann variables are decou-
pled through the streaming term. This is crucial as each variable may now be treated
separately, effectively reducing the problem to a set of independent advection equations.
This can be used to greatly reduce the complexity of approximating the moment variables
at the boundary, which is required by the integral in equation (2.47). As the direction of
advection for each Riemann varialdlg; is defined solely by the sign of its corresponding
eigenvalue\,; ;, it is easy to determine whether a Riemann variable is streaming informa-
tion into or out of of a control volume at its surface. Therefore, an estimation of the flux
at the control volume’s surface can be calculated using upwind approximations in Rie-
mann space. This approach has essentially divided the surface integral of equation (2.47)
into two integrals representing information entering and leaving the control volume at its
surface.
Min AV, (z)dl = Min A V" (2)dl + Min A W3 (x)dl  (2.48)
Loy, Toy; Tevy;
The Riemann variables that stream out of a control volume are approximated at a bound-
ary by taking the values of the control volume’s Riemann variables. The Riemann vari-
ables that stream into the control volume are estimated at the boundary by taking the value
of the Riemann variables associated with the neighbouring control volume. The integrals
of equation (2.47) are then calculated in Riemann space and mapped back to the angular
moment space using the mapping (2.45). The diagram presented in figure 2.2 gives an
illustration of the Riemann method.

Riemann Solution of the Multi-Dimensional Surface Integrals

In order to resolve bare surfaces and satisfy the surface integrals (2.40) and (2.41), the
Riemann method applies the ideas presented in the 1-D control volume example. The
method once again uses the eigenstructure of the majrix (A - n),

Ay = RARY, (2.49)
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Figure 2.2: This diagram illustrates how the Riemann method works when estimating the
flux at the edge of a control volume for a 1-D problem. The approximation of each angular
moment is normally quite difficult due to the fact that its associated angular function can
often direct flux over large areas of angle - as illustrated by the arrows of the va#iable
Since these directions of flow will often transport particles into and out of a control vol-
ume an up-wind estimation of the variable is difficult. However, by mapping the angular
moments to a Riemann space, each Riemann variable, denoteeg diyects information

in one specific direction. A consequence of this is that the Riemann information is being
directed either in or out of the control volume and so an upwind estimation of this vari-
able is straight forward. Estimations of the variables at the surface of a control volume
are therefore made in Riemann space and the resulting approximations then mapped back

to the proper angular moment variables.
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where, as before, the matric&s andA, denote the right eigenvectors and eigenvalues of
A, respectively. Again, a mapping between the angular moments and Riemann variables
is defined in terms of the right eigenvectors,

U(x) = RWg(x). (2.50)

On substitution of expressions (2.49) and (2.50) into the surface integrals (2.40) and
(2.41), the following results,

/MiAs\I/(r, t)dl' = /MiRSASRisS\I/S(r, t)dl' = RS/MiAS\Ifs(r, t)dl', (2.51)
T r T
and,
/ N A (r, t)dl = / N;RAR;'RV,(r, t)dl' = R, / N AT (r, t)dl. (2.52)
N N N

The surface integration can now be resolved in Riemann space by determining the Rie-
mann variables that direct information in and out of the system through the boundary. In
order to satisfy bare surfaces the incoming Riemann variables are set to zero. Out going
variables are approximated at the boundary using either upwind approximations or finite
element interpolation. It should also be mentioned that when integrating over the sur-
face, Gauss points located on the internal of the surface are used to evaluate the integral.
Therefore, as elements with flat edges are used, the directiemains in a constant di-
rection over all quadrature points on a surface - also note that the directions at the nodes
will not need to be considered. This therefore keeps the angular Riemann decomposition
independent of space, thus the mapping between the angular and Riemann space remains
constant on an element’s surface.

The importance of this Riemann method for resolving boundary conditions is that it is
defined using an arbitrary angular discretisation. This therefore allows the same code to
be used with any approximation of the angular flux. All that is required is a re-definition
of the angular matrices in equation (2.21).
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This chapter develops two new wavelet bases for discretising the angular term of the first
order Boltzmann transport equation. The wavelets functions are based on Sweldens sec-
ond generation wavelets [90] that are generated using the lifting procedure [91]. In this
chapter the wavelets are built on an octahedral representation of the sphere and the angular
flux approximation takes the form of finite element linear and quadratic representations.
The spherical wavelets are similar to the functions developed in [92] and [93]. However,

in this derivation the bases apply a new amendment for mitigating the ray effect type
inaccuracies that can dominate 1 and 2 dimensional solutions. A demonstration of the
new angular discretisation techniques are performed on a number of 1 and 2 dimensional
problem domains. These numerical examples aim to demonstrate these new methods ca-
pabilities to accurately represent the angular flux and to determine their susceptibility to
ray effects forming in their solutions. Benchmark solutions are provided by the conven-
tional Sy and Py discretisations that are used to solve both the first order and even parity
equations.

3.1 Introduction

In recent years wavelets [94, 95, 96] have proved themselves to be a versatile tool in
many fields of mathematics, physics, statistics, engineering and computational sciences.
The key to their success lies with their power to efficiently represent general functions
and data sets. In effect, wavelets have the ability to efficiently encompass and evaluate
data utilising only a small number of coefficients.
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Wavelet theory first attracted the attention of several researchers such as Morlet, Gross-
mann, Mayer and Daubechies [95] in the early 1980s. Their work had a tremendous
impact on techniques in signal processing and image and data compression for which
wavelet analysis has since become both an established and popular method. This popular-
ity was based on the method’s functions used in the representation and analysis of signals,
since, unlike the established method of Fourier analysis which uses bases of global sines
and cosines, the wavelet functions, or wavelets, were localised in both frequency and
time. The implications of this property not only lead to a naturally preserved space-time
localised wavelet transform (analogous to the Fourier transform) but the compact wavelets
were easier to implement than the global functions of their Fourier counterparts. Further-
more, the invention of the Multi-resolution analysis [94] enabled a wavelet reconstructing
of a signal to be performed in layers of increasing resolution. Each incrementation of
the reconstruction involves supplementing the existing expansion with a set of wavelets
giving the required increase in accuracy. In effect, this resulted in a hierarchical wavelet
basis constructing the local profile of a signal in terms of its information at various reso-
lutions. This immediately lead to the prospects of an adaptive reconstruction of the signal
in which high resolution analysis would be confined to the problem’s regions in which

it was required. Together, these factors were to become the greatest strength of wavelet
analysis in numerical applications.

For the applications of numerical analysis classical wavelets constitute a basts fr

They take the form of translations and dilation of a single 'mother wavelét) and
posses the desirable properties of orthogonality, compact support and zero integrals. They
are formally defined in terms of their mother wavelet,

0in(x) = 2202922 — k), Vi keZ, (3.1)
7y

for which the se{y; x, 7, k € Z} forms the dense basis 6f (R). The number of wavelets

has continued to grow since their formalism, each developed to possess the properties
suitable for the specific problem at hand, and thus have created a large family of wavelet
methods. Common examples include piece-wise constant Haar functions, spline polyno-
mials, Legendre, Daubechies and Gaussian wavelets [94].

As previously mentioned, wavelets play a pivotal role in image analysis. Wavelets have
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been applied to applications including edge detection [97, 98], de-noising or filtering
[99, 100] and, most significantly, image compression [101, 102, 103]. Wavelet based 2-
D image compression techniqgues commonly employ a tensor product extension of (3.1)
to two variables, referred to as a separable transform, although non-separable transforms
have been developed [99]. Examples presented in [104] and [105] show wavelet compres-
sion technologies to be comparable or even to exceed the performance of other leading
compression techniques. These papers include the well established wavelet compression
algorithms EZW [104] and SPIHT [105].

Following their early success in signal analysis and data compression, wavelets attracted
the attention of researches from various other fields. One such field was in numerical tech-
niques for solving partial differential equations (PDE) where the prospect of an efficient
and adaptive algorithm was foreseen as an attractive rival to the traditional techniques of
finite element, finite difference and spectral methods. Wavelets have since been applied
across the whole spectrum of PDEs. An example of these include their application in solv-
ing Hyperbolic [106], Elliptic, Stokes/Helmoltz [107] and Burgers equations [108, 109].
An extensive reference list of their application in PDEs up to 2001 can be found in [110].

In almost all classical wavelet based approximations of multidimensional PDEs, the sep-
arate spatial directions are individually expanded, from which the full domain representa-
tion follows from their tensor product. In most of these applications wavelets expand all
spatial dimensions, however, they have also been mixed with other approximation tech-
niques with considerable success. A mixed Spectral/Wavelet method was proposed in
[107] for the solution of the 2-D stokes equation for which the flow had periodicity in
one direction. A Daubechies wavelet expansion was used for representing the periodic
flow, while a spectral Chebyshev expansion was employed for the representation of the
non periodic direction. Numerical examples demonstrated the method to be both stable
and spectrally accurate.

Wavelet based discretisation techniques fall into either of two categories: Galerkin [106,
107] and collocation methods [111, 108, 109, 107]. In the Galerkin method the PDE is
projected onto the wavelet space through its multiplication with the wavelet basis and inte-
gration over the problem domain. This scheme in general leads to better pre-conditioning
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and conforms well with the wavelets theoretical analysis. In the collocation scheme the
wavelets are associated with unique collocation points. The PDE is then expressed at
these collocation points in order to obtain the fully discretised system of equations. The
method has the advantage that it can easily treat any non linear terms, there also exists a
number of techniques to compute derivatives. The method also offers a potential route for
resolving boundary conditions. However boundary conditions are in general a cause for
some concern. This is due to wavelets being constructed over the infinite real line which
therefore possess no natural method of satisfying boundaries. One successful solution
was to develop wavelets and wavelet transforms on an interval [112, 113, 114]. Another
technique was to completely reconstruct the classical wavelet theory, stripping away the
translations and dilations of a mother wavelet and replacing it with a new method of
wavelet construction. So drastic were these changes from the classical analysis that this
new breed of wavelets became known as Second Generation Wavelets [115].

Second Generation Wavelets were founded by Swelden in the mid 1990s through his work
in restructuring wavelet analysis into a more general framework [90, 116]. The approach
superseded Fourier analysis as the tool for wavelet construction, which had been used
for all wavelet development with the exception of interpolating functions developed by
Donoho [117] and Harten [118]. Instead, wavelets were developed through a simple but
effective method called the lifting scheme [90, 119]. The basic idea was to start with
very simple wavelet functions that held the essential properties to co-exist with a given
multiresolution analysis. The lifting scheme then operated on the wavelets working them
up to functions with particular useful properties. This alternative approach did come at
a cost as some of the important properties of the classical wavelets were inevitably lost.
However, despite this disadvantage, the method did provide the necessary freedom for
satisfying boundary conditions. Furthermore the functions could also retain their proper-
ties such as compact support and zero integrals through the weight settings of the lifting
coefficients. If these positive benefits were not enough, the huge benefits of the second
generation wavelets was that they were constructed on the spatial domain. This enabled
an easy adaption over complex and irregular geometries and even their extension to other
more exotic topologies from® and 2.

Research in computer graphics has received a considerable amount of activity through
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the use of both classical and second generation wavelets [120, 96]. Examples of classical
wavelet applications include B-spline and Daubechies wavelets in surface and volume il-
lumination computations [121, 122], surface modelling [123] and animation [124]. The
second generation wavelets made their largest contributions in the field of three dimen-
sional surface imaging [96]. This realisation was first set out in the work of Lounsbery
[125] who developed a wavelet basis that could construct complex, three dimensional
topologies comprising of triangular elements or faces. These arbitrary structures would
be generated from recursive subdivisions of a much simpler triangular structure - for ex-
ample a tetrahedron. Each subdivision involved splitting each face into 4 new triangular
faces which were then manipulated by the wavelets to pose a closer resemblance with
their intended shape - for example a human head. The approach gave the user a con-
trol over the resolution of the whole image by increasing or decreasing the number of
subdivisions and wavelets. The method also enabled the localising of high detail to the
areas requiring highest resolution by selective face partitioning. Some visual examples
of demonstrating these wavelets in action are contained in [120, 125]. Swelden’s second
generation wavelets were based on similar principals to the ideas of Lounsbery. However,
rather than applying wavelets to manipulate the shape of their domain, the wavelets ap-
proximated functions over a fixed surface. For instance, Swelden constructed his second
generation wavelets over triangular partitioning of the sphere. These were successfully
applied in applications ranging from representing geophysical data [126] to resolving re-
flection functions and illumination on the sphere [127].

In this chapter two new spherical wavelet bases are developed based on the principals of
second generation wavelets and are used to discretise the angular variable of the Boltz-
mann transport equation. The wavelet construction follows closely to Swelden’s second
generation spherical wavelets. The bases approximate with linear and quadratic variation
over a triangular mesh of the octahedron’s surface.

There are many potential benefits in developing and applying wavelet bases to discretise
the angular variable of the transport equation. Not only have they been demonstrated to
efficiently represent general spherical functions but they also possess all the necessary
ingredients for incorporating angular adaption for this specific application. That is, the
wavelet approximation is hierarchical and the expansion’s functions have compact sup-
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port. Compactly supported functions enables one to select only the wavelets required
for an accurate angular representation for each spatial node of the spatial discretisation,
i.e. if the flux information is concentrated in specific directions then only the wavelets
with supports in these directions are required. The wavelets that do not contribute to the
construction of the angular flux can simply have their expansion coefficients set to zero
and removed from the calculation. This results in a reduced angular expansion which
significantly increases computational efficiency. Although it may seem that the angular
flux is represented by a different wavelet set at each spatial point, the hierarchy makes all
angular expansions theoretically equivalent. Therefore, one has adaptivity without hav-
ing the problem of a spatially varying angular approximation. A spatially varying angular
approximation would presented an unfortunate situation posing various problems. This
is also a reason why adaptive finite element methods on the sphere have not established
themselves as a method of discretising the angular variable of the transport equation. In
addition to this, the wavelet bases could also have an advantage over the exisangd

Py methods. The discretisations should show a significant reduction of ray-effect oscil-
lations in the scalar flux solutions in comparisonsg. This is because the wavelets
bases use higher order approximating functions which incorporate coupling through the
discretised streaming term. Furthermore, as these bases are limited to linear and quadratic
representations, they should be less susceptible #ato Gibbs oscillations over areas

of large variation in the angular flux on the unit sphere. In essence, the wavelet solutions
offer a happy compromise between the methods of lowest 6fdéwith ray-effects) and
spectrally accurat&y (with Gibbs oscillations).

The sections of this chapter are set out as follows. In section 3.2 a brief recap of the
angular discretised Boltzmann transport equation is given. In section 3.3 the linear and
guadratic octahedral wavelets are developed. Section 3.4 demonstrates the wavelets ca-
pabilities by solving a number of 1-D and 2-D steady-state neutron transport problems.
Section 3.5 finishes this chapter with a conclusion.



3.2 The First Order and Angularly Discretised Transport Equation 84

3.2 The First Order and Angularly Discretised Trans-

port Equation

This chapter begins with the first order Boltzmann transport equation that is discretised in

angle,
1 0W(r,t) o (r,t) O(r,t) O (r,t) _
SA— I A A, 3 + A= R ) = S(r 1), (3.2)

using an arbitrary angular approximation scheme,
A M A
U, Q1) = Y (r, 0)G;(Q). (3.3)
7j=1

The term¥(r, t) denotes the vector of angular coefficients corresponding to expansion
(3.3). The termS(r,t) denotes the angular discretised source and,, A,, A, and’H
denote the angular mass, angular Jacobians and scattering/removal matrices. All these

terms are fully discussed and defined in section 2.2.

3.3 Linear and Quadratic Spherical Octahedral Wavelets

This section develops the linear and quadratic spherical wavelets bases. For both wavelet
bases, it has been decided that the approximations are to be constructed on the surface
of the unit octahedron shown in figure 3.1. The advantage in taking this approach is that
the flat triangular surfaces constructing the octahedron allow a method for developing the
wavelet functions using standard triangular finite element techniques. Using the octahe-
dral surface also serves to reduce the complication of discretising the angular domain in
order for the wavelets to be defined. The use of the octahedral surface to represent the dis-
cretisation of particle travel, as opposed to the unit sphere, does require a mapping from
the sphere to the octahedron. Therefore, a simple projection mapping is also developed
here in order that the wavelet bases can be used to represent the angular flux.

The following sections are outlined as follows. Section 3.3.1 presents the projection map-
ping from the octahedral domain to the surface of the unit sphere. In Section 3.3.2 a
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M(p) =s

Figure 3.1: The visualisation of the normalising mapping from the octahedron to the

sphere.

subdivision scheme (or triangulation) on the faces of the octahedron is presented. This
scheme is required for the development of a Multiresolution Analysis (MRA) which is
defined and constructed in section 3.3.3. Section 3.3.4 constructs the linear and quadratic
wavelets relating to MRA developed in section 3.3.3. In Section 3.3.5, a modification to
the wavelet functions is presented in order to mitigate ray effect-like errors destroying 1
and 2 dimensional solutions which were first reported by Buchan in [92, 93].

3.3.1 Representing the Angular Flux over the Octahedron

Representing the direction of particle travel on the octahedron’s surface requires a map-
ping from the spheré? to the octahedron’s surfacg. The mapping used in this chapter

is based on the compression of the sphere over the polyhedron through the normalising
projectionM. That is, the projectiod/ : O — S? is defined byM (p) = s = p/||p|l,
wheres € S? andp € O. A full illustration of this mapping is presented in fig-

ure 3.1. The mapping is an isomorphism that guarantees the existence of a function
F : O — R, that is equivalent to any spherical functin S? — R through the relation-

shipF'(p) = f(M(p)) = f(s).
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In order to proceed a number of alterations to the angular discretised transport equation
(3.2) are required . First all spherical functions, including the trial funct@nef (3.3),

are to be defined on the octahedron. Second, the definitions of the angular matrices pre-
sented in (2.22) and (2.39) are to be integrated over the octahedron’s surface. This is
defined by,

/dﬂ/dw flp,w) = /dp/dq f(ulp, @), w(p,q)) |1 (p, q)] (3.4)
= [ [ daP.0) 19wl (35)

where f represents an arbitrary spherical function. The variaplesd ¢ denote two
position variables over the octahedron and the tef(p, ¢)| represents the Jacobian of
the mapping from the spherical coordinatgsw) to the coordinates of the octahedron
(p, q), i.e. the determinant of the Jacobian matrix between the two spaces.

dp dw

_ | dp dp
1J(p,q)| = b oa
dq dq

As an example, applying (3.4) to the integrals (2.22) re-defines the angular Jacobian ma-
trix A, as,
Az ij = /dp/dq Qu(p,q) Gilp, q) G(p,a) [T (v ),

where the angular basis functio6$ andG; are functions or9 and(), satisfies,

Q. (p,q) = Q(M(p, q)) = Qu(p1,w).

The complexity of this mapping will require a numerical scheme for calculating the an-
gular integrals. This is covered in a later section where a method is presented that gives a
high order and consistently accurate numerical scheme for calculating the integrals when
a wavelet expansion is used.

3.3.2 Subdivision Scheme on the Octahedron

Construction of second generation wavelets begins with a recursive partitioning of the do-
main on which the wavelets are defined. A subdivision scheme defined on the octahedron
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Figure 3.2: The octahedron (left) with the first (middle) and second (right) subdivisions.

is used to recursively divide every face into four new identical faces. This is illustrated
in figure 3.2 for which the faces of the initial octahedron have undergone one and two
subdivisions. The faces generateditsubdivisions are denoted loy;, with Oy denoting

the 8 original faces.

In the theory that follows the treatment for the linear and quadratic wavelets will vary
from case to case. However, the same notation indexing points has been used for both
wavelets and so the reader should be aware of the differences in indexing between the

methods.
For the linear wavelets, the s, j € {0, 1,..., 00}, denotes the vertices generatedjby
subdivisions on the octahedron. For the quadratic wavelets, tts.get {0, 1,..., 00},

denotes the vertices and mid-edge points uppartitions on the octahedron. Figure 3.3
presents an illustration of the sefsfor both linear and quadratic cases. For both cases,
the setsS; are formally defined as,

Sj:{Sj’kEO,kGK(j)}, jG{O,l,...,oo},

where K (j) is an index set relating to the vertices (linear case) or the vertices and mid-
edge points (quadratic case) of tffé partition of the octahedron. As the sets%fare
nestedS; C S;41, the index sek'(j) is ordered so that it is also nested. Therefore, at any
points; . € S;, k € K(j), the following relationship is made to holsl,, = s; 114, k €
K(j+1).

Finally, the set)M(j) is used to index the new elements ®f ; created at thg + 1
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Figure 3.3: These diagrams show part of the octahedron’s face partitioned to jevels
andj + 1 - indicated by the bold and thin lines respectively - for the linear (left figure)
and quadratic (right figure) wavelets. The hollow dots represent the poirts tiese

are indexed by the sét'(j). The solid dots represent the new pointssef,, these are
indexed by the set/(j). For both diagrams, the poist indicates the position of a lazy
wavelet of levelj andv1 andv2 indicate the positions of the two scaling functions used
in its lifting. For the quadratic wavelet, the lazy wavelet associated with pQintill

only have the scaling function associated with the poednaised in its lifting. The scaling

function associated with the poins has a zero integral.
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subdivision. Thatis)M (j) = K(j+ 1) \ K(j), where '\’ is the set removal operator.

3.3.3 Multiresolution Analysis on the Octahedron

A multiresolution Analysis (MRA) is a nested sequence of subspaces of the complete set
of Lebesgue integrable functiords (X ), for some spac&. In the context of functions

on the surface of the octahedron, the sphg)) is defined as the set of functions such

that for everyf € L,(O), the conditionfo f? do < oo holds, wherelo is the measure

of area over the octahedron. An MRA based on the octahedron is defined as a nested
sequence of closed subspatés” L,(0), j € {0,1,..., 00}, that satisfy the following
conditions:

Cil W C '--‘/j—l CV}‘ CV}_H... CLQ(O)
C2 UjZ,V; is denseinly(O)

C3 Ateach level j there exists a set of scaling functipns, k € K'(j) for some index
setK’, for which the sef{y;,, k € K'(j)} forms a Riesz basis df;.

In developing the linear and quadratic wavelets, two separate MRAs are required. Their
construction, together with the set of scaling functions of condition C3, are defined in turn
before returning to the general properties of a multiresolution analysis and their applica-

tion in numerical analysis.

Linear MRA

For the linear MRA, the spacé§ are defined as the collection of all functions which are
piece-wise linear over the faces generated sabdivisions of the octahedron. The spaces

V; satisfy the conditions of the MRA as the subdivision scheme ensures they are nested
(since the faces generated psubdivisions can be created from the faces generated on

J + 1 subdivisions) and thdlt; is dense on the spadg(O) (since in the limit of; the
sub-divided faces become arbitrarily small and so there exists a functidn far some
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Jj, that is arbitrarily close to any function ih,(O)). In order to complete the MRA,

the set of scaling functiong; ., that spanl’;, are defined as the linear triangular finite
element trial functions [34]. These trial functions are associated with the nodal points
in the triangular mesh of);. They have the value of one over their associated node
and attenuate linearly towards their immediate neighbouring vertices. Since the scaling
functionsy; ;, are associated with the nodal points generated Ipartitioning of the
octahedron, the index séf'(;) in C3 is identical to the index sét (j) defined by the
subdivision scheme (linear case). The set of scaling functions for the linear MRA can be
specifically defined as,

C3 At each level j there exists a set of scaling functigng, k£ € K (j), for which
the set{y;, k € K(j)} forms a Riesz basis df;. The setk () is the index set
generated by the subdivision scheme on the octahedron (linear case) and the scaling
functions are defined as the standard linear Finite Element trial functions associated
with the points indexed by (7).

Quadratic MRA

For the quadratic MRA, the spac&$ are defined as the collection of all functions that
are piece-wise quadratic over the faces generategl siybdivisions of the octahedron.
Using the same arguments used in the linear case, the spacas be shown to satisfy

the first two conditions of the MRA. For the third condition, the set of triangular quadratic
finite element trial functions [34] o, are employed as the scaling functiops, that
generate a basis for the spadés The scaling functions are associated with the vertices
and mid-edge positions of the triangular mesh generate® byThey have the value

1 over their respective collocation point and are 0 over the other nodal and mid-edge
positions, as illustrated in figure 3.4. Similar to the linear MRA, a relationship between
the scaling functiong; , and the index sek’(j), generated from the subdivision scheme
(quadratic case), can be established. That is the scaling fungtjareze associated with

the points indexed by the elements/of;j). The scaling functions of the quadratic MRA
can therefore be specifically defined by C3 (linear case) with the adjustment of referring

to the quadratic sek’(j) and quadratic finite element trial functions.
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Figure 3.4: The quadratic finite element trial functions over a triangular element. Left:

Corner function, Right: mid-edge function

General Properties of the MRA and their application in Numerical Analysis

This section lists some important general properties of an arbitrary MRA and their asso-

ciated scaling functions.
Refinement Relation:

The nested spacédg imply the scaling functiong;, € V; C V,;, can be constructed
from a combination of the scaling functions spannifg;. This is referred as the refine-

ment relation,
Pk = Z jem Pj+1,m- (3.6)

meK (j+1)

For both linear and quadratic MRAs, the interpolating scaling functions, thais, ;) =
Sk, Vi €{0,1,... oo}, Yk, I € K(j), lead to the simplification of the refinement rela-
tion,

Pjk = Pj+1k T Z RjemPi+1,m (3.7)
meM(j)

where the right hand side summation involves only the scaling functions associated with
the collocation points indexed by/(;). Furthermore, from the scaling function’s inter-
polating property, the coefficients ; ,, are calculated to be the value@f; at the point

Sj+1,ms that 18,70 & m = 0 k(Sj11,m)-
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Numerical applications:

The purpose of the MRAs nested spadésare to provide spaces for the projection of
an approximating of a functiorf € L,(O). The projected functiorf; € Vj, for any
Jj €{0,1,... oo} is represented by an expansion of the scaling functjgnsthat span
Vi
F= 0= A vin (3.8)
k

where the value$, denote the expansion coefficients.

The accuracy of the approximation is governed by the selectighaofd property C2
indicates thatf is fully recovered by lettingg — oo. This dense conditioning of the
spaced/; (asj — oo) creates a basis fdr,(O).

Ly(0) = lim V, (3.9)

J—00

3.3.4 Wavelets Generated by the Lifting Scheme

The purpose of wavelets are that they create bases for the dpatieat complementy
inV;.,. Thatis,V;.; = V; @ W, forall j € {0,1,... oco}. The set of wavelet functions
that spariV; are denoted as,

{Wjm, m € M (j)}, (3.10)
whereM'(j) denotes some index set.
The complementing condition df/; andV; imply the wavelet functions); ,,, are con-
tained in the spack;,, i.e. vy, ,,, € W, C V;1;. This property implies a similar relation-

ship to the refinement relation (3.6) exists for the wavelet functions. Each wavglet
can therefore be expanded in terms of the scaling function spaihing

Vjm = Z Vjmk Pj+1,k-

keK(j+1)

By recursively applying the relationshig = V;_; & W,_,, the spacé/; can be decom-
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posed into the spacé$ andWW, for k € {0,1,...,5 — 1}.

Vi = Viid Wi
— VoW Wj— 1

= Vi @ W (3.11)

Furthermore, combining (3.9) and (3.11) decomposes the Lebesguelspégento the
spacesdV;, for j € {0,1,..., 00}, andVj.

Ly =V EB;.OZO Wj

This creates a second basis spanding)) using all wavelet bases for; and the lowest
order scaling functions spannifg. This is explicitly written as,

{00k, k€ K0)}U{thjm, j=>0,me M(j)}

Therefore, any functiof € L,(O) can be expanded by,

f= Z >\0k900k+z Z Mk Uk (3.12)

ke K (0) 1=0 keM(l

and, similarly, the projected approximatign~ f in (3.8) can also be represented by,

Z /\0k900k+z Z Yk Vi k- (3.13)

k€K (0 1=0 keM(l)
Linear and Quadratic Octahedral Wavelets

A simple approach in constructing a basis for the complementing dpaégto use,
’ij7m == SOjJrl,ma Vm c M(]) (314)

This defines the basis for the spdég to be the scaling functions of the spdcg ; that

are associated with the new collocation points indexed by the/$¢}. The wavelets con-
structed using (3.14) were coined 'lazy wavelets’ by Swelden since they required no extra
computation for their construction. However, it has also been shown that this approach
does not guarantee a stable basisifgr[126].
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The wavelets are therefore re-defined using the modification,

Yim = Pjt1,m — Z Simk ik m € M(j), (3.15)

keK(j)
where contributions from the scaling functiopg;, are removed from (3.14), a process
which is a generalisation of the lifting scheme [90, 119]. Arbitrary valuesSfgr, can
be used in (3.15) since the complementing properties betWéemd}; always hold, and
so they are selected in order to generate more stable bases. The approach used here is to
ensure that all wavelets have vanishing integrals (that is, integration of each wavelet over
the octahedron equates to zero) as this has been show to increase their stability [90, 119].
In addition to this, it is important to keep the support of the wavelets small in order that
the functions remain localised. This requires restricting the lifting contribution from the
scaling functions in (3.15), to only the two functiops;; andy; 2, wherekl, k2 € K (j)
index the adjacent vertices of € M (j). This is illustrated in figure 3.3,

For the linear wavelets, the values$f,, ,, are defined as,

[eirim ; i i
W if Sj,k ISa ne|ghb0ur OSj+1,m

0 otherwise

Sk =

which generate functions of the form presented in figure 3.5.

For the quadratic wavelets, the above definition is used for the valygs when both the
scaling functions used in lifting have a non zero integral. In the case where an adjacent
scaling function does have a zero integral (see figure 3.3), the second scaling function
performs the full lifting. In this situation the sét ,, ;. is defined by,

f“”—“k’” if S, is the only neighbour o1 ,, with [ ¢;, >0

Sj,k,m = Je .
0 otherwise.

3.3.5 A Modified Wavelets Basis

The wavelet described in the previous sections have been shown to be highly inaccurate
when resolving certain 1-D neutron transport problems [92, 93]. These inaccuracies were
essentially a ray-effect type error that caused flux to travel in beams perpendicular to the
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Wavelet

- 1Loo

Figure 3.5: A diagram of a typical lifted linear wavelet on a sub-section of the surface of

the octahedron.

spatial dimension of the 1-D problem. As shown in the first numerical example of this
chapter this results in a build up of flux over source regions and discontinuous jumps in
the solutions appear at the source edges. The investigation of [92, 93] showed that rotat-
ing the octahedron could reduce the inaccuracies to some extent. However, this method
could only be used as a temporary measure since rotation was not effective for high order

wavelet expansions.

In order to completely mitigate these effects the wavelet expansions must allow disconti-
nuities in its approximation at the edges of the original octahedron (which lie in direct line
with the z, y andz axes) as this offsets the ray-effects from directing flux in the angles
that cause the errors to occur. It is simple to enforce this discontinuity by defining the
scaling functions of the MRA space to be the finite element functions associated with the
elements of the subdivided octahedron (as before). However, for a node that lies along
the edges of the original octahedr@y, we group its adjacent elements into sets, so that
the elements of each set belong to the same face of the original octahedron. Then, rather

than using a single function to interpolate over all adjacent elements of the node, separate



3.3 Linear and Quadratic Spherical Octahedral Wavelets 96

Bordering Node

< / -

Figure 3.6: This diagram illustrates how the modified wavelet bases are generated using
the modification developed in section 3.3.5. The diagram shows two faces of the octahe-
dron that has been subdivided once. The vertex being considered is positioned on the edge
of the two octahedral faces. In order to generate a discontinuity between the two octahe-
dral faces the subdivided elements are partitioned into two sets, denatetd. Each set

groups together the elements that belong to the same face of the octahedron. Two septate
finite element functions associated with the node are then used to span the two element
sets - this illustrated by the separate functions indicated by the two arrows (the dotted
lines show the profile of the linear finite element functions). These functions, together
with the continuous finite element functions on the internal vertices of the octahedron,

will generate the desired approximating spaces of the MRA.

finite element functions are used to interpolate over each subset of elements. That is, the
new functions represent the contribution of the original finite element function over the
separate faces of the octahedron. This allows discontinuity in the approximation at the
edges of the octahedron - see figure 3.6 for an illustration. The wavelet bases can then be
generated using the derivation given above.

In order to make these amendments clear, and to avoid confusion in the numerical exam-
ples, our DEFAULT wavelet expansions used are those which give continuous approxima-
tions across the elements of the subdivided octahedron, except when an edge between two
elements form part of the edge of the original octahedpgnin which case discontinuity
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is allowed. In the first numerical example these default wavelets are compared with the
original wavelets that gave approximations which were continuous over the whole octahe-
dron. This was so that the modifications developed in this sections could be demonstrated
to be work properly. In addition to this amendment of allowing discontinuity over the
edges of the octahedron we also investigate (in the second numerical example) a second
wavelet expansion that allows discontinuity across all elements of the subdivided octa-
hedron. That is, discontinuous finite element functions are used to span the spaces of
the MRA (and again the wavelet are developed in the same way). In order to distinguish
between the two wavelet expansions in this example, the default wavelets are said to be
continuous (as they are continuous everywhere but for the edges of the octahedron) and
the other wavelet expansion is said to be discontinuous.

However, the reader should note that unless otherwise stated, the wavelets being consid-
ered will be the default wavelets.

3.3.6 Calculating the Angular Integrals

In order to accurately approximate the angular integrals defined by equations (2.22) and
(2.39), the following method is advised when using the spherical wavelet expansions.

Initially, the angular matrices of equation (2.21) are calculated in terms of the highest
order scaling functions, which are essentially a finite element expansion over the ele-
ments of the subdivided octahedron. The integrals over the scaling function space are
approximated using a high order Gauss quadrature scheme. This is required to ensure
the information of the angular variation (that is the, (2, and(2. terms) are accurately
captured. To integrate on the triangular elements, it is advisable to map the elements
onto a unit quadrilateral, this is discussed in [128] where two nodes of the quadrilateral
are collapsed to make the triangle, and to use two Gauss quadratures to resolve the two
dimensions of the quadrilateral element.

The angular matrices can then be mapped into their corresponding wavelet space using the
mapping defined in (3.15). For each levek&y) above the lowest order approximation,
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two mappings are required. The firstis to map the correct higher order scaling functions to
the scaling functions of levél- 1. The second mapping is required to map the remaining
higher order scaling function into their lifted wavelet form. Both mappings can be defined

as,

PP =Y alyd (3.16)

J
whereyev andwj?ld denote a new and old scaling/wavelet function, respectivelyaé\nd
denote the mapping coefficients. In its general form the mapping can be represented for
all M angular variables by,

wnew - Wwol(h (317)

whereW is an M x M matrix defined defined byV; ; = a!. The angular matrices

can then be mapped in order to define the angular discretised transport equation in terms
of ¢y"** by pre-multiplying and post multiplying them By and W7, respectively. For
example the angular Jacobidp becomes,

Ay — WAWT. (3.18)

There are two advantages in taking this approach. The first is that the numerical integra-
tion is of high order accuracy and that the order of accuracy is consistent for all wavelet
functions. Note here that thﬁ;l’m are also computed to a high degree of accuracy. This

in turn helps mitigate any non-conservation of scattered particles when approximations of
the integrals of equations (2.39) are made. The second advantage is that the computation
of the angular information is inexpensive. This is because there are relatively few inte-
grals to perform in the high order finite element space (compared to the number of angular
functions) and that the mapping matridéswill also be sparse - thus few calculation are
required for the mapping (3.18).

3.4 Numerical Examples

In this section a number of steady state transport problems are solved in order to demon-
strate the accuracy of the octahedral wavelets. The first numerical examples aim to
demonstrate the wavelets capabilities on solving 1-D test problems. The first example



3.4 Numerical Examples 99

is designed specifically to demonstrate the effects of the modification procedure detailed
in section 3.3.5 on solving a simple pure absorbing problem. This is followed by solving
the more demanding Reed Cell Problem using the modified wavelet expansions. In this
example the option of using the fully discontinuous wavelets, also described in section
3.3.5, are investigated.

This section also solves a number of 2-D steady state problems. For these demonstra-
tions, 2 box problems, with and without isotropic scattering, a straight duct problem and
a source within a void problem are solved using only the default wavelets. The aims of
these numerical examples are to investigate the wavelet expansions for their accuracy and
their susceptibility to ray effects forming in their solutions. The approximations are com-
pared with the solutions from the establisttédand Py discretisations. These numerical
examples are also designed to show the wavelets working within a finite element spatial
discretisation framework. For this demonstration both structured and unstructured finite

element meshes are used.

All wavelet solutions are compared to solutions provided by established methods using
established numerical codes. Benchmark solutions have been provided by EVENT [129]
- an even parity code using a spherical harmonics angle discretisation and finite element
spatial discretisation, MCNP [130]- a probabilistic Monte Carlo code and a discontinuous
Galerkin Discrete Ordinate technique (DG-DO) [21].

For the following numerical examples the linear and quadratic wavelet solutions relating
to V partitions of the octahedron are denoted/Byy and@ Wy, respectively. The sizes

of the wavelet discretisations are listed in table 3.1.

3.4.1 1-D Numerical Examples

In the following 1 dimensional numerical examples the spatial variable is approximated
using a control volume spatial discretisation. This discretisation method was described in
section 2.3.3 where estimations of the angular flux at cell faces and domain boundaries
are approximated using a Riemann technique [89, 87].
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Angular Expansion sizes
N (Angular expansion) OLWy | OQWy
0 12 24
1 24 60
2 60 180
3 180 612
4 612

Table 3.1: This table lists the angular expansion sizes of the octahedral linear and

guadratic wavelet discretisations.

Problem 1: Isotropic Source within a Pure Absorbing Material

This problem was designed to demonstrate the capabilities of the modified wavelets de-
tailed in section 3.3.5 (that is where the approximations allow discontinuity along the
face edges of the octahedron - the default wavelets) for mitigating the ray-effect type
inaccuracies described in reports [92] and [93]. The problem domain, presented in fig-
ure 3.7, is 10cm in length and contains a pure absorbing material with a cross-section of
0.5cm~!. Anisotropic source of intensity 1.0 particles—2s~! occupies the central 2cm
region. Vacuum boundaries conditions are prescribed along both edges and the spatial
domain was discretised using a regular mesh of 200 control volumes. The problem was
solved using the modifiedV; (the default wavelets), un-modifidd1; and P, angular
discretisations. Their solutions are presented in figure 3.8.

The results reveal the un-modified wavelet solution possess ray-effect type inaccuracies in
the form of a discontinuous jump in the scalar flux solution over the source region. These
are clearly seen to be un-physical discontinuities when the solution is comparedip the
approximation. However, the results also show the modified wavelets to have mitigated
the errors and provided a solution that compares closely td$hepproximation. It is
therefore evident from this numerical example that the method developed in section 3.3.5

does mitigated the ray-effect inaccuracies that form in the un-modified wavelets solutions.
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Source = 1.0

Bare surface
Bare surface

>

Figure 3.7: Problem 1: Diagram of the simple 1-D problem. The setup has a constant pure
absorbing cross-section of @b~ across the whole domain, vacuum surfaces bounding
both sides and an isotropic source of intensity 1.0 partiales’s—! occupying the central

2cm region.
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Figure 3.8: Scalar flux solutions obtained from the linear wavelets with and without the

discontinuity over the octahedron’s faces. Calculations were performed on problem 1.
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Region 1 Region 2 Region 3 Region 4 Region 5

Bare Surface
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Figure 3.9: Problem 2: Diagram of the 1-D Reed Cell Problem.

Problem 2: The Reed Cell Problem

This problem is designed to demonstrate the capabilities of the wavelets in approximat-
ing demanding 1-D geometries. In this demonstration a comparison between the default
linear and quadratic wavelets solutions is given. The final part of this section gives a

demonstration of the fully discontinuous linear wavelet’s which were discussed in section

3.3.5.

For this demonstration the Reed cell problem is solved. The problem domain is presented
in figure 3.9 and the corresponding source and material information is listed in table 3.2.
The problem comprises of 5 regions that lies within a reactor lattice cell that is located
at the edge of a bare core. Region 1, positioned next to a reflecting boundary, is 2 cm
in length and contains an optically thick, pure absorbing material with a cross-section
o, = 50.0cm ™! and a high isotropic source of intensity 50.0 particles2s~!. Next to

this is a 1cm fuel can containing a pure absorbing material with a cross-section.0

cm ™!, which is designed to cause a sharp attenuation of particles. The next region is a
2cm void, and this is followed a 3cm moderator. The moderator’s material has isotropic
scatteringo, = 0.9cm~! and a small absorber, = 0.1cm~!. Region 4, the left side

of the moderator, contains an isotropic neutron source of intensity 1.0 particiés .

The problem is bounded at the right with a bare surface and the spatial domain discretised
using a regular mesh of 800 control volumes.

Figure 3.10 presents thHdV, and P, scalar flux solutions, which use 120 and 100 angular
basis functions respectively. Both results are in close agreement over all 5 regions of the
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Region| Source(cm™2s7') o, (em™) o, (em™")
1 50.0 50.0 0.0
2 0.0 5.0 0.0
3 0.0 0.0 0.0
4 1.0 0.1 0.9
5 0.0 0.1 0.9

Table 3.2: Source and material properties of Problem 2, the Reed cell problem.

2.0

: : :
«~—— P9 :100 Moments
-~ --- Linear Wavelets: 120 Moments

2

Scalar Flux: neutron/(cm“sec)

Figure 3.10: The I/; and P, scalar flux solutions of the Reed Problem.

problem domain. In order to demonstrate the solution’s convergence with respect to the
angular expansion, figure 3.11 presents the scalar flux solutions fdrithe LWW;, P;

and Py angular approximations. These use 48, 120, 36 and 100 angular basis functions,
respectively. The graph is concentrated over the peak in region 4, as this region shows the
largest variation in the solutions, and the results are compared to the benchmark solution
provided by EVENT using’ 9. The corresponding difference plots to these solutions are
show in figure 3.12.

The LW; and P;5 solutions show large differences in their scalar flux profile over region 4.



3.4 Numerical Examples 104

2.05 ‘ ‘ ‘ ‘ ‘ —
Exact
T - P,, 36
(o] 5’
8 200 - ~--=~LW,, 48 il
£ . . ——=P, 100
< ST e LW, 120
S 195 ¢ R SN ? .
5 P Tm.
[}
<
X 1.90 - 1
>
o
ks
T 1.85 .
w L
//A/ . H \
1.80 { ! ‘ ! ‘ ! ‘ ! ‘ ! L \x\ ‘
530 540 550 560 570 580 590 6.00

cm

Figure 3.11: Thel.WW;, LW;, P; and P, scalar flux solutions of the Reed cell problem.

The graphs are concentrated over the peak of the angular flux in the moderator region.
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Figure 3.12: The Wy, LW, Ps and P, scalar flux errors for the Reed cell problem. The

graphs are concentrated over the peak of the angular flux in the moderator region.
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The flux peak in the.1¥; approximation reaches approximately 1.99 neutkans?s—!,

which is significantly higher than th® solution that rises to only 1.94 neutrons—2s~'.

The benchmarked solution show the correct peak to reach 1.97 neutiiofs !, show-

ing LW, andP; to be roughly equal in accuracy - this is confirmed by the difference plots

in figure 3.12. The scalar flux profiles from the higher ordetéd, and P, approxima-

tions are in close agreement with the exact solution. The difference plots also show that
the errors of these two solutions are roughly of equal magnitude and that convergence is
close to being reached.

Figure 3.13 presents thdV, angular flux plots at the centre of each of the 5 regions of the
Reed cell problem. These plots clearly demonstrate the wavelets capabilities in resolving
a diverse range of flux distributions from isotropic fluxes in region 1 to highly directional
distributions in region 2. These solutions also show the wavelets are capable resolving
scattering cross-sections. This is demonstrated in region 5 where particles are seen to
be propagating in the negative x direction - this can only arise through scattering. The
wavelets have also performed remarkably well in resolving complex flux distributions.
This is demonstrated in region 3 where the angular flux develops a ringed peak about the
negative x axis. Figure 3.14 presents the first four wavelet solutions at this mid point
of region 3. These illustrations demonstrate the wavelets power as each incrementation
in the angular expansion adds a finer layer of detail to the solution. The peaked ring
becomes clearly visible and well defined usib@/,, indicating that convergence in the
solution has nearly been reached using this level of angular resolution.

Figure 3.15 presents th@ll; and Py scalar flux solutions, which require 120 and 100
angular basis functions, respectively. The two results are again shown to be in close
agreement over all 5 regions of the problem domain. The graph presented in figure 3.16
shows the) W, QW;, Ps and P, solutions that again concentrate on the peak over region
4. The results showWW, performs better tha®; since the peaks reach 1.98 and 1.94
neutronscm s~ !, respectively. This is highlighted by the error plots shown in figure
3.17. This graph clearly shows the quadratic wavelet approximation to be closer to the
exact solution over the region considered. The difference plots also shoysto be

more accurate thaR, and that convergence with the Benchmarked solution has almost
been reached.
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Figure 3.13: Angular flux plots at the mid point of the 5 regions of the Reed cell problem.

The fluxes were generated by th&/; discretisation.
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Figure 3.14: Angular flux plots at the mid point of region 3 of the Reed cell problem. The

calculations were performed using the linear spherical wavelet discretisation.
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Figure 3.15: The&% and quadratic spherical wavelet scalar flux solutions of the Reed cell

problem.
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Figure 3.16: Th&)W,, QW;, Ps and P, scalar flux solutions of the Reed cell problem.

The solutions are concentrated over the moderator in region 4.
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Figure 3.17: The&)W,, QW,, Ps; and P, scalar flux errors of the Reed cell problem. The

solutions are concentrated over the moderator in region 4.

Figure 3.18 presents thell;, LW, QW, andQWW; wavelet solutions over region 4 of

the problem - the corresponding difference plots are presented in figure 3.19. The graphs
demonstrate that the quadratic wavelets can produce more accurate scalar flux solutions
when using the same number of angular basis functions. This is particularly apparent
for the lower order wavelet solutions where the errors are reduced by some considerable
margin. The higher order solutions also demonstrate the quadratic wavelets to be the most
accurate, although both approximations are very close to the exact solution.

The final demonstration of this section investigates the fully discontinuous linear wavelets
- where the approximation can be discontinuous over all element edges of the subdivided
octahedrorO,. Figure 3.20 presents thél’; and LW, scalar flux solutions for the ap-
proximations that have continuity (the default wavelets) and discontinuity over the ele-
ments ofO,. The discontinuous wavelets show improvements in accuracy over the peak
flux in region 4. However, the cost of this improvement is that the set of angular basis
functions increased from 48 to 96 farl; and 120 to 386 for.1¥,. This shows the
discontinuous wavelets to be highly expensive for the small gain in accuracy. However,
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Figure 3.18: The)W,, QW,, LW, and LW, scalar flux solutions of the Reed cell prob-

lem. The solutions are concentrated over the moderator region 4.
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Figure 3.19: Th&)W,, QW;, LW, and LW, scalar flux errors of the Reed cell problem.

The solutions are concentrated over the moderator region 4.
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Figure 3.20: The scalar flux solution of the linear wavelets with and without discontinuity
across the subdivided faces of the octahedron. The solutions are concentrated over the

moderator of region 4 in the Reed cell problem.

they may yet be useful for problems where the flux also develops high discontinuities in
it angular domain.

3.4.2 2-D Numerical Examples

The following 2-D numerical examples have been performed using the recently devel-
oped radiation code RADIANT. The spatial variables are discretised using the CVFEM
method [88] and the Riemann approach described in section 2.3.3 is employed to resolve
bare surfaces. In order to give consistent comparisons against established angular discreti-
sation methods$y and Py solutions have also been calculated using RADIANT. These
solutions are used in conjunction with benchmarked solutions provided by established
numerical codes.
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Figure 3.21: Problem 3: Diagram of the 2-D Box Source Problem.

Problem 3: A Pure Absorbing Box Problem

This numerical example is designed to demonstrate the accuracy of wavelets when solving
two dimensional problem domains. The aims are compare the accuracy of the linear and
guadratic wavelets and to investigate their capabilities in comparison to the conventional
angular expansions.

A diagram of the problem domain is presented in figure 3.21 and the corresponding ma-
terial and source information is listed in table 3.3. The problem domain is a38am
square which contains a material with an absorbing cross-segtioa 0.5cm~!. An
isotropic source of intensity 1.0 particlesi—2s~! occupies the central square region of
size 0.5cmx 0.5cm. Vacuum boundaries are prescribed along all edges and the spatial
domain is discretised using a mesh consisting of 225 elements and 256 nodes.

Figure 3.22 presents the RADIANTW, Ss and P5 scalar flux solutions. In two di-
mensional geometry, these approximations use 21, 24, and 24 angular basis functions,
respectively. The benchmark solution provided by EVERS is presented in figure

3.23.
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Figure 3.22: TheP; (a), S¢ (b) andLW; (c) scalar flux solutions of problem 3.
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Region| Source(cm™2s7Y) o, (em™') o, (em™)
1 1.0 0.5 0.0
2 0.0 0.5 0.0

Table 3.3: Source and material properties of Problem 3: The Box Source Problem 1.

— above  3.62+107"
[ 3464107 — 3624107
[ 3.17+107" — 3.46x10""
[ 289+107" — 3.17%107"
] 261410 — 2894107
B 23510 — 2614107
Wl 2054107 — 2334107
B 177107 — 2.05+107"
0 1494107 — 177%107"
] 12007 — 1494107
[ 923+107 — 1204107
[ 6414107 — 9234107
[ 3604107 — 6414107
Bl 7814107 - 360+107°
[ | below  7.81#107°

Figure 3.23: The EVENTP,; scalar flux (benchmarked) solution of problem 3.
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Figure 3.24: The EVENTP,3, RADIANT Ps, RADIANT Sg and RADIANT LW, scalar
flux solutions along the line (0,0) to (3,3) (left) and (0,1.5) to (3,1.5) (right) of problem 3.

Initial observation of the scalar flux profiles immediately highlights a number of effects
that variation of the angular discretisation method has on the approximated solution.
First it is seen that the wavelet and discrete ordinate solutions are more accurately re-
solved around the central region of the problem where the peak in the scalar flux oc-
curs. The EVENTP,3 benchmarked solution shows the scalar flux should peak at 0.34
particlescm—2s~!. This is in close agreement with the wavelet and discrete ordinate so-
lutions, where the peak in the scalar flux reaches 0.36 and 0.37 particiés:!, re-
spectively. ThePs solution peaks some way short of this figure at approximately 2.6
particlescm—2s~!. This is illustrated more clearly by the linear cut plots presented in
figure 3.24. The two graphs, measured from points (0,0) to (3,3) and (0,1.5) to (3,1.5),
confirm theP; approximation has indeed fallen far short of the true solution in compari-
son to the discrete ordinate and wavelet approximations. The peak percentage error of the
P5, LW, andSs approximation are 25.7, 2.9 and 5.7 percent respectively.

Although the last observation favours the discrete ordinate and wavelet approximations,
their solutions do however contain unphysical oscillations (ray effects) in the scalar flux.
Ray effects are well documented for distortifig solutions but they should also be ex-
pected to form in the wavelet solutions due to the absence of rotational angular invariance
- the condition required for a ray effect free solution. The remainder of this numerical ex-
ample will now focus on the damaging effects ray effects have on the wavelet solutions.
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This demonstration compares th&/,, LW, and LW, solutions with those of,, S and
Syo. Figure 3.25 presents the contours of the scalar flux solutions using all six expansion
as well as the benchmarked solution and the solution usjng

The benchmarked solution shows the scalar flux peaks in the centre of the domain and
declines uniformly from the centre towards the problem’s boundaries as particles attenu-
ate within the absorber. The approximation exemplifies how ray effects can distort the
discrete ordinate solutions. The method has allowed particles to travel in the 4 directions
defined byS; and due to the lack of scattering, the positions out of direct line with the
source, with respect with they directions, do not experience flux.

The S, and LW, solutions also display severe oscillations in the scalar flux. It appears that
the wavelet resolve the central region outside the source to some degree bettgy. than
However, both solutions are subject to large oscillation at the boundaries of the problem.
The severity of the solution’s oscillations are dampened by increasing the approximations
to Sg and LW/;. Visible ray effects still persist but there are indications that the wavelets
are beginning to resolve the flux more accurately than Around the central part of

the problem, the wavelet solution’s contours resemble closely the contours of the bench-
marked solution - this is something tt¥g has not been able to achieve. Increasing the
approximations again t8,, and LW, removes virtually all visible ray effects. Again, it
appears that the wavelet solution has a closer contour shape to the benchmarked solution
thanSy. In fact, the scalar flux contours fromll,; and EVENT P»3; are in very close
agreement.

Figure 3.26 presents the scalar flux contours ofithié , LW;, QW and@WW; solutions.
Although the linear and quadratic wavelet solutions are shown to vary, they do appear to
be of similar accuracy. Again, there are signs of ray effects distorting the solutions. The
oscillations are particularly apparent in the lower order approximations.

Problem 4: Box Problem with and without Isotropic Scattering

This numerical example is designed to demonstrate the wavelets capabilities (including
investigating their susceptibility to forming ray effects) in resolving problems containing
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Figure 3.25: Scalar flux contour plots usifg, Py and LWy angular approximations.

All calculations were performed with RADIANT unless otherwise stated. From left to
right, top to bottom: EVENTPy3, Sy (4), Sy (12), LW, (12), S (24), LW, (24), S1o

(60), LW, (60). The (.) denotes the number of angular basis functions used in the angular

expansion.
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(a) LW solution (b)QW, solution

(c) LW, solution (d)QW7 solution

Figure 3.26: This figure shows the scalar flux contours comparing the linear and quadratic
wavelet solutions for problem 3: (&)1, (24), (b)QW, (24), (c) LW, (60), (d)QW1 (60).
The (.) denotes the number of angular basis functions used in the angular expansion. All

calculations were performed with RADIANT.
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y Bare surface ¢~ Line 1

Bare surface
Bare surface

Region 1

Region 2 X

0 1 Bare surface

Figure 3.27: Problem 4: Diagram of the 2-D Box Source Problem.

Region| Source(cm™2s7Y) o, (em™) o, (em™)
1 1.0 1.0/0.6 0.0/0.4
2 0.0 1.0/0.6 0.0/04

Table 3.4: Source and material properties of Problem 4.

scattering cross-sections. The default linear and quadratic wavelets are compared against

the conventional’y and Sy solutions.

The problem domain is presented in figure 3.27 for which the corresponding material
and source information is listed in table 3.4. The problem under consideration frequently
arises in radiation transport calculations, particularly when distortions due to ray effects
are of high interest. The problem was applied in Lathrop’s analysis 0f2-D72] and

used again in Seed’s work on Walsh function approximations [77].

The problem domain is a 4cm 4cm square containing a material with a total cross-
sectiono; = 1.0cm™! and a spatially constant isotropic scattering cross-section (which
is varied throughout testing). An isotropic unit source of 1.0 partieles?s—' occupies

the central 2.0cnx 2.0cm square region and vacuum boundaries are prescribed along
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all edges of the problem domain. The following calculations were performed using a bi-
linear CVFEM spatial approximation over a regular grid comprising of 400 elements. A
Benchmark solution was provided by EVEN%;.

For this demonstration the flux leakages through the top edge boundary are examined
- see line 1 of figure 3.27. Figure 3.28 presents the graphs ofL.¥ig LW, LW,

Sy, S and Sy scalar flux solutions when the problem’s scattering cross-section was set
to zero. The results sho®, to be more accurate in resolving the central peak region than
LW,. However, this discrete ordinate solution has also developed much larger ray-effect
oscillations, which continues on previous numerical example’s findings irbtha& more
susceptible to ray effects than the wavelets. The graph showingitheandSs solutions
continue along this pattern. The results rev€ako be more accurate over the central
region but to still contain visible oscillations caused by ray effects. In contrast to this,
the ray effects ofL 11, have been almost mitigated @y1/;. This again strengthens the
view that the wavelets solutions are less susceptible to ray effects. The final graph shows
the LW, and .S, solutions have both converged on the benchmark solution and contain
no signs of ray effects. Figure 3.29 presents the percentage error in neutron leakage in
the wavelet solutions. Over the range measured, the errbrigfremains below %, for

LW, the maximum error reduces t62

The Sy and wavelet calculations were also performed with the problem’s scattering cross
section set tor, = 0.4cm L. Figure 3.30 presents the scalar flux leakages through the top
boundary. These results share close similarities withvthe- 0 calculations, however,
ray-effects are less significant in the presence of scattering. In addition to thidithe

and Sg solutions are much more accurate when scattering cross-sections are increased -
this comes as a direct consequence of isotropic fluxes being induced by the scattering
cross-section. Figure 3.29 presents the percentage error of the flux leakage across the top
boundary. The.WW/; and LW, errors do not exceed/®and 2%, respectively.
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Figure 3.28: Problem 45, = 0: Scalar flux leakage through the boundary (0,4) - (4,4).
Top left: S, and LW, discretisations, Top rightSs and LW/, discretisations, Bottom

centre:S;, and L1V, discretisations.
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Figure 3.29: Problem 4, The percentage error of the flux leakage through top boundary

using linear wavelet discretisations. Left; = 0, Righto, = 0.4.
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Figure 3.30: Problem 45, = 0.4: Scalar flux leakage through the boundary (0,4) - (4,4).
Top left: S, and LW, discretisations, Top rightSs and LW/, discretisations, Bottom

centre:S;, and LW, discretisations.

Region| Source(cm™2s7Y) o, (em™) o, (em™)

1 1.0 0.5 0.0
2 0.0 0.5 0.0
3 0.0 0.0 0.0

Table 3.5: Source and material properties of Problem 5: The Straight Duct Problem.

Problem 5: Straight Duct Problem surrounded by a Purely Absorbing Region

This problem is designed to demonstrate the capabilities of the wavelet expansions to
accurately resolve problems with more demanding, non uniform domains containing void
material cross-sections. In this example only the default linear wavelets are considered
and solutions are compared to those of the established methods (EVENT and RADIANT

Py).

The problem is the straight duct problem referenced in [34] page 449. The problem
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Figure 3.31: Problem 5: Diagram of the 2-D straight duct problem domain.

domain is presented in figure 3.31 and the corresponding source and material information
is listed in table 3.5. The numerical example has a rectangular domain of size 36cm
x 28cm. The central 6cnx 6¢cm square region contains an isotropic source of strength
1.0 particlessm~2s~! and a purely absorbing material with a cross-sectioa 0.5cm ™.

Two ducts containing voids of width of 6cm extend from the source to the problem’s upper
and lower boundaries. The material surrounding the ducts has a absorbing cross-section
o, = 0.5cm ™!, Vacuum boundaries are prescribed along all edges of the problem. A finite
element mesh consisting of 3,600 elements was employed to discretise the problem’s

spatial domain.

Figure 3.32 presents the EVENA; 5, RADIANT LW; and RADIANT LW, scalar flux
solutions, all three results show close similarities in their profiles. The scalar flux solution
peaks in the problem’s centre at approximately 1.7 neutrangs—!. In the absorber re-

gion adjacent to the source the high attenuation of particles have caused the sharp decline
in the scalar flux profiles. Through the ducts, for which there is no particle attenuation,

the scalar flux descent is at a much lower gradient.
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Figure 3.32: Problem 5: Scalar flux solutions of the EVERT (top), RADIANT LW,
(middle) and RADIANT LW, (bottom) discretisations.
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The linear wavelet scalar flux profiles display a number of oscillations through the duct
regions that are not present in the EVEIRE solution. These oscillations are most likely

to be unphysical fluctuations caused by either ray effects through the angular discretisa-
tion or Gibbs oscillations that form from RADIANT’s spatial approximation. In order to
investigate these oscillations, figure 3.33 presents the scalar flux plotted through the points
from (0,0) to (0,18). Included in this graph are the DG-DO results using 2,500 directions
on a fine spatial mesh - which is used as the benchmark solution. The graph indicates the
oscillations to be a product of both the angular and spatial approximations. Across the
interval (0,6) to (0,18), the large oscillations manifesting in the low order wavelet approx-
imation are mitigated using the higher order wavelet expansion. This is highlighted by the
difference plot presented in figure 3.34, which shows the extent to which the low order
approximation’s errors have been reduced. This indicates the angular approximation to
be the cause of the oscillations - with ray effects being the most probable cause. However,
the fluctuations over the interval (0,4) to (0,6) are not mitigated by increasing the angular
approximation. In fact, the wavelet solutions are close to convergence across this inter-
val, indicating that the oscillations are spatial discretisation errors. It is also interesting
to note that the largest variation between the EVENT and RADIANT solutions occur at
the surface between the duct and source regions. However, the graphs of figures 3.33 and
3.34 show EVENTPy to be the most erroneous at these regions.

Problem 6: A Cylinder Source within a Cylinder

This Problem is designed to demonstrate the wavelets capabilities in solving demanding
geometries using unstructured spatial meshes. In this demonstration the linear wavelets
are compared with the solutions of EVENT and MCNP.

The problem domain is displayed in figure 3.35 and the corresponding source and material
information is listed in table 3.6. The problem domain consists of a circle (or infinitely
long cylinder) 15cm in radius. The central circle of 1cm radius contains an isotropic
source of intensity 1.0 neutrons pen—2s~!'. The material cross-sections are set to zero
across the whole domain and vacuum boundary conditions are prescribed along the do-
mains edge. The spatial domain has been discretised using an unstructured mesh, gen-
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Figure 3.33: Problem 5: Scalar flux solutions of the EVERE, RADIANT LW, and
RADIANT LW, discretisations through the line (0,0),(0,18).
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Figure 3.35: Diagram of Problem 6: A cylinder source inside a cylinder.

Region| Source(cm™2s7Y) a, (em™) o, (em™)
1 1.0 0.0 0.0
2 0.0 0.0 0.0

Table 3.6: Source and material properties of Problem 6: The cylinder source inside a

cylinder.

erated using a Delaunay triangulation [131], which consists of 8,278 triangular elements
using 4,200 nodes, this is presented in figure 3.36.

For this demonstration a number of calculations were performed @singy and linear
wavelets. The EVENTP; and P, scalar flux solutions are presented in figure 3.37. For
these calculations a small absorbing cross-section (0.01/cm) had been used in order to
avoid break down of the even-parity method when used with voids. Figure 3.38 presents
theS, andS, calculations, figure 3.39 presents the solutionSgdndsS,, and figure 3.40
presents thé.WW,, LW; and L1V, solutions.

The solutions reveal a striking contrast betwé&n Sy and the wavelets. The; solution
contains a diffuse scalar flux which peaks in the central region at just under 0.2 particles
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Figure 3.36: The unstructured mesh produced from a Delaunay triangulation used discre-
tised the spatial domain of problem 6. The mesh is generated from 8,278 elements using
4,200 nodes.

2,—1

per cm™“s The P, solution still retains a fairly diffusive scalar flux, however, the

solution’s profile does show a larger and more defined peak that rises above 0.35 particles

per cm2s!

. The Sy calculations clearly conflicts with thedey solutions, the first
noticeable discrepancy being the larger peak in scalar flux over the source region. The
scalar flux peaks at just over 1.4 partictes—2s~! for all Sy calculations, a magnitude
greater than the value observed with. The Sy calculations then show a very steep
decline in the scalar flux profile in the outer regions of the source. On leaving the source
the scalar flux either drops to zero or propagates along the directions.®yf theadrature

set. Note that once outside the source these fingers of flux remain constant in magnitude
as there is no attenuation of the particles. The wavelet solutions display many close
similarities to the results of . The peak in scalar flux is Sharp, concentrated over the
source region and reaches a magnitude of approximately 1.5 particlesip&r!. The

ray effects in the solutions are also seen as fingers of flux propagating away from the

source.

From these calculations it was necessary to determine which, if any, of the solutions is
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Figure 3.37: The EVENT; (top) andF, (bottom) scalar flux solutions of Problem 6.
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Figure 3.38: The RADIANTS, (top) andS, (bottom) scalar flux solutions of Problem 6.
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Figure 3.39: The RADIANTS; (top) andS;, (bottom) scalar flux solutions of Problem
6.
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Figure 3.40: The RADIANTLW, (top), LWW; (middle) andLW, (bottom) scalar flux

solutions of Problem 6.
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correct, as it is clear from these conflicting solutions that at least one of these methods
is proving inaccurate within this problem domain. The first method undertaken was to
introduce an absorbing cross-section into the problem’s materials and investigate what
effects its magnitude has on ti$, and Py solutions (the wavelets have been omitted
from this experiment due to their close agreement witf). Calculations were performed

with Sy (RADIANT) and Py (EVENT) angular approximations. The values of absorbing
cross-section used were !, 0.5cm ™!, 0.3m ™!, 0.22m ™!, and 0.m ™.

The graphs presented in figure 3.41 display the flux profiles along the line through the
points (-15,-15) to (15,15). The top graph of this figure containsSthealculations.
These calculations show what would appear to be an expected flux profile for the various
absorption cross-sections. That is, a higher peak in the scalar flux is gained upon a re-
duction in the attenuation of particles. The bottom graph of figure 3.41 containg, the
calculations. For the calculations with cross-sections exceedingn0.3, the peaks in
scalar flux are in close agreement with thoseSaf However, any further reductions in

the cross-section resulted in a reduced peak in the scalar flux, this is clearly incorrect.

From this observation it appears th&t, is showing inaccuracies in the resolution of

the domain as the material cross-section approaches zero. A possible cause for these
inaccuracies may lie in this method’s inability to resolve the angular flux in the outer
regions of the problem. In these regions the angular flux distribution is highly peaked,
due to the distance from the source and the lack of attenuation and scattering of particles,
and is therefore a demanding distribution to approximate. Asihenethod finds its

best fit solution, large errors occurring in these outer regions could effect the solutions in
other parts of the domain. If this is to be the case then the effects could account for the
observed reduction in the scalar flux.

It is possible to test this conjecture by modelling the source region with the outer disk
removed. This is due to the inner disk’s independence from the outer disk when no scat-
tering is present. Calculations were performed with and without the outer disk using
EVENT P,, Py and Pyy, with the material cross-section set to @:h~—!. Figure 3.42
presents the scalar flux along the line at the points (-1,-1) to (1,1) for the source only cal-
culations and (-15,-15) to (15,15) for the calculations using the full domain. These graphs
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Figure 3.41: The scalar flux solutions of problem 6 through the points (-15.-15) to (15,15).
In these experiments the absorbing cross-section is varied between the values 1.0 and 0.1

em~L. Top: S, solutions, Bottom:P, solutions.
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Figure 3.42: The scalar flux solutions to problem 6 with an absorbing cross-section of
0.1 em~!. Calculations were obtained usiidg, P, and P,y angular expansions. The

solutions to just the source region using these angular expansions are included.

show vast increases in the scalar flux peak with the outer disk removed? Tdedcula-
tions show an increase from 0.35 particlesqer?s—! to 0.96 particles parm—2s~!. The
P, calculations increase from 0.9 to 1.3 particles @ar?s—! and theP,, increase from
1.0 to 1.34 particles pemm—2s~! . This confirms the inability of’y to model the whole
domain involving low cross-section materials. Evei,g approximation was unable to

give an accurate approximation over the source region.

In addition to this conclusion it should also be noted that #heand P,y calculations
almost converge on the source only calculations, indicating the peak in the scalar flux
should be approximately 1.3 particles pai—2s~!. This is in close agreement with the

Sy calculations presented in figure 3.41. This figure is also just shy of the peak flux calcu-
lated bySy and the wavelets, figures 3.38 - 3.40. However, this small shortfall should be
expected due to the introduction of the small cross-section used in the experiment. This
makes it possible to conclude that the wavelet Ardapproximations of figures 3.38 -

3.40 are producing accurate representations, at least over the source region.

The accuracy of the wavelet arttl; solutions are confirmed by their comparison with
MCNP calculations. Figure 3.43 presents the scalar flux profiles of the MCNIR,and
Py solutions through the line (0,0)-(15,4). The wavelet and MCNP solutions are in almost
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Figure 3.43: The MCNPLW, and P, scalar flux solutions of problem 6. The line cut

was taken from the problem’s centre to the boundary edge.

exact agreement over the source region - withRheolution far short of their maximum.
Therefore the three experiments used to investigate the differencesHy ttued wavelet
solutions have all agreed that the wavelet calculations are correct.

Figure 3.44 presents the contour plots of thé;, LW,, Sg and Sy solutions. Both
contours of the5; and LW solutions display ray effects. However, the ray effects in the
LW, solutions only become apparent several centimetres from the source region. The
area just within a few centimetres of the source region show a uniformly declining scalar
flux profile from the problems’ centre, as would be expected. Fhapproximation
shows ray effects dominating the solution from the source region. At no point from the
centre is there a uniformly declining scalar flux.

The S;, solution still displays ray effects that are visible from a close distance to the
central region. In addition to this there are many areas towards the outer boundary that do
not experience flux. In contrast to this, the wavélgt, approximation shows a uniformly
declining flux several centimetres from the centre. Furthermore, although the solution are
still contains visible fluctuations, far more of the outer regions experience flux. It can be
concluded from these observations that the wavelets have given a far more realistic scalar
flux profile thanSy. The wavelets have once again shown that their solutions are also
less susceptible to ray effects than the solutionSaf
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Figure 3.44: The scalar flux contours of the solutions to problem 65¢al) LW, (c)

Sio, (d) LW5. The term (.) denotes the angular expansion size.
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3.5 Conclusions

In this chapter two octahedral spherical wavelet bases have been developed and applied to
discretise the angular variable of the Boltzmann transport equation. The wavelet functions
are based on Swelden’s second generation wavelets, however, in this work a modification
was developed in order to mitigate the ray-effect type errors that form in the standard
wavelet solutions. A number of numerical tests were performed in order to demonstrate
the wavelets capabilities and to highlight their susceptibility in forming ray-effects in their
solutions. Solutions were compared with the solutions of established angular discretisa-
tion methods (where the same code discretising the spatial domain was used to ensure fair

comparisons) and other established radiation transport codes.

The 1-D numerical examples demonstrated the modified wavelets proposed in section
3.3.5 mitigated the ray effects type errors seen in the solutions of the original wavelet
bases. In addition to this, the modified wavelets were demonstrated to be capable of
resolving the demanding and complicated angular distributions generated by the Reed cell
problem. It was also shown that the fully discontinuous wavelets were highly expensive,
in terms of the number of angular unknowns, for the small gains in accuracy they gave.

The 2-D numerical examples highlighted a number of important issues with regards to the
wavelets capabilities. First, in all examples the wavelets performed comparatively well
against the establishef)y and Py discretisations. In some test cases the wavelets were
shown to out performed the traditional techniques by some considerable margin. This
was particularly highlighted in the final numerical example involving the void cylinder
problem. In this demonstration thiéy method produced very poor quality solutions that
showed very little resemblance to the exact solution. Not only did the wavelets manage to
provide highly accurate solutions to this problem but they also demonstrated themselves
to be less susceptible thaty to forming ray effects in their solutions. The general pattern

of the other multi-dimensional numerical examples agreed with these findings. They also
demonstrated the wavelet bases to capable of resolving isotropic scattering cross-sections
and highly directed fluxes that occur from neutron streaming within voids.

The first two multidimensional problems showed the linear and quadratic wavelets gave
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solutions of similar accuracy - with respect to the number of angular basis functions used.
However, in the one dimensional problems the quadratic wavelets showed more poten-
tial, as they clearly gave faster convergence towards the exact solution. But, in general,
these results show it maybe be more beneficial to use the linear wavelets. This is due
to them producing sparser angular matrices which, in turn, can be utilised to improve
the efficiency of a linear solver’s operations - for example, performing a matrix vector
multiplication in a GMRES type algorithm.
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In this chapter two new spherical wavelet bases for the angular discretisation of the Boltz-
mann transport equation are presented. The wavelet functions have been developed on a
second generation wavelet framework. The bases are designed to represent spherical func-
tions over the surface of a hexahedron by providing linear and quadratic representations
over a quadrilateral partitioning of the hexahedron’s surface. A demonstration of the new
wavelet bases capabilities in solving neutron transport problems is presented. Four 2-D
steady state transport problems are solved and the wavelet solutions are compared for
accuracy and susceptibility to ray effects with the solutions of established techniques.
Benchmark solutions for all transport problems are provided by established transport
codes.

4.1 Introduction

In this chapter we continue to develop new numerical methods for approximating spheri-
cal functions with the intention of widening the options of angular discretisation methods
for modelling particle transport problems. The intension of this chapter is to expand the
class of spherical wavelet methods that was initiated in chapter 3. The wavelets previ-
ously developed were based on Swelden’s spherical wavelets that approximated spherical
functions over a triangular partitioning of an octahedron’s surface (this surface was used
to represented the surface of the unit sphere). These discretisation methods were shown

to be capable of producing accurate approximations that were often more accurate than
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those of the established methdtls and Py . In addition to this the wavelet methods were
also less susceptible th&f, to forming ray effects in their scalar flux solutions.

The work in this chapter provides an extension to the methods developed in chapter 3 by
developing a second low order spherical wavelet basis. In this work the spherical wavelets
are designed to approximate the direction of particle travel over a quadrilateral partition-
ing of a hexahedron’s surface, this is presented in figure 4.2. In a similar manor to the
approach of chapter 3, these wavelet bases generate linear and quadratic approximations
over the quadrilateral elements.

The motivation behind developing this second alternative approach is because the theory
of finite element analysis generally shows quadrilateral finite elements to be more accurate
and stable than triangular discretisations. These new spherical wavelets are therefore
expected to inherit this property and provide a more stable and accurate approximation
scheme when used to discretise the angular variable of the Boltzmann transport equation.
This added stability and accuracy should also further mitigate un-physical scalar flux
oscillations caused by ray effects. In addition to this, these wavelets also possess the
necessary ingredients for adapting in angle. That is they are hierarchical expansions and
the functions have compact support (see chapter 3), and this is utilised in a chapter 6.

In this chapter the theory of the linear and quadratic hexahedral wavelets are presented
and their capabilities are demonstrated and tested against conventional methods for ac-
curacy and susceptibility to forming ray effects. The following sections are as follows:
Section 4.2 introduces the angular discretised Boltzmann transport equation. Section 4.3
defines and builds the linear and quadratic hexahedral wavelets on the sphere. In section
4.4 four 2-D steady-state neutron transport problems are solved in order to demonstrate
the wavelets abilities in approximating the angular flux. This chapter is finished with a
conclusion in section 4.5.
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4.2 The First Order and Angularly Discretised Trans-

port Equation

This chapter begins with the first order Boltzmann transport equation that is discretised in

angle,
1 0W(r,t) oU(r,t) oV (r,t) oV (r,t) _
A e Ty Ty T PN =S, (4

using an arbitrary angular approximation scheme,
A M A
U(r, Q1) & Y (r, 5)G;(Q). (4.2)
j=1

The term¥(r, t) denotes the vector of angular coefficients corresponding to expansion
(4.2). The termS(r,t) denotes the angular discretised source and,, A,, A, and’H

denote the angular mass, angular Jacobians and scattering/removal matrices. All these
terms are fully discussed and defined in section 2.2.

4.3 Linear and Quadratic Hexahedral Wavelets

In the following sections the linear and quadratic spherical wavelets are developed. The
wavelets bases are designed to approximate spherical functions over the surface of the
hexahedrorH. The following sections are set out as follows. Section 4.3.1 defines a
mapping for functions on the surface of the unit sphere to the hexahedron. Section 4.3.2
describes a subdivision scheme on the surface of the hexahedron. In section 4.3.3, two
multiresolution analysis (MRS) are developed. These MRAs are required to develop the

linear and quadratic wavelets in section 4.3.4.

4.3.1 Mapping the Angular Flux to H

In order to represent the angular flux over the hexahedron a mapping from the Sphere
to the hexahedroH is required. The mapping used here is defined by the normalisation
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PR g ——

M(h)=s

Figure 4.1: A diagram illustrating the normalising mapping from the hexahedron to the
spherical domain?/ (k) = h/||h|| = s for h € H,s € S2. The pointsh ands can be
expressed by vectors from the origin to the surface of their domain, thatHgz’, 3/, 2')

ands = (z,y, z). The relationship between the two positions are giver by(zx, y, z) =

(1/7 y/’ Z/)/(xl2 + y/2 + 2/2)%

of the angular vector ohl, as illustrated in figure 4.1. This projectiond : H — S?

is defined byM (h) = h/||h|| = s for h € H ands € S2. This ensures the existence
of a functionF on H to be equivalent to any functiofi on S? through the relationship,
f(s) = F(M~(s)) = F(h).

In order to approximate the angular flux owa number of modifications to the angular
discretised transport equations are required. These adjustments were described in section
3.3.1 where an approximation of the octahedron was developed.

4.3.2 The Subdivision Scheme oH

Construction of the wavelets requires a subdivision scheme on the hexah&didme
subdivision scheme used here recursively subdivides the fad¢sndd 4 new identical
faces. The faces generated pgubdivisions are denoted ;. Figure 4.2 presents the
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Figure 4.2: Diagram presenting the subdivision scheme employed on the faces construct-
ing the hexahedroH. Left: The original faces, Middle: The first subdivision, Right: The
second subdivision. The wavelet approximation requires discontinuity over the internal
lines of the left hexahedron. Note that there can be continuity over all lines generated by

the subdivision scheme and the lines defining the edges of the hexahedron.

facesH,, H; andHs,.

An indexing setS; is used to denote the vertices of the subdivided faces;dbr the
linear wavelets and the vertices, mid edge and mid face positions of the eleméhts of
for the quadratic wavelets. For both wavelet methods, the definitioh isfgiven as,

Sj={sjk €Hj ke K(j)}, 7 €{0,1,2,..., 00}, (4.3)

whereK (j) indexes the vertices (linear wavelets) or vertices, mid-edge and mid-element
points (quadratic wavelets) of the fades

For both methods the st are nested, i.eS; C S;4; forall j € {1,2,..., 00}, and so
the elements i((;) are ordered to ensure the condition, = s, will always hold.
The index sef\/ () is used to denote the positions indexedby; + 1) that are created
on thej + 1 subdivision. That is)M(j) is defined asV/(j) = K(j + 1) \ K(j) where
'\ is the set removal operator. Figure 4.3 presents a diagram displaying tt,S&1g/)
andM (j) over a section of the subdivided].
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L3 L3

w2 w3

Figure 4.3: This diagram displays the points indexed by theséjs and M (j) over a

section of the hexahedrdh Left: Linear case, Right: Quadratic case.

4.3.3 A Multiresolution Analysis defined on the hexahedrorH

A multiresolution analysis (MRA) defined dthis a nested sequence of closed subspaces
Vi € Ly(H),j € {0,1,..., 00}, that satisfy the following conditions,

ClVoC...V;.1 CV; CVigr... C La(H)

C2 U7,V is denseinly(H)

C3 Ateach level j there exists a set of scaling functipns, k € K'(j) for some index
setK’, for which the sef{y;,, k € K'(j)} forms a Riesz basis df;.

The spacéd.,(H) denotes the set of all Lebesgue functions definethoffwo separate
MRAs used in the construction of the linear and quadratic wavelets are now developed.

Linear MRA on H

The linear MRA defines the spacEsas the collection of all functions that are piecewise
bi-linear over the elements;. This definition of the spacelg; satisfy the conditions of
an MRA. The first condition holds since the element$ipfire generated from;_, for

all values of;. This therefore guarantees nesting of the functional spegeslso, in
the limit of ; — oo the elements oH; become arbitrarily small. Therefore a function
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Figure 4.4: Standard finite element trial functions over the unit quadrilateral: (a) lin-
ear corner function, (b) Quadratic corner function, (c) Quadratic mid edge function, (d)

Quadratic mid-element function

f; € V; can be found to be arbitrarily close to any functionZis(H). This shows the
spaces/;, j — oo, to be dense irL,(H), therefore satisfying condition 2. The MRA's
scaling functionsp; ; that form a basis oV are defined as the set of bi-linear finite ele-
ment functions associated with the vertices of the elemenits.oEach function has the
value 1 over its associated vertex and attenuates linearly to zero towards its immediate
neighbouring vertices, as shown in figure 4.4. The relationship between the scaling func-
tion and the vertices indexed by the subdivision scheme (linear case) gives the condition
K'(j) = K(j). Therefore, the scaling functions of the spageare referenced by the
index setK () defined by the linear subdivision scheme.
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The Quadratic MRA on H;

The quadratic MRA defines the spadésas the set of functions that are piece-wise bi-
quadratic over the elemenits. Using the same arguments used in the linear MRA, the
first two conditions of an MRA can be show to be satisfied by the functional spgces
The scaling functiong; ;, that span each spadté are defined as the finite element trial
functions with a bi-quadratic representation over the elemdntsFor this, a scaling
function is associated with each vertex, mid-edge and mid-face point of the Higces
Each function is bi-quadratic and interpolates over the vertices, mid-edge and mid-face
points of the element, as illustrated in figure 4.4. The relationship between the quadratic
function and the points indexed by the quadratic subdivision scheme gives the condition

K'(j) = K(j). Therefore, as with the linear MRA, the scaling functions are referenced
by the index sef{ () defined by the quadratic subdivision scheme.

Some General Properties of an MRA

This sections describes some important properties of an MRA required for the develop-
ment of the wavelets.

Refinement Relation:

The nested properties &f imply the scaling functions;, € V; C V,4; can be con-
structed from the scaling functions of_;.

Pk = Z jem Pj+1,m- (4.4)
meK (j+1)

Due to the interpolation properties of the scaling function used in both linear and quadratic
MRAS, v, i(sj1) = 0;, for k,1 € K(j), the refinement relation simplifies to,

ik = Pjr1k T Z R km@j1,m- (4.5)
meM(j)

The summation now only involves the scaling functions associated with the newly created
points at subdivision + 1.
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Numerical Analysis Applications:

Afunction f € L,(H) may be approximated with a functigih € V; for j € {0,1,...00}.
The approximation may then be represented by an expansion over the scaling functions
spanning the spadg,
== A i (4.6)
k

where), are the expansions coefficients. Increasing the valyerafreases the accuracy
of the approximation. A — oo, f is fully recovered and so a basis for the the space
Ly (H) is given by,

Ly(H) = lim V. (4.7)

Jj—oo

4.3.4 Linear & Quadratic Lifted Wavelets

The purpose of the wavelets are that they produce bases for Spatbat complement
the spaced; in V.. ThatisV;,, = V; @ W forall j € {0,1...,00}. The wavelets
spanning the basé§; are formally defined by,

{Yin k€ M'(5)}, (4.8)

for some index sed/’(5).

The important property of the wavelets in this work is that the spacan be decomposed
into the spacé;, and the spaced’; for: € {0,1,...5 — 1}.

Vi = Vo @i, W, (4.9)

On lettingj — oo the above summation creates a second basisJfigt). The decompo-
sition property also allows a second representation of the approximated fuyficto;
defined in (4.6). This is given by,

=) /\0k9001c+z > Yk Yugs (4.10)

keK (0 1=0 keM(l)

wherey; ;, are the wavelet functions expansion coefficients.
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The wavelet functions are developed in two steps. Step 1 creates a simple ’lazy wavelet’
basis that spans the spdé&. These basis functions are defined as,

Vim = Pj+1,m, Vme M(j),Vje{0,1,...,00} (4.11)

which are the scaling functions of the space,, associated with the new points indexed
by the setM (j) defined by the subdivision scheme.

The second step modifies the wavelets in order to create a more stable Riesz 3#5is for
This process removes a contribution of the scaling functiori§ éfom the lazy wavelet,
a method referred to as lifting [90]. The new ’lifted wavelet’ is defined by,
Vjm = Qj+1im — Z Sjmk Pi ks m € M(j). (4.12)
keK(j)
where there are no restrictions on the values§,of ;. since the complementing condition
between the spaces hold for arbitrary values.

Two conditions are imposed on the lifted wavelets. One requires the lifted wavelets to
have zero integrals (i.e. when the functions are integrated over the surface of the hex-
ahedron, the resulting integral is zero) as this has previously been shown to generate
more stable bases for the spad€s[127]. The second condition requires the wavelets
support to be kept to a minimum in order that they remain localised. This condition is
enforced by restricting the lazy wavelet’s lifting contribution to the two nearest neigh-
bouring scaling functions of the spatg (this is referring to each wavelet of the spaces
W;,¥j € {1,2,...,00} ). Figure 4.3 presents the diagram detailing the lifting functions
for the linear and quadratic lazy wavelets. These two conditions define the lifting weights
of the lazy wavelets to be,

_ % if S; is a neighbour o, ; ,,

Sj,k,m — .
0 otherwise

Figure 4.5 presents a typical linear lifted wavelet over a subdét.of

In order that these wavelet bases do not form errors in their solutions when used to discre-
tise the angular flux, they are required to have discontinuous solutions across the planes
defined by the2,, 2, and (2, coordinates, see figure 4.1 for an illustration. This dis-
continuity is required in order to suppress the ray-effect type inaccuracies forming in 1
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Figure 4.5: This diagram shows a typical lifted linear wavelet on a sub-domain of the

hexahedron (not drawn to scale).

and 2 dimensional solutions that are caused by unstable wavelets with collocation points
centred over these planes. The construction of the wavelets therefore follows the theory
described in this chapter but are generated over the 8 octants of the sphere (or hexahe-
dron) independently in order that the approximation has the desired discontinuities. This
method is analogous to the method described in chapter 3 - section 3.3.5.

4.4 Numerical Examples

In order to demonstrate the hexahedral wavelets capabilities, 4 steady state two dimen-
sional neutron transport problems are solved. The problems have been selected in order to
demonstrate the angular discretisations accuracy in representing the direction of particle
travel and to reveal the susceptibility to ray-effect forming in their solutions. The wavelet
solutions are compared with solutions of the established methigdmd Py, a discon-
tinuous Galerkin Discrete Ordinate model (DG-DO) [21] and benchmarked solutions are
provided by the established even-parity code EVENT and the probabilistic model MCNP.

The following wavelet calculations have been performed with the recently developed code
RADIANT [19]. The spatial variables are discretised using the finite element CVFEM
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Angular Expansion sizes

N (Angular expansion) HLWy | HQWy
0 28 76
1 76 244
2 244 868
3 868

Table 4.1: This table lists the angular expansion sizes of the hexahedral linear and

guadratic wavelet discretisations.

method [88] and bare surface boundary conditions are resolved using the Riemann ap-
proach [87] described in section 2.3. In the following calculations, the linear and quadratic
wavelet solutions relating t& subdivisions of the hexahedréhare denoted by LWy

and HQWy, respectively. The expansion sizes of the hexahedral wavelet discretisations
are listed in table 4.1.

4.4.1 Problem 1: A Box Source Surrounded by a Pure Absorbing

Medium

This numerical example is designed to demonstrate the hexahedral wavelets capabilities
in resolving a simple 2-D neutron transport problem. The aims are compare the accuracy
of the linear and quadratic wavelets and to investigate their capabilities in comparison to
the conventional angular expansions.

The problem domain is presented in figure 4.6 and the corresponding material and source
information is listed in table 4.2. The domain is a 3cm by 3cm square containing a mate-
rial with a pure absorbing cross-section of 6mb~!. The central 0.5cm by 0.5cm square
contains an isotropic source of intensity 1.0 partieles 2s~! and vacuum boundaries

are prescribed along all edges of the problem domain. For the following calculations, the
spatial dimensions were discretised using a structured quadrilateral grid consisting of 225
elements and 256 nodes.
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Figure 4.6: Problem 1: Diagram of the box source problem 1.

Region| Source(cm™2s7!) o, (em™) o, (em™)
1 1.0 0.5 0.0
2 0.0 0.5 0.0

Table 4.2: Source and material properties of Problem 1
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Figure 4.7: Problem 1: Exact scalar flux solution of Problem 1. This was calculated with

EVENT P,; on a fine spatial mesh.

The benchmarked solution, presented in figure 4.7, has been provided by EVENT using a
P, angular approximation and a fine spatial discretisation mesh. The solution shows the
scalar flux peaks at approximately 0.36 particles 2s~! over the centre of the problem
domain. From the centre, the scalar flux attenuates uniformly in all directions due to

particles being absorbed by the material.

Figure 4.8 presents thB;, S; and H LW, scalar flux solutions, which require 21, 24

and 28 angular basis functions, respectively. The wavelet and discreet ordinate solutions
peak in the problem’s centre at 0.37 partiates 2s~!, which is in close agreement with

the benchmarked solution. However, the maximum flux ugtdalls far short of this

value at approximately 0.26 particlesa—2s~!. This shows that although the angular
expansions are of similar size, the wavelets &rdhave resolved the source region far
more accurately tha®y. This is exemplified by the graph presented in figure 4.9. This
graph plots the scalar flux through the points (0,0) and (3,3) and refahability to
correctly resolve the source region. The percentage errors Esjiig and H LW, at the
solutions centre are 254, 2.7% and 2.7%, respectively.
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Figure 4.8: Problem 1: The scalar flux solutions of the a) (b) Sg, and (c) H LW,

discretisations.
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Figure 4.9: Problem 1: Thés S and H LW, scalar flux solutions through the points
(0,0),(3,3).
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Despite resolving the source region accurately, the wavelets and discrete ordinate dis-
cretisations contain un-physical oscillations (or ray-effects) in their scalar flux solutions.
These errors result from the discretisations not being rotationally invariant, the condition
required in order that solutions are free from ray effects. In order to determine the full ex-
tent of the solution’s ray effect distortions, figure 4.10 presents the contours Hfithig,,

HLW,, HQW,, Sg, S10 and the benchmarked scalar flux solutions.

The H LW, andSg discretisations develop large oscillations that particularly dominate the
outer regions of the problem’s solution. However, the oscillations can be seen to develop
much closer to the source region in tBgsolution, indicating the discrete ordinate dis-
cretisation to be more prone to developing ray effects. Atigl, contours just outside

the source region also appears to be more accurately resolved than ttsgse of

The H LW, and S, contours show significant improvements in their solutions over the
lower order approximations. ThH LW, discretisation display no visible signs of ray
effects in its solution. However, th&, discretisation continues to display a number of
small oscillations, particularly in the horizontal and vertical directions from the source.
The H LW, discretisation also agrees more closely with the benchmarked solution than
S10 and has managed to develop the diamond shaped contours outside the source region.
The HQW, discretisation yields similar results # L1V, for which the contours also

reveal few visible signs of ray effects in its solution.

4.4.2 Problem 2: A Box Source Surrounded by Pure Absorbing and

Scattering Materials

This numerical example is designed to demonstrate the wavelets capabilities (including
investigating their susceptibility to forming ray effects) in resolving problems containing
scattering cross-sections. The default linear and quadratic wavelets are compared against
the conventional’y and Sy solutions.

The problem domain is presented in figure 4.11 and the corresponding source and material
information is listed in table 4.3. The problem is a 4cm by 4cm square. The central
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Figure 4.11: Diagram of problem 2.

Region| Source(cm™2s7Y) o, (em™) o, (em™)
1 1.0 1.0/0.6 0.0/0.4
2 0.0 1.0/0.6 0.0/04

Table 4.3: Source and material properties of Problem 2

2cm by 2cm square contains an isotropic source of intensity 1.0 partiales . The
problem’s material has a total cross-sectign= 1.0cm ™! and a scattering cross-section
which is varied throughout testing. Vacuum boundary conditions are prescribed across all
edges and the spatial domain is discretised using a finite element mesh consisting of 225

elements.

The analysis of this numerical example concentrates on the wavelets ability to resolve the
flux leakage through the top boundary. This is shown as line 1 in the diagram presented in
figure 4.11. Comparisons of the wavelet solutions are made with those of the established
Sy discretisation. A Benchmarked solution is provided by EVENT usir¢s;aangular
approximation and a fine spatial discretisation mesh.

Figure 4.12 presents the benchmarked solution’s flux leakage through the top boundary
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for a non scattering problem. The profile shows a Gaussian shaped curve peaking at 0.043
particlescm—2s~! over the central region. Included in this figure are the approximations
from the H LW,, H LW, HQW,, Sg andS;, discretisations.

The lower orderH LW, and S solutions are shown to have succeeded in capturing the
general shape of the benchmark solution. Their peak fluxes over the centre of the bound-
ary agree closely with the true value, that is, fé 1V, and.Ss; peak at 0.044 and 0.042
particlescm 257!, respectively. Across the boundary their profiles follow the general
profile of the benchmark solution. However, both approximations have formed a number
of large unphysical oscillations caused by ray effects. The graph shows the oscillations
to be more severe fds, implying again that the wavelets solutions are less susceptible
to ray effects forming in their solutions. Over the interval considered on this problem the
H LW is generally more accurate thah.

The graphs presenting thé LWW/;, HQW, and S}, solutions are shown to be in close
agreement with the benchmark solution. The peaks are almost exact for the three approx-
imations. However, the wavelets have performed better in resolving the outer regions of
the boundary. The scalar solutions have all formed ray effect oscillations, although they
are less profound than those in the low order approximations. The solutions experience
their largest oscillations over the positions= 1 andz = 3. The Sy forms the largest
variations, this once again indicates thg discretisation to be more susceptibility to
forming ray effects in its solutions.

Figure 4.13 presents thé LW,, HLW;, HQW,, Sg and Sy solutions when the prob-

lem had a material scattering cross-sectign= 0.4. The benchmarked solution that is
included in the graphs show another Gaussian shaped curve which peaks over the bound-
ary’s centre at 0.082 particlesa s~ .

The H LW, and.Ss discretisations have again formed the general features of the bench-
mark solution for which their scalar flux peaks at 0.083 and 0.081 partialess—,
respectively. Both solutions contain ray effect oscillations, however, these are not as se-
vere as the oscillations that formed in the non-scattering calculations. This is mainly due
to the higher flux isotropy that is induced by the scattering cross-section, which in turn
present an simpler flux to approximate. The graph also shows the oscillations to be more
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dominant in theSs solution, continuing the trend that the discrete ordinate method is the
most susceptible to ray effects. The bottom graph of figure 4.13 shows close agreements
betweenH LW;, HQW,, S1o and the benchmark solution. Small oscillations caused by
ray effects have formed in all flux profiles about the points 1 andx = 3. These again

are more predominate in thg, approximation.

Figure 4.14 presents the flux leakage error for theW,, H LW, and HQW, discreti-
sations when the problem’s scattering cross-sections were 0.0 ando, = 0.4. The

H LW, maximum error of 9.0% for the non-scattering problem can be reduced {4 5
upon increasing the angular expansionHa. 1/, or increasing the wavelet polynomial
representation to quadratic variatiéh()1¥,. The scattering calculations show similar
results where the maximum error f&fL1, (6%) can be reduced to’s or 4% using the
H LW, and HQW, discretisations, respectively.

4.4.3 Problem 3: Straight Ducts Surrounded by Pure Absorbing Ma-

terials

This problem is designed to demonstrate the capabilities of the wavelet expansions to
accurately resolve problems with more demanding, non uniform domains containing void
material cross-sections. In this example the linear wavelets are considered and solutions
are compared to those of the established methods - EVENT and RADIANT

The problem domain is presented in figure 4.15, and the source and material information
is listed in table 4.4. The problem has a rectangular domain of size 3628cm. The
central 6cmx 6cm square region contains an isotropic source of strength 1.0 particles
cm~2s~! and a purely absorbing material with a cross-sectios 0.5. Extending from

the source are two straight ducts containing voids. Both ducts have a width of 6cm that
run to the upper and lower boundaries. The material surrounding the ducts have a pure
absorbing cross-sectian = 0.5. Vacuum boundaries are prescribed along all edges and
the spatial variables are discretised using a mesh of 900 finite elements.

The problem domain was solved usisgL Wy, HLW,, HQW,, Ps, Py and P;;. Their
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Figure 4.15: Problem 3: Diagram of the straight ducts surrounded by a pure absorbing

material problem.

Region| Source(em™2s7!) o, (em™') o, (em™)
1 1.0 0.5 0.0
2 0.0 0.5 0.0
3 0.0 0.0 0.0

Table 4.4: Source and material properties of Problem 3: The Straight Duct Problem.
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Figure 4.16: Problem 3: Scalar flux profile of thle RADIANT solution.

scalar flux solutions are presented in figures 4.16-4.20. The profiles, which are all similar,
have peaks in the scalar flux forming over the source region at approximately 1.7 neutrons
cm~2s~1. From the source region there is a high attenuation of flux where patrticles stream
through the absorbing materials. Through the ducts the flux declines at a slower rate as
the particles propagate down them without collision.

The wavelet solutions have formed a number of un-physical oscillations through the ducts.
However, these are not necessarily angular discretisation errors as some oscillations are
also present in thé’y solutions. One example is the raised ridges running the length
of the border between the ducts and absorbing regions. These oscillations, which form
in all solutions, are most likely a result of Gibbs oscillations that form through the spa-
tial discretisation. This is illustrated in figure 4.21 which presentsihe H LW/, and
HQW, flux leakage through the top boundary. Thg solution reveals the extent of the
Gibbs oscillations (induced by the spatial discretisation) corrupting the scalar flux profile.
Not only are there raised ridges running the length of the border between the duct and
absorbing material but there then follows a series of oscillations within the duct region.
This includes a sharp drop from the raised ridge from 1.6 to 0.9 neutrond~—t. The
wavelets solutions have also displayed similar Gibbs oscillations. However the initial
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Figure 4.21: Problem 3: Scalar flux profile through the line (-16,18),(16,18) of the hexa-

hedral wavelet an@y solutions.

peak and trough at the border between the duct and absorbing material are lower than that
found with Py, reaching 1.4 and 0.6 neutrons s !, respectively.

In order to investigate the other oscillations, figure 4.22 presents the graphs plotting the
scalar flux from position (0,0) to position (0,18). This plots the flux from the problem’s
centre, through the top duct to the top boundary. Included in the graph are the DG-DO
solution using 2,500 directions.

The sharp attenuation in scalar flux over the interval (2,7.5) reveals the largest variations
between the wavelets arig);,. The wavelet solutions appear to be close to convergence
over this region since increasing the approximation has little effect on the scalar flux. This
is confirmed by the error graph presented in figure 4.23. The graph shows the wavelet so-
lutions to have the smallest error over this region in compariséfyt@and that increasing

the expansion has little effect on the error. This indicated that the wavelet solution is close
to angular convergence on the given spatial grid.

Over the interval (7.5,18) th& LV, solution forms large oscillations in its scalar flux.
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Region| Source(cm™2s7') o, (em™) o, (em™")
1 1.0 0.0 0.0
2 0.0 0.0 0.0

Table 4.5: Source and material properties of Problem 4: The cylinder source inside a

cylinder.

These fluctuations are mitigated by increasing the approximatidgn/id’; or HQW,,
indicating that the oscillating errors are a fault of the angular discretisation. This again
agrees with the difference plot in figure 4.23. This graph also shows that the linear and
guadratic wavelets produce very similar solutions as the errors are almost identical over
the considered range of the problem. However, #Resolutions are in close agreement
with each other over this range, showing convergence has almost been attained with this
discretisation. FoPy, a scalar flux of 0.125 neutrons1~2s~! forms the boundary point

x = 18, this is just short of the wavelet solution of 0.15 neutroms 2s~.

4.4.4 Problem 4: A cylinder Source within a Cylinder

This Problem is designed to demonstrate the wavelets capabilities in solving demanding
geometries using unstructured spatial meshes. In this demonstration the linear wavelets
are compared with the solutions of EVENT and MCNP.

The problem domain is presented in figure 4.24 and the corresponding source and material
information is listed in table 4.5. The problem domain is an infinitely long cylinder of
radius 15cm. The central cylinder of radius 1cm contains an isotropic source of intensity
1.0 neutrongm—2s~!. The whole domain is a void, that i = 0.0, and a vacuum
boundary condition is applied across the external surface. For the following calculations
the spatial variables are discretised using Delauney triangulation [131]. The spatial mesh,
presented in figure 4.25, consists of 1350 triangular elements using 676 nodes.

This problem was analysed in the numerical examples of chapter 3 and revealed some
unexpected results. It was found that was unable to resolve this problem due to its low
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Figure 4.24: Problem 4: Diagram of the cylinder source within a cylinder problem.

Figure 4.25: Problem 4: Diagram of the spatial mesh used in the wavelé&f andlcu-
lations of problem 4. The mesh was generated by means Delaunay triangulation using

1250 element and 676 nodes.
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cross section. In fact not evenRy discretisation could provide an approximation that
was close to the exact solution. Extensive tests were performed in order to provide enough
convincing evidence that they discretisation could resolve the domain accurately. On
the basis of the previous chapter’s findings it is assumed here thétthpproximations

are converging to the correct solution. The MCNP calculations have also been included
in order to give further verification to these solutions.

The problem was solved usitgLW,, H LW, HQW,, S andSy. Figure 4.26 presents

the Sg and Sy, scalar flux solutions. These profiles form a sharp maximum in the scalar
flux over the source region reaching approximately 1.5 neutnanss—!. From this peak,

the flux undergoes a steep decent over the boundary of the source and void regions. Once
outside the source region the scalar flux either drop to zero or propagates aldg the
directions. The wavelet approximations, presented in figure 4.27, show similar profiles
to Sy. The peaks in scalar flux climb to approximately 1.5 neutrans?s—! over the

centre of the domain which then falls sharply over the outer regions of the source. Once
leaving the source region, the flux’s sharp gradient levels off and follows a gentle decline
towards the problem’s boundary.

The graph presented in figure 4.28 compares these scalar flux profiles with MCNP plot-
ted cross the line from points (0,0) to (0,15). ThAesolution has also been included in
order to highlight the method troubles in resolving this numerical example. The graph
shows theSy and wavelet solutions to in close agreement over the source region with
their peak fluxes just exceeding 1.55 neutrams ?s~!. This value is in close agreement
with MCNP which registered a peak flux of 1.57 neutrons 2s~!. Across the edge of

the source region, th&y, wavelets and MCNP solutions form a sharp decline in scalar
flux. These solutions then level off into a gradual gradient towards the problem’s bound-
ary. TheP, solution shows vast differences in its scalar flux profile and has no common
features with the other solutions (this solution was shown in [132] to be highly inaccurate
). The profile peaks far below the value predicted by MCNP, reaching just 0.33 neutrons
cm~ 257, The solution also fails to display a steep gradient across the source edge. In fact,
the P, solution shows the flux to take a smooth decent towards the problem’s boundary.

The wavelet andby discretisations have formed a number of ray effects in their solu-
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tions of this numerical example. Figure 4.29 presents their solution’s flux contours which
clearly depict ray effect distortions as fingers of flux extending from the source region.
The figure shows both th&; and H L1V, discretisation have performed poorly in resolv-

ing some regions of this problem and that the oscillations dominate outer regions of the
domain. In fact, both solutions have large sections of the outer domain that do not expe-
rience flux. However, it appears that this has occurred more oftesyfttvan H LV,.

The H LW, HQW, andS;, solutions have also developed ray effects. However, it again
appears that, is more prone to these errors than the wavelets. It can be seen that both
wavelet solutions cover more of the outer regions of the domain with flux. This again
provides further evidence that ti$g,; discretisation suffers more to ray effects than the

wavelets.

4.5 Conclusions

In this chapter two new spherical wavelet bases for discretising the angular variable of
the Boltzmann transport equation has been presented. The wavelet bases are based on
the ideas of Sweldens second generation wavelets and approximate the angular flux over
the surface of the Hexahedron. The spherical wavelet's capabilities for accurately rep-
resenting the angular dependence of the angular flux have been demonstrated by solving
four 2-D numerical examples. The numerical examples were selected in order to demon-
strate the wavelets abilities to resolve isotropic sources, scattering cross section as well as
particle streaming through voids.

The wavelet solutions were compared with the solutions of the establishethd Py
methods (where the same code discretising the spatial domain was used to ensure fair
comparisons). Other established radiation transport codes were also used to provide
benchmarked solutions.

The numerical examples have demonstrated that the wavelet bases have the potential to
become an established method in neutron transport approximations. They constantly per-
formed well in all numerical examples and were shown to be as accurate g ted
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Py discretisations. Furthermore, in some of these numerical examples the wavelet bases
out performedPy by some considerable margin. This was particularly highlighted in the
final problem for whichPy was unable to provided an approximation that close to the
exact solution. The numerical examples also demonstrated the wavelet discretisations to
be less susceptible to developing ray effects in their solutions $hanHowever, the
demonstrations presented were not able to show any substantial increase in accuracy by
using the quadratic functions. In fact, the solutions to the two discretisations were almost
identical in all the examples considered. In light of these findings, the linear hexahedral
wavelets appear to be the most suitable of the two discretisation methods. This is due to
their discretised equations being more efficient to solve as their angular matrices are less
dense (of non zero elements) and so require less operations within a linear solver.
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This chapter presents a new spherical wavelet method for the angular discretisation of
the Boltzmann transport equation. The wavelet basis is based on the principals of sec-
ond generation wavelets. However, rather than employing the ideas of chapters 3 and
4, and using low ordered linear and quadratic functions over subdivided surfaces, the
new wavelet basis uses an alternative method centred on spectral techniques. This spec-
tral wavelet basis utilises Chebyshev collocation Lagrangians and approximate functions
over the surface of the hexahedron (which was used in chapter 4 to represent the direction
of particle travel). In order to demonstrate the new wavelets capabilities, three 2-D steady
state neutron transport problem domains have been solved. The numerical examples aim
to demonstrate the discretisation’s solutions for accuracy and susceptibility to ray-effects
by comparison with the hexahedral wavelets developed in chapter 4. Benchmarked solu-
tions are provided by an established even-parity code.

5.1 Introduction

Over the past 2 decades spectral element methods have seen an increased in their use
for discretising and approximating PDEs. Their use have been particularly important to
applications involving complex problem domains which, in turn, require approximations

of high order accuracy. Some examples of their use include the solving of the Navier-
Stokes equations [133, 134, 135, 136, 137, 138, 139, 140], shallow water equations [141],
Burgers’s equations [142] and advection-diffusion problems [143]. In these examples a
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variety of spectral techniques have been used and have shown spectral methods to be
particularly powerful for the modelling of fluid flows. In particular, the method use in
studying frontal phenomena in oceans has proved rewarding. The methods have also
been extensively studied in providing hydrodynamic stability in channel flow problems
involving static and variable viscosity. In addition to this, the method can be up to ten
times more efficient, in term of memory requirement and CPU time, than a control volume
discretisation.

The spectral element method is essentially a high order finite element method that incor-
porates hp discretisation technologies using bases of polynomial functions. The method
inherits the geometric flexibilities of finite elements in which a problem domain is parti-
tioned into a finite number of sub domains (this is a h type discretisation, where h denotes
the element scale). The approximation over an element is formed using a polynomial ex-
pansion of arbitrary order (this is a p type approximation, where p denotes the polynomial
order of the expansion). These properties of the spectral methods make it favourable for
approximating demanding problems involving complex geometries; Complex domains
are discretised using adaptive element discretisation while the polynomial expansions
provide high order accurate solutions.

In this chapter a new spectral, spherical wavelet basis is developed and applied to approx-
imate the angular variable of the Boltzmann transport equation. The basis incorporates
spectral method technologies into a second generation wavelet framework. The spectral
polynomials are formed through a tensor product of two polynomial expansions which
approximate the two directions of the quadrilateral elements that partition the surface of
the hexahedron (as with chapter 4 a hexahedron is used to represent the unit sphere and the
direction of particle travel). The polynomials employed are the Lagrangian interpolants
which correspond to the collocation points positioned over the zeros of the Chebyshev
polynomials. The Chebyshev interpolants are then mapped into a hierarchical wavelet
basis. This basis is then refined using the lifting scheme in order to increase its stability.
The Chebyshev spectral wavelets are designed in order that their function’s information
concentrates about the vicinity of their collocation point. The nature of the functions are
that as the wavelets polynomial order increases, so too does the concentration of their
information. Although it will not form part of this chapter’s investigation, this property
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opens the option for future work of incorporating adaptive angular resolution using these

spectral spherical wavelets.

The motivation behind developing these spectral spherical wavelets stems from the fact
that the methods can be highly efficiency and accurate for approximation general prob-
lems. Analysis shows that the methods are most effective when used to approximate
solutions that are smooth. Therefore, the expectation of the technique developed here is
that it provides accurate and fast converging solutions - particularly in the case where the
angular flux is relatively smooth or isotropic. In addition to this it is also expected that
the high order expansion on the sphere will further improve the solutions by means of
reducing the severity of ray effects forming in their scalar flux profiles (this is in compar-
ison to the solutions of the lower order wavelets developed in chapter 4). In essence, the
improved solutions of the spectral wavelets should more than compensate the increased
complexity in their computation. Again this is in comparison to the low order spherical
wavelets discussed in chapters 3 and 4.

The following sections are set out as follows. Section 5.2 presents a brief overview of the
angular discretised Boltzmann transport equations. In sections 5.3, the spherical spectral
wavelets are developed. A demonstration of the new discretisation method is presented
in section 5.4 where three steady state neutron transport problems are solved. Section 5.5

finishes this chapter with a conclusion.

5.2 The First Order and Angularly Discretised Trans-

port Equation

This section introduces the angularly discretised, steady state, mono energetic, non mul-
tiplying Boltzmann transport equation.

oV (r) ov(r) oV (r)
A A
ox Ty dy Rl 0z

A, +HY(r) =S(r) (5.1)

This is generated using the Bubnov Galerkin weighted residual method, formed from the
first order Boltzmann transport equation, where the angulamf(mx@) is represented by
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the set ofM angular basis functiong; fori € {1,..., M}.

qu rG;(Q) (5.2)

The variable¥ represents the vector of siZel containing the angular moments corre-
sponding to the angular basis functiagngor : € {1,..., M}. The matrices4,, A, and
A, are M x M angular Jacobians. Thet x M matrix H contains the angular discre-
tised scattering and removal operator &hid the vector of sizeé\ containing the angular
discretised source. These terms are fully defined in chapter 2.

5.3 Chebyshev Collocation Spectral Wavelet Basis on the

Hexahedron

This section describes the spectral spherical wavelet basis used to discretise the angular
variable of the Boltzmann transport equation. The spherical wavelet basis is essentially
a hierarchical extension of the Chebyshev collocation point spectral element method. In
the Chebyshev collocation method, a problem domain is partitioned into a finite set of
elements, within which a solution (or function) is approximated using a basis of piecewise
polynomials. For one dimensional problems, an approximation over an eldmeést
obtained by an expansion @WV; + 1) Lagrangian polynomials. The Lagrangians are all of
polynomial orderN; and are defined as the set of interpolating functions that correspond

to the(V; + 1) Chebyshev collocation pointg, ¥ j < {0,1,... N;}. These are defined

on the local element [-1,1] as,

i TJj .
% = cos (F)’ j€{0,1,...,N;}. (5.3)

The approximation of a functiof’(z), which will be of polynomial ordetV; over the
local interval, is represented by the expansion,

N;
= fihi(x), (5.4)

where h;i, v j € {0,1,...,N;}, denote the Lagrangian functions ayi]d Vj €
{0,1,..., N;}, denote the expansion coefficients.



5.3 Chebyshev Collocation Spectral Wavelet Basis on the Hexahedron 186

By definition the Lagrangian functions satisfy,
hj.(x};) =0k, (5.5)

whered; ;, denotes the Kronecker-delta function. For the Chebyshev collocation points
defined in (5.3) the Lagrangia|h$ are expressed by,

N;
hi(2) Z 3) Ti(2), (5.6)

Zk: c;C

whereT}, are the Chebyshev polynomials,
Ty(cos(0)) = cos(k) (5.7)

and

1, if kée{0,N;
Cr = ¢ { } (5-8)
2, if ke{0,N;}.

Figure 5.1 presents the set of collocation points on the local interval for the v&jues

1,2,4 and 8. Figure 5.2 presents the corresponding Chebyshev Lagrangian polynomials
that interpolate over these positions. In order to expand a known function, the coeffi-
cientsf; of (5.3) are found by evaluating'(x) over their respective collocation point,

f;f = F(x§). This ensures that the approximation is exact over all collocation points as
illustrated by the expansion of an exponential function shown in figure 5.3. This fig-
ure also illustrates the methods spectral accuracy;as 8 provides an almost perfect
representation.

Chebyshev polynomials possess the important behaviour of not oscillating uncontrollably
for high order functions, this is not common among most Lagrangian interpolants. Fur-
thermore, their global maximum are positioned over their collocation points. The func-

tions also concentrate their information about the vicinity of these positions. In fact, the

concentration of the function’s information becomes more confined to the region sur-
rounding their collocation point as the expansion’s polynomial order increases. This is
illustrated by the Lagrangian functions corresponding to a 65 collocation point expansion
(IV; = 64) presented in figure 5.4.
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Figure 5.1: The Chebyshev collocation points on the unit interval. The positions displayed

are for the valuesv = 1,2,4 and 8.

The expansion of a two dimensional problem using Chebyshev collocation polynomials
requires the tensor product of two 1-D expansions of the form (5.4). The approximation
of a function over the local plarfe = [-1,1]x[-1,1] is given by the expansion,

Nz Nl/

Fay) = > fum hi(@) h(i), (5.9)

=0 m=0
where the functionsy(z) h.,.(9), VI € {1,...,N,},m € {1,...,N,}, form a basis
for all polynomial functions of up to the orde¥, and N, in the  andy directions,
respectively. The termg,,,, denote the expansion coefficients. The basis functions of
(5.9) interpolate over the Chebyshev collocation points extended to the local 2-D plane:

[
{(Z1, Ym) = (cos (W—>,cos (@))7 0<I<N,, 0<m< Ny} (5.10)
N, N,
Figure 5.5 shows the set of 2 dimensional collocation points for valyes N, = 4 and

N, = N, =38.

5.3.1 MRA: Chebyshev Lagrangians

A Multiresolution Analysis (MRA) is defined as a nested sequence of subspaces of Lebesgue

functional spacd..(X ), whereX denotes some functional space. In the context of this
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Figure 5.2: The Lagrangian functions corresponding to the Chebyshev collocation points
for the values: (a)V=1, (b) N=2, (c) N=4 and (d)N=8.
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Figure 5.3: An example of the Chebyshev Lagrangian polynomials used in approximating

a general function on the unit interval.

-0.5 :
-1.0 0.0 1.0

Figure 5.4: A high order Chebyshev Lagrangian polynontigy ..
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Figure 5.5: A diagram displaying the Chebyshev collocation points on the 2 dimensional
unit plane. Left:N, = N, = 4, Right: N, = N, = 8, whereN, + 1 and/N, + 1 denote

the number of collocation points placed along ith@ndy dimensions, respectively.

chapter,X is taken to be the local plare = [-1,1]x[-1,1] and a functionf € L(P)
implies that the conditiory, f* dz dy < co holds. Formally, an MRA is defined as a
sequence of functional subspadés; € {0,1,2... o0}, that satisfies the three following
conditions,

ClVoC...V;.1 CV; CVipr... C Ly(P)
C2 U2, V; is denseinLy(P)

C3 Ateach level j there exists a set of scaling functipng, k& € K’ () for some index
setK’, for which the sef{y,,, k € K'(j)} forms a Riesz basis df;.

The functional space¥; are defined here as the set of functions with up to the bi-
polynomial order of2’ over thex andy dimensions ofP. For example,V;, V; and

V4 contain the functions with up to bi-linear, bi-quadratic and bi-quartic variation over
P, respectively. Conditions C1 and C2 are automatically satisfied by this definition
of the spaced/;. In order to establish a set of basis functions that span the spaces
Vi, Vj € {0,1,...00}, the Lagrangians corresponding to the 2-D Chebyshev collo-
cation points orP with N, = N, = 27 are used. This establishes a link between the
notation of the MRA and Chebyshev functions. That is, the&sgt) in condition C3 may
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Figure 5.6: A diagram displaying the relationship between the Chebyshev collocation
points and the index sefs(;j) andM (j) defined in the MRA. The squares denote collo-
cation points of the spadg), the circles denote collocation points of the specand the
hexagons denote collocation points of the spdceExamples of some lazy wavelets and
their corresponding lifting functions positions are also shown. The points V1,V2 and V3
correspond to lazy wavelets of the spa®e. Their corresponding lifting functions are
(L1,L2), (L1,L3) and (L1,L4), respectively.

index the basis functions &f; by reference to their unique collocation points,

K@) = {p= (&1, 9m) = (cos <]7\T[—i>,cos (?V—m)) P, 0<lm<Ny}). (5.11)

Y

The bases fol/; establishes a nested structure within the collocation points. That is, the
positions indexed by<'(j) are also indexed by the sét(j + 1),V j € {0,1,...,00}.

This was illustrated in figure 5.1 showing the first 4 sets of collocation points for the 1-D
example. The nested points allow a second indeXgt) to denote the new collocation
points formed in thé/; , basis, i.e.M(j) = K(j +1) \ K(j) where \’ is the set
removal operator. An illustration of these index skt§j) andM (j), for j € {0,1,2},is
presented in figure 5.6.

A function F' defined onP can be approximated by its projection onto a subsggce
of the MRA. The projected functiorf; is then represented by an expansion of the basis
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functions ofV/,
27 27

Fla,y) = f; =Y Y fim hi(@) hon(D), (5.12)

=0 m=0
where the functiong, ., are defined in (5.6) and (5.9). Using a suitable re-ordering, the

expansion is re-written into a single summation form that conforms with the notation of

the MRA,
(274+1)x (27 +1)

Flz.y) = fi = Y Nk (5.13)

k=1
The functionsh;(z) h,,(y) and expansion coefficient$,, are now represented hy; ;

and \; , respectively. The general properties of an MRA and their associated scaling
functions have not been included in this chapter as an overview of the main details have
been covered in chapters 3 and 4. A full description can also be found in [94] and [144].

5.3.2 A Spectral Wavelet Basis on the Local ElemerR

Wavelets [132, 94] are functions that have a general purpose to form bases for the space
W; which complement the functional spacésin V,,, Vj € {0,1,...,00}. That is,

the spacé’/;,, can be decomposed &5, = V; ® W}, Vj € {0,1...,00}. By recur-

sively applying this decomposition of the functional spaces of an MRA, a space
decomposed using the spadgsandWV,, forl € {0,1,...5 — 1}.

Vi = Vo &l Wi (5.14)

By letting ; — oo the decomposition (5.14) generates a basis for the spa¢y. Also,
following from this decomposition, an alternative expansion to the approximation in equa-
tion (5.13) is generated,

j—1
fi= Z Aok ok + Z Z Vi Y- (5.15)

keK (0) 1=0 keM(l)
The functionsy;, are the scaling functions that form the basis for the lowest order
MRA spacel,. The terms); are the scaling function’s expansion coefficients. The
functionsy, ;, are the wavelets that form the bases of the complementing spigcésr

1 €{0,1...,5—1}. These wavelets are formally defined as,

(i k€ M (1)}, (5.16)
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where M’ (1) denotes a set indexing the wavelets. The wavelet expansion coefficients of
(5.15) are denoted by .

The bases for the complementing spatiésare built using the techniques used in the
construction of second generation wavelets. This process requires two steps: Step 1
- Construct a simple 'lazy wavelet’ basis fo¥; that complementd/ in V., V [ €
{0,1,2,...,00}. Step 2 - modify the wavelets 6¥;, VI € {0,1,2,...,00}, into more

stable functions using the lifting method.

The lazy wavelet bases are generated using the nested property of the collocation points.
A simple wavelet basis that spans the complementing sipace defined by

im = Prirm,  VYm € M), VI e {0,1,... 00} (5.17)

The fact that (5.17) generates bases which dpanv [ € {0,1,2,...,00} , is easily
proved.

Theorem:
The spacedl/; spanned by the lazy wavelets,,, defined in (5.17) complement the spaces
V;inV, forallj € {0,1,2,...00}.

Proof:

By showing that all basis functions of the spdcg; can be generated by the functions

V; @ W;, and showing that the converse also holds, the theorem will be proved since
the basis functions for each space are contained within the span of the other space, i.e.

©it1m € V; ® Wy andg; ,, ¥ € Vi1, therefore spafp; 1., } = spaf ¢jm, Yk}

First consider any scaling functiop.1 . € Vi1, for k € K(j + 1), that is associated
with the collocation poinp,, € P, then, eithek € K(j) ork € M(j). Fork € M(j), the
result follows from (5.17) where by definition, there exists a lazy wavel&t jndentical

t0 )1,k

Fork € K(j), afunctiony’ can be generated by a combination of the scaling functions
and wavelets of/; and¥;, respectively:

P = Pik — Z P (Pm ) Vjm- (5.18)

meM (j)
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The first contributing term in (5.18) corresponds to the scaling functidr,iassociated
with the collocation poinp,. The summation then removes a proportion of the lazy
wavelets from the functiorp, ;. The contribution removed by each wavelgt,,, m €
M(yj), is the value of the scaling functiop; ; evaluated at the collocation poipt,,

m € M(j). The functiony’ is therefore of bi-polynomial orde¥*! over the x and y
coordinates. In addition to this, the constructionsonsures the function has the value
of 1 over the collocation poing, (indexed byk € K(j + 1)) and zero over all other
collocation points inK(j + 1). These are properties are also shared with the scaling
functiony, 1 ;. Therefore, since there exists only one function of bi-polynomial order of
27+1 that possesses these values ovef#e' + 1) collocation points, the two functions
¢;+1.6 andy’ must be identical.

The converse is simple to show. For any wavelet functipn for & € M(5), by definition
there exists a functiop;,,;, for [ € K(j + 1), such that);, = ¢;11,. Also, for any
scaling functiony;,, for I € K(j), then, by definition of the MRAp,;, € V; C V14
which implies thatp;; € V;,. This completes the proof.

The wavelets defined in (5.17) are modified in order to generate a more stable Riesz basis.
For this, the modification process lifting is used. In the lifting method, contributions
from the scaling functions of the spag are removed from the lazy wavelefs,,, for
ke M(j),

Vim = Pjsrm — O Simkin  mE M()) (5.19)

keK(j)
The removed contributions from the lazy wavelet, denotedly ., are not restricted
as the conditiorV; & W, = V,4, holds for arbitrary values. The lifting contribution is
therefore selected in order that the wavelets possess two important properties: zero inte-
grals and locality. Wavelets possessing zero integrals have been demonstrated to provide
more stable Riesz bases [119]. Locality is required in order to apply local resolution on
the sphere for future adaptive angular discretisation methods in approximating the BTE.
Although the spectral function’s supports cover the whole spadevas shown in a pre-
vious section that each function’s information is concentrated about its collocation point.
Therefore, in order to keep the lifted wavelets information local to their collocation point,
only the two closest neighbouring scaling function to this position are used in its lifting.
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Figure 5.6 shows the collocation positions used in the lifting process. In order to satisfy
these two conditions, the lifting weights are defined as,

f‘Pj-‘rl,m H N . )
Sipm =4 2P if m € M(j) is adjacent td: € K(j)
| 0 otherwise.

Figure 5.7 presents a lazy wavelet of the spEgats two lifting functions and the lifted
wavelet.

5.3.3 Representation of Spherical Functions

At present, the wavelets approximate functions on quadrilateral elements mapped to the
local planeP. In order for the basis to represent spherical functions, 24 quadrilateral
elements are positioned to construct a hexahedral surface as shown in figure 5.8. Spherical
functions are then approximated on the surface of the hexahedron using the mapping
between the two domains shown in figure 5.9. The spherical wavelets can approximate
with continuity or discontinuity over the elements’ boundaries. The former method being
achieved by combining wavelets on adjacent elements that share the same collocation
positions. Note, however, discontinuity along the plames- 0, y = 0 andz = 0

is required in order to avoid ray effects dominating solutions of 1-D and 2-D neutron
transport problems [132].

5.4 Numerical Examples

This section demonstrates the spectral hexahedral wavelets capabilities by solving three
2-D steady state neutron transport problems. The problems have been selected in order
to demonstrate the angular discretisation’s accuracy and their susceptibility to forming
ray-effects in their solutions. The numerical examples are also designed to establish the
benefits of using spectral methods over the low order linear wavelet functions.

For the following calculations the spatial variables are discretised using an SUPG control
volume finite element method [88]. Quadrilateral bi-linear elements are employed to dis-
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Figure 5.7: Examples of some Chebyshev scaling functions and wavelets on the unit
plane. (a) The scaling function of the spagecorresponding to the mid-plane collocation
point (point L1 in figure 5.6). (b): The scaling function of the sp&ge&orresponding to

the corner node collocation point (point L4 in figure 5.6). (c): The scaling function of
the spacé/’; corresponding to the collocation point V3 in figure 5.6 (this is also a lazy
wavelet of the spac#/). (d): The lifted wavelet of the lazy wavelet in figure (c) (the

lifting functions are the two functions shown figures (a) and (b) ).
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_________________________

Figure 5.8: The spectral wavelets approximate over the 24 local elements that are used
to construct the surface of the hexahedron. The approximation will allow continuity or
discontinuity across the element boundaries. However, discontinuity is required across

the planest = 0, y = 0 andz = 0 (outlined in bold) in order to avoid ray effect type

inaccuracies.

,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,

M(h)=s

Figure 5.9: A diagram displaying the mapping from the hexahedron to the unit sphere to
enable the representation of spherical functions. This is simply the normalising mapping

s=(z,y,2) = M(h) = (z',y,2) /(x> + 2 + 22)2, wheres € S% andh € H
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Angular Expansion sizes

N (Angular expansion) HLWy | HCWy
0 28 28
1 76 76
2 244 244
3 868 868

Table 5.1: This table lists the angular expansion sizes of the hexahedral linear and spectral

wavelet discretisations.

cretise and approximate the problem’s spatial domain. The Chebyshev wavelet solutions
relating to the spac®y (over all elements of the hexahedrHiis denoted byH C'Wy.

The expansion sizes of the wavelet discretisations are listed in table 5.1. Benchmarked
solutions are provided by the established even-parity code EVENT.

5.4.1 Problem 1: A Box Problem Containing a Pure Absorbing Medium

This problem is designed to demonstrate the spectral wavelets capabilities on a simple
pure absorbing problem. The aims are compare the accuracy of the Chebyshev wavelets
and to investigate their capabilities in comparison to the linear Hexahedral wavelets de-
scribed in chapter 4.

The problem domain is presented in figure 5.10 and its corresponding material and source
information is listed in table 5.2. The domain is a 3cm by 3cm square containing a mate-
rial with a constant pure absorbing cross-section,0f 0.5cm~!. The central 0.5cm by
0.5cm square contains an isotropic source of intensity 1.0 particled ! and vacuum
boundaries are prescribed along all edges of the problem domain. The following calcula-
tions were performed using a structured quadrilateral grid of 225 elements and 256 nodes,
see figure 5.11. The benchmarked solution is provided by EVENT usifg angular
approximation and a linear, finite element discretisation of the spatial domain using a fine
spatial mesh. This solutions is presented in figure 5.12.
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Figure 5.10: Problem 1: The diagram of the box problem.

Region| Source(cm™2s7!) o, (em™) o, (em™)
1 1.0 0.5 0.0
2 0.0 0.5 0.0

Table 5.2: Source and material properties of Problem 1
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Figure 5.11: Problem 1: The spatial mesh of quadrilateral finite elements used for the

spatial discretisation in all wavelets calculations.
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Figure 5.12: Problem 1: The benchmarked solution provided by EVENT
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Figure 5.13 presents the scalar flux solutiongaf|V, and HC'W,. Both solutions dis-

play similar likenesses, they peak in flux over the centre of the domain at approximately
0.36 particlesm—2s~! and attenuate sharply over the outer regions of the source. The
flux then enters a gradual decline towards the boundary of the problem domain. These
profiles are in close agreement with the exact solution provided by EVENT, figure 5.12.
Note that the smoother profile of the exact solution arises through the fine spatial mesh
used. Therefore the courser profiles displayed in the wavelet solutions should not be per-
ceived as a limitation of the angular approximation, but as a consequence of the courser
spatial mesh.

Figure 5.14 presents the scalar flux contours of sheW,, H LW, HLW,, HCWj,

HCW, and exact solutions (note thatLWW, and HC'W, are identical discretisations).

The results show the high order linear and spectral wavelets solutions to be near angular
convergence and that they have mitigated the large oscillations (ray effects) which formed
in the H LW, (and H LW,) solution. The results also show few visible ray-effects have
formed in the solutions of thél L1V; and HC'W, discretisations. However, these ap-
proximations have formed some small un-physical fluctuations over the horizontal and
vertical direction from the source (where the solutions exhibit a slightly increased scalar
flux). For equal expansion sizes, the linear and spectral wavelets solutions appear to be in
very close agreement.

Figure 5.15 presents the 4 higher discretisation’s scalar flux solutions through the lines 1-
4 as shown in figure 5.10. The first graph plots the flux through the centre of the domain.
The graph shows all wavelet solutions to be in close agreement with the benchmarked
solution. This is due to the central region producing fairly isotropic fluxes which, in turn,
is easily approximated by the low order wavelet discretisations. This therefore explains
the reason for seeing only minor differences in the scalar flux when the wavelet approxi-
mations are increased.

A similar result is seen in the graph plotting the flux along line 2. Again, the reasonably
high isotropic distribution of the flux along these positions has led to all wavelet solutions
being in close agreement. The graph also shows the wavelet solutions are not in close
agreement with the Benchmarked solution. However, these discrepancies are a product of
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the course spatial approximation as it can be seen from the profiles presented in figure 5.13
the scalar flux experiences high gradients of change. Therefore, the course spatial mesh
will show its highest susceptibility to errors over these positions. The close agreement of
the wavelet solutions also suggests that angular convergence has been reached using this
spatial discretisation.

The graph presenting the scalar flux across line 3 reveals a number of variations in the
wavelet’s solutions. The result shows the peak in scalar flux is more accurately repre-
sented using the high ordéf LW, and HCW, wavelet discretisations. The lower order

H LW, and HCW; discretisations generate a maximum in the scalar flux that reaches
0.0268 and 0.0267 particlesa—2s!, respectively. This is in comparison to the bench-
marked solution of 0.0260 particlesn—2s~!. The higher ordered linear and spectral
wavelets are shown to be almost identical. With both peaking at 0.0256 pacticiés !

they reduce the error of the lower ordered wavelets by approximatély 3be higher

order approximations are also shown to have improved the approximation over the in-
tervals (0.75,1.35) and (1.65,2.25). In these regions the lower ordered solutions display
ray-effects that cause their solution to oscillate about the exact solution.

The greatest improvements of using the high ordered wavelets are seen in the result plot-
ting the leakage through the top boundary. The peak at the centre of the boundary is over
approximated by a considerable margin using the low ordered wavelet discretisations. In
comparison with the benchmarked solution, which measured 0.0122 pacticiés™,

the low ordered wavelets peaked above this value at 0.0142 partiales—!. Increas-

ing the expansions to the higher ordered wavelets give significant improvements. Both
discretisations resolve the peak closer to the benchmarked solution at 0.0121 particles
cm~2?s~!. Ray-effect oscillations are also clearly visible in the scalar flux solutions along
the problem’s boundary. In both low ordered calculations, ray-effects have caused large
oscillations about the exact solution. These oscillations account for the high peaks in the
graph’s centre and the low troughs in the regions either side of the maximum. The high
ordered wavelets have suppressed most of these ray-effect distortions, however, small
oscillations about the exact solution are still visible over the interval (1.25,1.75).

In order to establish the spectral wavelet’s ability to increase the solutions accuracy, the
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scalar flux error norms are evaluated for each wavelet calculation. The error norms of the
scalar flux solutions are defined as,

error(qéapprox) = (/V(Qbapprocc - ¢exact>2dv)% (520)

whereg,,ro ande..q... denote the approximate and exact scalar flux, respectively. (Note
that in order to make the spatial discretisation consistent, RADIANT is used to calculate
the exact scalar flux. This was obtained using the highest order angular discretisation pos-
sible to ensured the angular approximation is the closest we can get to being converged.)

Figure 5.16 presents the graphs of the error norms against the square root of the angular
expansion size. The graph shows the Chebyshev wavelets to have the greatest order of
accuracy - although the difference between the methods is not as large as would be ex-
pected. One possible reason for this may be due to the problem being simple enough to
approximate accurately using just the linear wavelets. Therefore, increasing the spectral
representation only leads to a small increases in accuracy. It is also important to note that
although the exact solution is very accurate, it is still an approximation. Therefore one
must bare in mind that the small scalar flux errors seen in this graph may be influenced
more by the inaccuracies of the exact solution.

5.4.2 Problem 2: A Box Problem Containing an Absorbing and Scat-

tering Medium

This problem is designed to demonstrate the wavelets accuracy for resolving domains
involving materials with isotropic scattering cross-sections. For this investigation the
wavelet solutions are compared to the hexahedral wavelets detailed in chapter 4.

The problem domain is presented in figure 5.17 and the corresponding source and mate-
rial information is listed in table 5.3. The problem domain is a 4cm by 4cm square. The
central 2cm by 2cm square contains an isotropic source of intensity 1.0 patticiés .

The problem contains a material with an absorbing cross-sesetioa 0.6 cm™! and a
scattering cross-section, = 0.4 cm~!. Vacuum boundary conditions are prescribed
across all edges of the problem. The following calculations were performed using a struc-
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Figure 5.16: This graph presents the scalar flux error norms of the linear and spectral

wavelet discretisations of problem 1 - the box source problem

Region| Source(cm2s7') o, (em™) o, (em™")
1 1.0 0.6 0.4
2 0.0 0.6 0.4

Table 5.3: Source and material properties of Problem 2: The Box Source Problem 2.

tured, quadrilateral finite element grid containing 400 elements, of size0022m, and

441 nodes. The mesh is presented in figure 5.18. The benchmarked solution was pro-
vided by EVENT using a3 angular approximation and a linear, finite element (fine
mesh) discretisation of the spatial variables.

Figure 5.19 presents the benchmark&d,1V; and HC'W; solutions. All three solutions
appear to be in close agreement. Their scalar flux profiles peak over the domain’s cen-
tre at approximately 1.0 particlesn—2s~! and attenuate quickly towards the problem’s
boundaries.

In order to demonstrate the wavelet discretisation’s accuracy and susceptibility to form-
ing ray-effects, the remaining analysis of this problem concentrates on the flux leakage
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Figure 5.18: Problem 2: The spatial mesh of quadrilateral elements used for the spatial

discretisation for all wavelets calculations.
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through the top boundary of the problem - where most errors are likely to occur. Figure
5.20 presents two graphs that plot the wavelet’s scalar flux solutions from position (0,4)

to (2,4) across the top boundary.

The top graph presents teLW, (or HCW,), H LW, and HCW; scalar flux solutions.
The H LW, (or HCW,) discretisation forms a number of ray effects that cause its solution

to oscillate about the benchmarked solution. The largest of these oscillations occur over
the positionst = 0.4 andx = 1.6. These fluctuation are significantly reduced using

H LW, andHCWj (for which both discretisation’s solutions follow similar flux profiles).

The solutions are in reasonable agreement with the benchmarked solution over the region
x € (0,0.8). However, small oscillations still persist to distort the solution across the

remaining regions.

The bottom graph presents tlieL W, and HCW, scalar flux solutions. These results
show no sign of oscillations about the exact solution. The two wavelet solutions are again
in very close agreement and display a higher than expected peak in the scalar flux at
x = 2 (this was found to also have occurred in tHé.1V; and HC'WW; approximations).

The wavelet solutions are therefore showing signs of angular convergence. This demon-
strates the over approximated fluxzat= 2 to be a product of the low resolution spatial
discretisation.

5.4.3 Problem 3: A void duct surrounded by a pure absorber

This problem is designed to demonstrate the spectral wavelet’s ability to resolve neutron
streaming through voids. For this investigation the Chebyshev wavelets are compared
with the solutions of the Hexahedral wavelets of chapter 4.

The problem domain is presented in figure 5.21 and the corresponding source and material
information is listed in table 5.4. The problem has a rectangular domain of size 86cm
28cm. The central 6cnt 6¢cm square region contains an isotropic source of strength 1.0
particlescm—2s~! and a purely absorbing material with a cross-sectipr= 0.5cm .

Two ducts containing voids of width of 6cm extend from the source to the problem’s upper
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Figure 5.21: Problem 3: This diagram displays the domain of the straight duct problem.

Region| Source(ecm™2s7Y) o, (em™) o, (em™)
1 1.0 0.5 0.0
2 0.0 0.5 0.0
3 0.0 0.0 0.0

Table 5.4: Problem 3: Source and material properties of the Straight Duct problem

and lower boundaries. The material surrounding the ducts has a absorbing cross-section
o, = 0.5cm~!. Vacuum boundaries are prescribed along all edges of the problem. A finite
element mesh consisting of 3,600 elements was employed to discretise the problem’s

spatial domain.

Figure 5.22 presents the scalar flux solution using RADIANT set to the highest order
angular approximation available. The solution is therefore as near to angular convergence
that RADIANT is capable of achieving on the 3,600 finite element spatial mesh. This is
therefore taken as the benchmark solution. The scalar flux solution peaks in the problem’s
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Figure 5.22: Problem 3: The angularly converged scalar flux solution of the 3,600 finite

element spatial discretisation mesh.

centre at approximately 1.7 neutrons 2s—!. In the absorber region adjacent to the
source the high attenuation of particles have caused the sharp decline in the scalar flux
profile. Through the ducts, for which there is no particle attenuation, the scalar flux

descent is at a much lower gradient.

In order to demonstrate the capabilities of the spectral wavelets this demonstration con-
centrates on the scalar flux through the central region of the ducts. Figure 5.23 presents
the H LW,/ HCW,y, HLW,, HCW, HLW, and HCW, scalar flux solutions through the
points (0,23) to (0,36). The graph shows tHe& W,/ HCW, solution to have developed

very large and dominating oscillations due to ray effects. It also reveals that many of
these oscillations can be mitigated by increasing the angular expansion toféthey

or HC'W;. However these higher order discretisation still form a number of smaller oscil-
lations in their solutions. Increasing the angular expansion agaih/td’> and HCW5,

further reductions of the oscillations are seen. However, once again visible ray effects

still persist to disfigure their solutions.
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Figure 5.24: The wavelet discretisation’s squared errors through the points (0,0) to (0,36).

In order to demonstrate the accuracy of the wavelet discretisations, the scalar flux squared
errors are measured along the centre of the ducts. These are presented in figure 5.24. The
graph reveals the extent of which oscillations have formed ifthél,/ H C'W solution.
Although the central region could be resolved accurately using these discretisations, the
outer regions of the duct contained many large errors. The graph again demonstrates that
increasing the angular resolution serves to reduces the errors significantly. In fact, the
maximum squared error df LW, is reduced by0% when usingH LW, or HCW.

Integrating these squared errors over the line (0,0) to (0,36) gives the error norms of

the solutions through the mid sections of the duct. These values are presented in figure
5.25 which plots the error norm against the angular expansion size. We can view the

graph’s gradients as the representing the angular discretisation’s order of accuracy in the
y direction through the duct. The graph shows the spectral wavelets have the fastest rate
of convergence as the error declines with the steepest gradient of -1.4 in comparison to
the linear wavelets gradient of -0.9.
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5.5 Conclusions

In this chapter a new method for the angular discretisation of the Boltzmann transport
equation has been presented. The method is a new spectral wavelet basis based on the
principals of second generation wavelets. The wavelets are generated using 2 dimensional
Chebyshev interpolating polynomials and approximate the angular flux over the faces the
hexahedron.

A demonstration of the spectral wavelets capabilities was performed by solving three 2-
D steady state neutron transport problems. The problems were designed to demonstrate
the wavelet's accuracy in approximating difficult angular fluxes that may occur in mate-
rials with both optically thick and optically thin properties. Comparisons of the spectral
wavelet solutions were drawn with the solutions of the hexahedral wavelets developed in
chapter 4. For all numerical examples, the spatial domain was discretised using an SUPG
finite element method.

The numerical examples have been able to show that the spectral wavelets are capable
accurately representing the angular flux, and have therefore demonstrated their potential
for use in neutron transport calculations. The method has also been shown to increase
order of accuracy in comparison to the linear hexahedral wavelets developed in chapter 4.
However, it should be noted that some numerical examples showed only a small increase
in accuracy using the spectral wavelets. This indicates that the spectral wavelets are best
suited to specific problem domains. For example, highly scattering problems where the
flux varies smoothly within the angular domain would best suit the spectral method.

Combining these finding with those of the linear hexahedral wavelets in chapter 4 con-
firms the Chebyshev spectral wavelets to be at the very least as accurate to the established
methodsSy and Py. In addition to this, it can also be confirmed that they will be less
susceptible thady to forming ray-effects in their solutions.
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This chapter presents a new adaptive angular approximation method which use spherical
wavelets to discretise the Boltzmann transport equation in angle. This work builds on the
work of chapters 3 and 4 in which two spherical wavelet bases were developed for the an-
gular discretisation of the Boltzmann transport equation. A method is proposed enabling
these wavelet bases to vary their angular approximation so that fine resolution in angle
may be applied only to the areas of the unit sphere (representing the direction of parti-
cle travel) which are important. An error measure that operates in conjunction with the
wavelet bases in order to determine this importance (and the wavelet resolution require-
ments on the unit sphere) is presented. A procedure by which the angular resolutions is
gradually refined for steady state problems is also given.

The adaptive wavelets are applied to three test problems which demonstrate the ability of
the wavelets to resolve complex fluxes with relatively few functions, and to achieve this
a particular emphasis is placed on their ability to approximate particle streaming through
ducts with voids. It is shown that the wavelets are capable of applying the appropriate res-
olution (as dictated by the error measure) to the directional component of the angular flux
at all spatial positions. This method therefore offers a new and highly efficient adaptive
angular approximation method.

6.1 Introduction

In simulating the transport of neutral particles the discretisation of the full 7 dimensional
phase space of the Boltzmann transport equation [15] is required for deterministic solu-
tions. However, discretisation of the 7 dimensions can quickly lead to very large sets of
linear equations. This in turn can put tremendous pressure on computational resources -
both in terms of time of solving the system and computational storage. For this reason it
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was quickly accepted by the research community that new methods are needed in order
to reduce the computational burden, for example adaptive techniques in space and angle

of particle travel.

Various techniques for numerically representing the angular flux have been developed in
order to reduce the costs involved in solving the discretised equations. One approach is
to recast the transport equation into a single diffusion equation involving only the scalar
flux, thus eliminating the angular variable completely [16, 46, 41]. The approach works
well on isotropic problems, often dominated by isotropic scattering, but the method’s
limitations are exposed when the domain’s geometry materials induce complex non-
isotropic fluxes. An alternative and well used method is to form and solve the second
order even-parity equation [49] in which the odd angular basis functions are eliminated.
This approach avoids the restrictions of diffusion theory since angular convergence may
be gained through using an infinite summation of angular basis functions like spherical
harmonics Py). The disadvantage of this method arises when resolving particle stream-
ing through voids or any problem with small or zero absorption cross section for which the
even parity form of the transport equation breaks down. The Self Adjoint Angular Flux
(SAAF) method [16] has similarities to the even parity form of the transport equation and
shares these problems with it.

Adaptive angular discretisations have been developed for problems in which the distribu-
tion of angular flux varies greatly over the various regions of the system. For example,
the method of composite solutions [49] eliminates the computational waste of applying
high order angular resolution to all regions of a problem by having a different angular
representation at each region. In many applications of interest, for example reactor sys-
tems such as the gas cooled reactors (AGRS), highly varying angular fluxes are confined
to small regions of the system’s geometry. It is these regions that need only be represented
with a high resolution angular approximation. For the remaining regions a relatively low
resolution is adequate. The method of composite solutions therefore applies a ditable
representation of the angular flux for each region [145, 146]. This has also been employed
within the even parity equation in order to combine the efficiencies of both methods [147].

These angular adaptive methods fall into the category of isotropic methods where direc-
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tional treatment may vary spatially but resolution over all angles remains uniform at any
spatial point. Incorporating methods that also localise in direction, so that high resolu-
tion may be applied to only the angles containing high varying fluxes, is some what more
involved [73].

This chapter presents new methods for anisotropic adaptivity in the directional treatment
of the Boltzmann transport equation. To achieve this the continuous, linear, octahedral
and hexahedral wavelets, chapter 3 [1] and chapter 4 [2], form the basis of the adap-
tive angular method. In the previous chapters, the numerical examples demonstrated the
wavelet’s ability to provide accurate approximations of the angular flux (without adaptiv-
ity). In many of the demonstrations they were superior to thand Py, displaying
impressive capabilities in resolving void regions in situations wh&ravas found to be
inaccurate. They were also demonstrated to be less susceptiblé themray effects

[72] in the scalar flux solutions. Wavelets were used in this work because they also have
hierarchical expansions and compact support. The hierarchical nature of these expansion
lend themselves to the development of hierarchical (multi-grid) solvers in angle and the
ability to focus resolution and computational resources on the areas of the unit sphere
where they are most needed.

The wavelet expansions have been employed in the radiation transport model RADIANT
[19] which employs a finite element discretisation of the space variables of the first order
form Boltzmann transport equation. A Streamline Upwind Petrov Galerkin SUPG method
[148, 149] was also developed within RADIANT in order to suppress spatial oscillations
forming in the scalar flux solutions [88, 83, 84]. The code has been demonstrated to be
highly accurate and non-oscillatory and uses a Riemann method for resolving bare surface
boundary conditions [19, 89, 87]. This method maps all angular variables to a Riemann
space using the eigen structure of the angular Jacobians. The incoming and outgoing
information through the boundary can then be calculated and mapped back to angular
variables. The importance of this is that any arbitrary angular expansion can used within
RADIANT. All that is required is a re-calculation of the angular matrices with a change

in the angular expansion.

The development of RADIANT has provided the possibility to investigate various angular
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discretisation methods with considerable ease. To date, others research has mainly used
Sy and Py [15]. These two methods can be viewed as the two extremes of angular
approximation.Sy is a first order approximation method that restricts particles to travel

in a finite set of rays, directions or ordinates. Although this method leads to a simple
set of hyperbolic equations coupled only through the streaming term it suffers severe
oscillations in scalar flux solutions caused by ray effects [72] . Pheapproximation
provides spectral accuracy and uses spherical harmonic basis functions. Although its
solutions are free from ray effects (because it is rotationally invariant) it can suffer Gibbs
oscillations in the angular flux. The shortcomings of these two traditionally used methods
and lack of progress in developing new technologies for angular discretisation means that
this important field of research is open to explore. It has already been demonstrated in
chapters 3 [1] and 4 [2] that spherical wavelets are strong possible alternatiestad

Sy. However, in addition to this, if the application of angular adaptivity proves to be
fruitful then this may lead to wavelets establishing themselves as a main tool in particle
transport calculations. This can expected since the powers of wavelets have long been
recognised as a tool for adaptivity to a vast range of applications.

The adaptive spherical wavelets defined by Schroder and Swelden [126] and [127], on
which the ideas of our wavelets are based, have already been successfully used in a num-
ber of applications. They were able to demonstrate the wavelet’s capabilities for use in
compression, using topographic data relaying the depth of the earth as a function over the
sphere. They were also able to demonstrate the use of wavelets in resolving bi-directional
reflectance distribution functions (BRDF) and illuminations on the sphere. In these ex-
amples they were able to clarify the wavelets abilities in function reconstruction and also
show the importance of the lifting scheme [91, 90]. In other words, increased accuracy
was found with the lifted wavelets as opposed to their corresponding non-lifted wavelet
bases. Wavelets with and without adaptivity have also been used in numerous other ap-
plications. Examples of their extensive implementation to numerical approximation of
PDE’s are listed in [110, 150, 111, 109].

The remainder of this chapter is organised as follows. Section 6.2.1 presents a brief
description of the wavelets and their expansion series of spherical functions. This will be
followed by discussion on the wavelets use in discretising the transport equation in section
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6.2.2. In section 6.2.3 the SUPG angular discretised equations that are discretised in
space using finite elements are formed. Then in section 6.2.4 a computationally efficient
method of treating the stabilization methods is proposed. The treatment for incorporating
the anisotropic adaptivity is presented in sections 6.2.5 - 6.2.6 and section 6.2.7 presents
three error measures that locate areas of angle that require increased resolution. Section
6.2.8 completes the theory with a recipe for incorporating anisotropic adaptivity within

an iterative solver. Section 6.3 presents calculations for three numerical examples. The
numerical examples have been chosen to highlight the effectiveness of the adaptivity in
resolving difficult transport problems, in particular the demonstrations concentrate on
resolving neutron streaming through voids. Conclusions are contained in section 6.4.

6.2 Anisotropic Wavelets on the Sphere

6.2.1 Review of wavelet

This paper uses the continuous linear wavelets developed in [1] and [2] for the expan-
sion of the angular flux. In order to avoid duplication, the wavelets’ derivation have been
omitted from here and only the details applicable to this chapter’s content is reviewed.
The wavelet bases represent spherical functions mapped over the octahedral and hexahe-
dral domain presented in figures 6.1 and 6.2, respectively. Both wavelet expansions are
expressed as, .

f(Q) = Z Aok Pok + Z Z Vik Viks (6.1)

k€K (0) 1=0 keM(l)

where f(Q2) represents some general spherical function. The functignsin the first
term of the series are defined as the lowest order scaling functions. Together with their
coefficients) x, they produce a basic, low resolution approximationftf) - this is
employed as a starting basis for the wavelet representation. The second term of the series
contains the wavelet functiong ;. These have been arranged into a double summation
in order to illustrate the role they play in increasing the accuracy of the approximation of
f(€2). From levell = 0, wavelets are added to the expansion in a series of shells, denoted
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Figure 6.1: Diagram presenting the subdivision scheme employed on the faces construct-
ing the octahedron. Left: The original faces, Middle: The first subdivision, Right: The

second subdivision.

by the summation indexed Each shell consists of a set of wavelet functions that are
denoted by the set/(l), which supplements the scaling functions and wavelets of the
lower ordered shells. The result is a hierarchical series of bases for the approximation
of a spherical function. The hierarchical levels are generated through the inclusion of
each shell of wavelet functions. The termg in the expansion denote the expansion’s

coefficients corresponding to the wavelets.

The low order scaling functions are derived using standard finite element (FE) techniques.
Interpolating FE linear functions centred over the nodes of the polyhedral domains are
employed to generate the coarse approximating bases. The bases produce approximations
with linear variation across the faces constructing the polyhedron’s surface. The shells of
wavelets then act upon this basic expansion, increasing the approximation’s resolution in
accordance with the subdivision scheme illustrated in figures 6.1 and 6.2. The subdivision
scheme is a very simple procedure in which its application divides a polyhedral face into

4 new identical faces. Its relationship with the wavelets is that a series capped at level

L = j—1 has linear variation across the faces of the polyhedron that has undgrgdne

subdivisions.

It is important to note a number of facts on the wavelet’s position, size and general nature.
One important property of the wavelets is that for every vertex belonging to subdivision
[ and not to subdivisiorh — 1, there exists a wavelet belonging to the shel(l) that
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Figure 6.2: Diagram presenting the subdivision scheme employed on the faces construct-
ing the hexahedron. Left: The original faces, Middle: The first subdivision, Right: The

second subdivision.

is associated with that vertex. The vertices are defined as the points on the polyhedral
surface generated by the subdivision scheme. Stating that a wavelet is associated with a
vertex means that the wavelet is positioned over that point and is non-zero in the local
vicinity of that point. That is, they have compact support which implies that the area in
which the wavelet is non zero in value is restricted to a strict subset of their domain. The
nature of the wavelets are that as their order in the expansion shells increase, the supports
of the functions reduce in size. The implication of this is that the wavelets’ information
becomes heavily concentrated about their vertices as the order of the wavelets increase.
Some examples of the octahedral wavelets are presented in figure 6.3.

It should be noted here that the subdivision scheme ensures all vertices are nested, that
is that the vertices of subdivisidn— 1 are also included in subdivisidn for all values

of [. It is also important to observe that the new vertices generated on an application
of the subdivision scheme are positioned mid way between all the existing connected
vertices - figure 6.4 presents an illustration for various sub division levels. Not only does
this ensure that the wavelets within each shell are distributed homogeneously over the
polyhedral domain, but also every wavelet (and scaling function) has close neighbouring
wavelets belonging to the next level of the hierarchy - also see figure 6.5.

For the present purposes the important wavelet properties are:
1) Wavelets have hierarchical expansions.
2) Wavelets have compact support that reduce in size around their collocation point (node)
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Figure 6.3: Diagram displaying some wavelet functions over the octahedral domain. As
the order of the wavelet increase their support become highly concentrated about their

respective point.
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Figure 6.4: Diagram displaying a face of the octahedron (left) and hexahedron (right). The
squares represent the position of the lowest order scaling functions. The circles represent
the positions of the first level of wavelets and the hexagons represent the positions of the
second level wavelets. Itis shown that for every wavelet, there exists a set of neighbouring
wavelets belonging to the next higher level. The solid, dashed and dotted lines represent

the face partitioning on the zeroth, first and second subdivision, respectively.

as the expansion increases.

3) Wavelets of all levels have 'close by’ neighbouring wavelets associated with the next
hierarchical level - these are the new mid-point vertices generated in the subdivision - see
figure 6.4 and 6.5.

6.2.2 The angularly discretised Boltzmann transport equation

In order to resolve the directional variable of the BTE employing an adaptive angular tech-
nique the equation’s directional dependence is first discretised using a standard spherical
wavelet method. A wavelet angular discretisation of the Boltzmann transport equation
requires representing the angular variable diy the series (6.1). That is the angular flux

1 IS approximated by,
M

U(r, Q1) & Y y(r 0)G;(Q), (6.2)

Jj=1
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|
|
|
|

Figure 6.5: Diagrams displaying the the neighbouring functions for each wavelet. The
(O represents the wavelet of leveunder consideration. Th8 represents the wavelets
of level j + 1 that are included into the expansion should the approximation argund

require further resolution.

whereG,;,Vj € {1,... M}, represent the wavelets basis functions émdre their corre-
sponding coefficients. Note that a suitable reordering of (6.1) is used to reduce the series
into a single summation. The approximation is then inserted into the first order Boltz-
mann transport equation [15] and the standard Galerkin method is applied resulting in the
angularly discretised transport equation.

1 oV ov ov ov

The matrixA is the M x M angular mass matrix. The matricds, A, and A, are the

M x M angular Jacobians. Thet x M matrix H represents the scattering and removal
operator ands is the external source vector of sizd. The vector represents tha1
coefficients of the wavelet expansion in (6.2). A complete derivation of this angularly
discretised equation, together with the definition of the matrices, can be found in [1] and
[2] and chapter 2.

6.2.3 Streamline Upwind Petrov Galerkin spatial discretisation

In order to resolve the spatial dimensions of the Boltzmann transport equation a finite
element method is used. The approach uses a weighted residual method in order to gen-
erate the weak form of equations that are solved in terms of the spatial discretisation’s
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unknown coefficients. A Streamline Upwind Petrov Galerkin method is also used, the
basic mechanics of this being that a contribution of the convection term is added to the
weighting of the angularly discretised equations. This induces more diffusion across the
spatial dimensions which in turn helps to prevent Gibbs oscillations forming in the so-
lution. The Streamline Upwind Petrov Galerkin formulation of the angular discretised
equations (6.3) is given by,

(I —A-VP)R(V(r,t)) =0, (6.4)
where
R(V(r t)) = %Aa\lla(:;’ 2 + A -VU(rt)+ HY(r,t) — S(rt). (6.5)

The term A denotes the vector of angular Jacobians &hd= (21,21, 8%I). Pis
the M x M stabilisation matrix. Its coefficients determine the dissipative properties of
the discretisation method. Various formulations for this matrix exist of which some are

discussed in [84]. The stabilising term used in this chapter is treated in the next section.

In this work time is neglected and the spatial variables of equation (6.4) are approximated
using finite element interpolating functions [49]. The angular discretisedif|iscatter-
ing and removal operator matriX and source termS are spatially represented by,

N
U(r) =~ O(r) = Z N,(r)®,, (6.6)
N
H(r)~ H(r) = ZNHj<r)Hj, (6.7)
and N
S(r)~ S(r) = Zst(r)sj, (6.8)

respectively. The matriced/;(r), N g;(r) and N g;(r) are M x M diagonal matrices
containing the finite element functiow;, Nx; andNg;, respectively, along their diagonal.

The spatial approximation is performed by the set of finite element funciopdor j €
{1,2,...,N'}. The term¥;, is a vector of sizeM that represents the angular moments at
nodej of the finite element mesh. The ted is anM x M matrix denoting the angular
discretised scattering/removal operator at node j of the finite element mesh. Finally, the
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vector S;(t) is of size M and contains the angularly discretised source terms associated
with nodej of the finite element mesh. In this chapter the conditdon= Ny; = Ng; is

assumed foj € {1,2,...,N}.

To obtain the weak FE equations, equation (6.4) is pre-multiplied bymthe M matrix
N ;(r). This is then integrated over space resulting in:

_ /V (A-VN(r)U(r)dV + /V N (HE)U(r) — S(r)dV
+ / A VNP PRV + / Ni(r)(A - n) (B (r))dl
1% T
0

—/Ni(r)(A~n)PR(\IJ(T))dF _— Vi e{l,...M} (6.9)

Here the surface integrals are a product of an application of Green’s theorem aexd
notes the direction normal to the surface of the problem’s space bound&he identity
matrix of sizeM x M is represented by. The termsA - n = n, A, +n,A, +n, A, and
AV = A2 + Ay% + A.Z. In this formulation the last term on the left hand side of
equation (6.9) is assumed to be zero.

6.2.4 Definition and approximation of P

Incorporating the correct diffusion within the solution’s streamline direction is critical for
the mitigation of Gibbs oscillations manifesting over regions with large flux gradients.
A number of stabilising methods defining the teffrhave already been developed that
generally perform well when resolving transport problems with specific material cross
sections. This chapter employs the method proposed in [19] and [84] for which the stabil-
isation matrix combines two popular approaches in an attempt to extract the best qualities

from each. The formal definition d? used in this work is given by,
h
P = foin (300 HTYT) (6.10)
for some vector of matriceB = (B, Bs, . .., B;). The termf,, is defined by,

fo(B) = |B1f’ + |Ba|’ + ... + [Bi| 7. (6.11)
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The operatorB;|? is defined as,

|Bi|p = L§3|ABL

PRy (6.12)

for which L, and R, denote the matrices formed from the augmentation of the left
and right eigen-vectors db;, respectively, and g, is the diagonal matrix containing the
eigen-values oB;. h in 6.10 denotes a measure of the elements length, see [84].

The definition of P in its current form (6.10) gives rise to two issues with regards to its
practical implementation. First there are a number of mappings involved, each requiring
matrix matrix multiplications using the eigen structure matrices of the angular Jacobians.
These computations will need to be performed for each spatial node of the finite element
mesh since the inclusion of thié andg terms makegs spatially variable. These map-
pings are computationally expensive when using large angular expansions. It is therefore
necessary to develop an approximationfofn order to reduce this computational bur-
den. The second issue is with regard to the computation and sparsity of the matrices
generated by the multiplications of the angular Jacobiansfand hat is the matrices

A, PA,, A, PA, A, PA,, ... generated in the third term of (6.9). The computation and
application of these matrices is highly expensive if they are allowed to become dense and
it is highly possible that this will occur with the curreft In order to keep the matrices

to a reasonable level of sparseness some restrictions on the approximationust be
imposed.

To address these computational concerns the following assumptions are implemented.
First fo(A)~' = A~ whereA is the angular mass matrix. This is exactin 3-D calculations
and will also give close approximations in 2-D. By using this the first set of mappings
involved in calculatingf,(A)~* are eliminated. In order to address the second issue, that
is in keeping the matrices in the third term of (6.9) spardehould also be sparse, see
below.

Diagonal P

One method is to impose the restriction Brthat it is diagonal. This can be ensured by
using diagonal approximations fo(A)~! and 7! in equation (6.10). To implement this

an approximation of the matrices are used. A diagonal approximation of the maisix
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formed through a row summation of it absolute values. The approximation is denoted by
H' and is given by,
, >k [ Higl if i =7,

;=

0 otherwise.

In order to obtain a diagonal approximation4f! the inverse of the diagonal elements
of A are used:

if i = 7,

otherwise.

e}

For orthonormal angular discretisations, for example, Sy and Walsh functions [77,

78], this is exact since the angular mass matriss already diagonal. Since the wavelets
are not orthonormal the above definition will be an approximation. However, the approx-
imation is good due to the diagonal dominance of the angular mass matrix

Combining the above amendments, the approximatidn inow defined as,

P mi”((H;,j>_la %A;]) ifi=j,
' 0 otherwise.

Expansion of P

An alternative route for generating a sparse approximatiof isfto expand the inverse
of the angular mass matrix by the following sum of matrices,

A=A~ (agl + oV + V24 .+ apm VYV (6.13)

whereV = I — V; ' A andV; andV; are generated through some splitting of the matrix

A = Vi+V,. A possible definition of the constantsis presented in [151]. The appealing
aspect of this approach is that the low order matrices can be made to retain a high order
of sparseness and so by truncating the summation to just the first two or three terms, a
sparse and reasonably accurate approximatiotrofis generated.
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6.2.5 Application of adaptivity

Developing methods of anisotropic adaptivity using arbitrary angular expansions would
normally be plagued with numerous complications. The greatest problem being that a
varying angular discretisation at each spatial position would destroy the structure of the
angular discretised transport equation (6.3). However, the use of hierarchical expansions
provides a possible route for avoiding this situation. The procedure considers the em-
ployment of a full, high order wavelet expansion for discretising the transport equation
that produces a system of equations in the form of (6.3). Then, at each spatial point, the
wavelets that do not contribute to the angular flux approximation are cancelled out by
assuming the coefficient corresponding to the redundant wavelet has the value zero - this
would indeed be true if the wavelet has no contribution. The consequence of this is that
the wavelet is removed from consideration resulting in a reduced angular expansion. This
procedure therefore gives us the required freedom of having varying expansion of angular
basis functions for every spatial position, whilst at the same time keeping the mathemat-
ics watertight by considering the complete, spatially non-varying angular approximation.
The full potential of the wavelets can now be realised through their property of having
compact support as this presents a straight forward method for implementing anisotropic
adaptivity. Compactly supported functions allow the application of high resolution to only
the regions on the unit sphere where the angular flux variation is important. For example,
if the angular flux is non-zero in a small area on the sphere then only the wavelets with
supports covering this region of angle are required for an accurate representation.

6.2.6 Wavelet selection process

The wavelet bases naturally lead to a method that determines the regions on the unit sphere
in which the angular flux is under resolved when using some truncated wavelet expansion.
Furthermore they also present a simple but effective method that selects the wavelets
that will increase resolution. The directions in which the angular flux is under resolved
can determined as the regions surrounding wavelets with large expansion coeffigients

in equation (6.2). The reason for this can be explained with the aid of the diagrams
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Figure 6.6: Left: A diagram displaying a subset of the octahedral face. The points labelled

1-4 represent wavelets of subdivisipnThe points labelled a-e represent wavelets of level

j + 1. Middle and right: Diagrams displaying how the wavelet of positiooperates

to increase the accuracy of a function approximation around its associated vertex. The
solid line represents the function being approximated. The dashed line represents the
approximation of subdivision. The dotted line represents the approximation at level

j + 1. The line plots are drawn along the edge 1-2.

presented in figure 6.6 representing a subset of the octahedral domain. The diagram on
the left presents two levels of the hierarchical subdivision. The coarser level is indicated
by the bold line triangles and associated with it are the wavélets,, Gz andG,. The
higher hierarchical level is shown by the thin line triangles and associated with it are the
waveletyy,, Gy, G., Gg andg.. The coefficients corresponding to the higher order wavelets
indicate whether the lower ordered wavelets were sufficient in approximating the angular
flux around the area of its support. In particular, when increasing the approximation,
the coefficients of the higher order wavelets determine the difference in the angular flux
approximation over their corresponding vertices. This is illustrated by the two examples
presented in figure 6.6. Both examples show the flux as a line through the edge joining
vertices 1 and 2 and show the low and high resolution approximation to some curve. The
first example shows the poorly performing low resolution approximation requiring a large
contribution from the waveldf, in order to correct the large error across its collocation
point. This in turn requires the coefficient corresponding to the waggl&t be relatively

large. However, the low resolution approximation of the second example was sulfficient to
approximate the curve. This therefore required little or no contribution from the wavelet

G, and thus leads to a small coefficiehf.
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6.2.7 Error measures

This section develops error measures based on the magnitude of the wavelet coefficients in
order to locate the areas of angle in which the angular flux is under resolved. On detecting
a large error around a wavelet collocation point the procedure adds the neighbouring
wavelets of the next hierarchical level to the expansion. These wavelets, discussed in
summary point 3 of section 6.2.1, are presented in figure 6.5. These wavelets will serve
the purpose of increasing the resolution of the important areas on the unit sphere and also
indicate whether further resolution is required. This process is repeated until all wavelets

necessary for an accurate approximation over all angles are included.

Here three error measures based on the magnitudes of the wavelet’s coefficients are pro-

posed.

Error measure 1 is a measure of the variation introduced by a wavelet over its associated
vertex. Its value takes the wavelet’s height over the collocation point multiplied by its
coefficient. A large error is then registered over the collocation point if this value exceeds
a predetermined toleranee This is explicitly written as,

Gi(Su)V; > T, (6.14)
where(); is the angular position of the node associated with the wavelet

Error measure 2 analyses the scalar flux contribution from a wavelet. The error measure is
given by the wavelet’s height multiplied the coefficient and the area covered by the func-
tion’s support. This is aimed at providing a fairer reflection of the wavelet’s contribution
toward the scalar flux, as low order wavelets (with large areas of support) can make large
contributions with small coefficients. The error measure is given as,

gi(Qi)‘I’zAi >, (6.15)
whereA; represents the area of the wavelet’s support.

A = ds) (6.16)
Gi#0
This value can be approximated by summing the areas of the triangles spanned by the

wavelets.
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Error measure 3 normalises the second error measure with respect to the scalar flux. This
may be useful as the value will represent the wavelets contribution with respect to the

actual amount of flux at a spatial point. This measure is given by,

Gi(C) i A
max{¢, e} 27 (6.17)

where¢ represents the scalar flux,= [, 1dS2, ande represents a small number greater
than zero. The inclusion efensures that unnecessary resolution is not placed in regions

containing negligible scalar fluxes.

6.2.8 Self adapting wavelets within an iterative solver

Here the anisotropic adaptivity is incorporated to work within a general iterative solver,
for example a block Gauss-Seidel [152] or some Krylov subspace method such as GM-
RES [153] or FGMES [154]. The mechanics of the solver works by improving a current
approximation through finding a better approximation by searching along a specific search
direction. The search process is iterated until the exact solution is found or the approxi-
mation is within some tolerance of the true solution. To perform adaptivity in angle the

following is used:

1) The discretised equations (6.3) are formed with some maximum angular expansion.
2) Initial starting conditions are that only the lowest order scaling functions are included
in the angular expansion for all spatial points.

3) During each iteration of the solver, the coefficients are checked and, if they meet the
criteria for adaptivity, the neighbouring wavelets are added to the angular expansion.

4) The solver is allowed to iterate until a convergence has been reached.

6.3 Numerical Examples

In this section 3 steady-state problems are investigated in order to illustrate the capabilities
of the adaptive wavelet discretisation method. In resolving these numerical examples
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error measure 2 is employed using a range of different thresholdehe aims are to
illustrate the adaptivity working in conjunction with the error measure and to investigate
the tolerance value’s effects on the numerical approximations. In order to give a fair view
of the robustness of the adaptive wavelets, the problems have been selected to expose
poorly performing angular discretisations. In particular, much emphasis has been placed
towards on resolving angular fluxes within voids.

In order to give some indication to how the adaptive methods increase the efficiency of
solving the following numerical examples, the following assumptions have been made.
The calculation times for the adaptive and non adaptive methods are calculated only in
terms of the angular expansion size (as the spatial discretisation remains the same for each
problem its influence on the solving time also remains the same and so can be neglected).
For the non-adaptive discretisations, the calculation times will be dependent on the an-
gular expansion sizé1 that is defined in equation 6.2. For the adaptive methods, the
calculation times are based on the average number of angular basis functions that were
used on the spatial nodes of the finite element mesh, this value will be denated by

For the numerical example in this chapter, the preconditioned GMRES algorithm has
been used to solve the linear systems generated from the discretised equations. The time
complexity for solving the linear systems are therefore dominated by the time to compute
a matrix vector multiplication and the application of a preconditioner. The preconditioner

is a block SSOR sweep over the finite element spatial nodes. This involves building
and solving a matrix of dimensioM x M or M,q, x M,q, to resolve the angular
moments at each node of the spatial mesh. Therefore, the time to compute the matrix
vector multiplication and preconditioner will essentially depend on these block matrices.
In particular, the number of computer operations will depend on the sparsity of their non-
zero elements. We can therefore make upper and lower bounds on the time complexity
for these operations. In the best case, where the block matrices are very sparse, the time
complexity is of ordefJ(M) (or O(M,qp,)). In the worst case, where the block matrices
have a high proportion of non-zero elements, the time complexity is of the @rdet?)

(or O(M2,,)). In the following numerical examples, the relative approximate running
times of the adaptive wavelet methods are calculated against the approximate calculation
times of the full wavelet expansion using these upper and lower bounds.
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Region| Source(cm™2s7') o, (em™) o, (em™")
1 1.0 0.5 0.0
2 0.0 0.5 0.0

Table 6.1: Source and material properties of the Box Source Problem 1.

The following numerical examples have all been restricted to time independent 1 group
problems. The wavelet calculations have been spatially solved using RADIANT. The
results of these numerical examples are compared with two established radiation meth-
ods. The first method, embedded in the EVENT code [20], is based on the variational
formulation of the even-parity form of the transport equation, employing continuous fi-
nite elements and spherical harmonic basis functions to discretise the space and angle
variables [129]. The second method embedded in the DG-DO code solves the first or-
der Boltzmann transport equation using discontinuous finite elements (a discontinuous
Galerkin method) and discrete ordinates to discretise spatial and angle variables [21].

6.3.1 Pure absorbing box source problem

This example is designed to demonstrate the adaptive linear wavelets capabilities in re-
solving a simple 2-D problem. The adaptive method is compared for various tolerance
settings in order to gain an insight of the method’s sensitivity of adapting, with respect to
this value.

This example uses the 2-D box source problem presented in figure 6.7. The corresponding
source and material properties are listed in table 6.1. The domain is & 3om square

with a constant absorbing cross-sectign= 0.5cm~!. An isotropic source of intensity

1.0 particlesm—2s~! occupies the central square region of size 0.5cth5cm. Vacuum
boundaries are prescribed along all sides of the problem domain. For all calculations, the
2-D box source problem was solved using rectangular shaped bi-linear finite elements.
This calculation has 225 quadrilateral elements, ranging from@JIcm to 0.2 0.2 cm

in size, and 256 nodes.
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Figure 6.7: Diagram of the 2-D Box Source Problem.

The numerical solutions were provided by the adaptive octahedral wavelets and allowed a
maximum of 612 angular basis functions per spatial node (that is 4 layers of wavelets plus
the scaling functions, this is denoted byV;). Error measure 2 was employed using the
three tolerance values 0.01, 0.005 and 0.001. The solution to this problem using the lowest
tolerance is shown in figure 6.8. It is possible to confirm that the scalar flux profile is in
very close agreement with the solutions benchmarked in [1] and [2]. The solution peaks
over the central region reaching approximately 3.4 partiales’s—!. The profile then

falls away sharply from the centre as particles attenuate within the absorbing material.

Figure 6.9 shows three graphs displaying the number of wavelets used in the angular ex-
pansions over the finite element nodes of the spatial discretisation. The solutions confirm
that a relaxation in the error measure leads to significant increase in the inclusion of the
wavelet functions. The results from the toleramce 0.01 required on average 70 wavelet
functions per spatial node. This value increased to 122 wavelets in the calculation using
7 = 0.005 and jumped significantly to 246 wavelets for the lowest tolerance calculation
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Figure 6.8: Scalar flux profile of the adaptive solution usirsg0.001.

7 = 0.001. Table 6.2 lists the relative computation times for these three calculations us-
ing the best and worst bounds described at the start of this section. The figures show that
the adaptive technique can reduce the computation cost from betwéerabdt0.1%
depending on the tolerance setting used.

It is however important to observe that the low and more accurate thresiprlsbuces

a pattern in the expansion size that is uniform with respect to the distance from the prob-
lem’s centre. This would appear correct since fluxes at equal distance from the problem’s
centre will be of similar distribution and, therefore, require a similar number of angu-
lar basis functions. This pattern is not replicated in the calculation using the threshold
7 = 0.01. Here this tolerance appears to have restricted many of the wavelets from en-
tering the calculation - especially in the diagonal directions with respect to the source.
However, the threshold = 0.005 appears to be a compromise between the two extreme
values.

All three results shown in figure 6.9 are in agreement in that the angular flux within the

central source region requires the largest wavelet expansions. This is due to complex
angular distributions covering the whole sphere being generated by the 2-D source em-
bedded within the weakly absorbing media. These type of geometries typically generate
high maximum around the poles of the sphere and require high resolution near the poles
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Figure 6.9: Diagram plotting the number of angular basis functions used over the spatial

grid. Top left:7 = 0.01, Top right: = 0.005, bottom: = 0.001

tolerancer | Angular basis functiong(t,,,) Bestrelative time Worst relative tim

e

0.01
0.005
0.001

70

122
246

11.4%
19.9%
40.1%

Table 6.2: The table shows the average number of angular basis functions used for resolv-

ing problem 1. Included are the best and worst relative computation times to solve the

adaptive equations - in comparison to the full wavelet expansion.
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in order to resolve the flux fully. Along the boundary there is a significant drop in the
expansion sizes for all three results. This gives a strong indication that adaptivity is work-
ing correctly as these positions contain highly directional fluxes - thus making a large
proportion of wavelets redundant. On average, the increasing tolerance values require 45,
90 and 160 wavelets in order to resolve the angular flux positioned along the boundary.
This shows the angular expansion size forthe 0.01 calculation to be notably smaller

than the other two. However this vastly reduced expansion may also result in an under
resolved approximation of the angular flux. This in fact turns out to be confirmed by the
graph contained in figure 6.10. The graph shows the scalar flux profile along the bot-
tom boundary from position (0,0) to position (3,0). Large oscillations have distorted the
solution of ther = 0.01 calculation due to the lack of resolution given to the approxi-
mation of the angular flux. However the figure does show that decreasing the tolerance
to 7 = 0.005 was sufficient to eliminate these oscillations across the boundary interface.
The graph also reveals the solutions of the 0.001 and 0.005 calculations to have similar
profiles, indicating a level of convergence in terms of tolerance value has been found at
7 = 0.005. This is confirmed by the benchmark solution provided by the DG-DO method
shown in figure 6.10.

Figure 6.11 presents three angular flux profiles obtained from the solutions of the various
tolerance values sampled on the boundary at position (1.35,0). The figure also includes
the wavelet position plots corresponding to these three angular flux results. In these plots
points are placed over the collocation points of the wavelets that are included in the ex-
pansion of the angular flux in order to help illustrate the positions on the sphere where
high resolution has been applied. The three profiles show the angular flux is concentrated
along a vertical strip directing particles away from the source region in the negative
direction. The profiles also show a higher concentration of particles are directed in the
negativexr direction which conforms with the slight off centre position of the sampled
point.

The three results agree with the findings already observed with this numerical example.
By comparison of all angular flux results it is clear that the toleranee0.01 is too high

for a good reconstruction of the angular flux. The angular flux profile obtained using this
tolerance shows poor representation of the peaked strip which possesses a number of large
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Figure 6.10: Scalar flux profiles of the solutions obtained from DG-DO and adaptive
wavelets using tolerance = 0.01,0.005 and 0.001. The line plots were sampled along

the box source problem’s bottom boundary (0,0)-(3,0).
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Figure 6.11: Angular flux profiles and wavelet concentration plots taken at the position
(0,1.35) of the box source problem. The dots represent the collocation points associated
with the wavelets included in the wavelet expansion. The number of wavelets used in the

expansions are denoted by (.).



6.3 Numerical Examples 245

oscillations. There is also no detail in ther — y octant of the sphere. The reasons for
this poor representation is shown by the wavelet position plot which reveals that no high
order wavelets have been included in the expansion and that almost no resolution was
applied to thetx — y octant. In direct contrast to this the angular flux resulting from the
tolerancer = 0.001 shows the peaked strip to be well constructed and free from large os-
cillations. However, the positions of the wavelets constructing this approximation reveal
a heavy concentration of functions to have congregated around;ttreemisphere. It is
therefore possible that while the approximation is accurate, the low tolerance has enabled
the smaller contributing wavelets to enter the expansion. Once again the results show the
tolerancer = 0.005 to be a suitable compromise between the two extreme values. The
vertical strip is again well constructed, free from large oscillations and compares closely
to the flux of ther = 0.001 calculation. However in this calculation the higher order
wavelets are shown to congregate only over the important areas of the sphere, namely
along the vertical band of flux, thus making the calculation highly efficient.

Figure 6.12 presents a similar set of angular flux profiles obtained from the three toler-
ance values sampled within the problem’s source region at position (1.55,1.35). Again
the figure has included the position plots of the wavelets used in the three angular flux
expansions. The three plots show the angular flux to be fairly uniform in magnitude about
the z axis and to contain large maxima around the poles of the sphere. There is also a
higher concentration of particles directed in the — y octant of the sphere due to the
slight off centre positioning of the sampling position.

Once again the profiles agree with the previous findings. The calculation using the toler-
ancer = 0.01 has poorly reproduced the maxima about the poles of the sphere in which
large oscillations have formed. The plot corresponding to this approximation shows that
only a sparse scattering of high order wavelet have formed around the poles of the sphere.
This again indicates the tolerance is too high which has in turn excluded some important
wavelets from the expansion. In contrast to this, the toleranee0.001 has produced

a well formed flux with no oscillations forming about the pole. However, as with the
previous example, a large proportion of the high order wavelets have been included in the
angular expansion. It is therefore highly possible that the tolerance (being too low) has
again allowed to many of the non contributing wavelets to enter the angular expansion.
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Figure 6.12: Angular flux profiles and wavelet concentration plots taken at the position
(1.55,1.35) of the box source problem. The dots represent the vertexes associated with
the wavelets included in the expansion. The (.) denotes the number of wavelets used in

the angular expansion.
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The results for the toleranee= 0.005 have again performed well in terms of both accu-
racy and efficiency. The peak around the poles are well formed and contain only minor
oscillations. However it is also shown that the high order wavelets have concentrated only
around the poles of the sphere. Therefore the high resolution has been applied to only the
regions where it is necessary.

6.3.2 Straight Duct Problem surrounded by a Purely Absorbing Re-

gion

This problem has been designed to demonstrate the ability of the adaptive wavelets to
produce accurate angular flux approximations for demanding problems involving ducts
containing voids. Both the octahedral and hexahedral linear wavelets are investigated and
their solution’s accuracy are compared to the solutions of EVENT.

The problem involves a straight duct surrounded by a pure absorbing media, see [49]
page 449. The domain is presented in figure 6.13 and the corresponding source and
material properties are listed in table 6.3. The problem domain is rectangular of size
36cmx 28cm. The central 6cm 6cm square contains an isotropic source of strength 1.0
particlescm~2s~! and hosts a purely absorbing material with a cross-seetica 0.5.

Two near void ducts, with absorbing cross sectiops= 0.001, of width 6cm extend

from the source to the upper and lower boundaries. The regions surrounding the ducts
contain a purely absorbing material with a cross-sectjoa 0.5. Vacuum boundaries are
prescribed along all boundaries of the problem domain. A finite element mesh comprising
900 quadrilateral elements and 961 nodes was used to discretise the spatial domain. The
calculations were performed with an adaptivé’, angular expansion. Error measure 2
with the tolerance- = 0.005 was employed to locate the areas of angles requiring high

resolution.

The solution to this problem using the adaptivB/, angular discretisation is shown in
figure 6.14. The profile displays a flux peak over the central source region reaching ap-
proximately 1.75 neutronsn—2s~!. The strong pure absorber is shown to cause a sharp
attenuation of the particles. However, the scalar flux declines at a more gradual rate



6.3 Numerical Examples

248

Figure 6.13: Diagram of the straight duct problem.

Bare gurfece

region 3
(duct)
|
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(absorber)

Bare surface

Bare surface

region 1
(source)
3 14 x
[
g
region 3 | region 2 E
(duct) | (absorber) g
@

Region| Source(cm2s7!) o, (em™) o, (em™!)
1 1.0 0.5 0.0
2 0.0 0.5 0.0
3 0.0 0.0 0.0

Table 6.3: Source and material properties of the Straight Duct Problem.
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Figure 6.14: Scalar flux profile of the adaptive octahedral wavelet solution of the straight

duct problem using = 0.005.

through the ducts as particles stream through the void without collision. This solution

is consistent with solution provided by even-pari®y; as shown by the graph in figure

6.15. The graph shows the scalar flux profile from the centre of the source, through the
duct to the mid position of the top boundary. Over the source and duct regions the two
solutions compare closely, however, variations do appear across the interface between the
two regions. This variation is due to the large differences between the material properties
of the source and duct regions which causes large gradients to occur in the scalar flux so-
lutions. The variation is therefore a spatial discretisation issue and will not be considered

any further.

Figure 6.16 presents a diagram showing the variation of angular expansion size within the
spacial domain. The results show that adaptive wavelets have concentrated much effort
in resolving the source and duct regions. The source region requires a large number of
wavelet functions. That is because the problem’s geometry generates complex flux dis-
tributions containing maxima about the poles that require high resolution to be applied to
most regions of the sphere. To resolve the source region accurately approximately 200
wavelets were required at each spatial node. The result also reveals that the interface be-
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Figure 6.15: A line plot of the scalar flux solutions through the positions (0,0) to (0,18).

The adaptive octahedral wavelet solutions is compared to the even-pargglution.

tween the source and duct region were the most expensive to approximate by requiring
over 300 wavelets at each finite element node. However, this figure dramatically reduced
when resolving the angular flux at increasing distance from the source along the duct.
This suggests that adaptivity is working efficiently as redundant wavelets have been omit-
ted from the calculation as the flux becomes more directional. In fact, at the interface
between the boundary and the duct only 170 -180 wavelet were required for an accurate
representation. It is also shown that the regions deep within the absorber acquired no
further resolution than that provided by the initial scaling functions. This is highly im-
portant as the scalar flux is negligible within these regions and so the discretisation has
avoided wasting effort by providing it extra resolution. In total, an average of 288 wavelet
functions were required to resolve this problem. The time for solving the adaptive discre-
tised equations will therefore be between 22.4nd 47.0¢ of the time to solve the full
non-adaptive equations.

Figure 6.17 shows seven angular flux profiles, viewed from the negatiirection, sam-
pled at 3cm intervals through the source and duct regions as illustrated in figure 6.13. The
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Figure 6.16: Diagram showing the adaptive octahedral wavelet expansion size over the

nodes of the straight duct problem’s spatial grids 0.005

figure also includes the wavelet collocation plots corresponding to the wavelets that were
used in each of the angular expansions.

Figure 6.17a presents the angular flux positioned over the centre of the source region. The
result shows the flux to be evenly distributed aboutilagis and to contain high maxima
about the poles of the sphere. The wavelet expansion corresponding to this angular flux
is shown to have required the vast majority of the wavelets up to the third shell. The
result also shows that the high resolution, forth shell wavelets to have been placed only
in the areas where high resolution was required - namely the regions containing large
gradients. In total, the number of wavelets required for this expansion was 204 - that
is 33.3% of the available wavelets. Figure 6.17b shows the approximated angular flux
positioned over the interface of the source and duct regions. At this position a complex
angular flux is generated in they hemisphere. The regions requiring high resolution are
located close to the axis as these angles form large gradients due to a low flux ia-the
hemisphere. The wavelet expansion at this position required 288 functions -4hatlis

of the complete expansion set. The angular flux corresponding to position 3 is presented
in figure 6.17c. At this position the flux becomes highly directed overth@ngles due
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Figure 6.17: Angular flux profiles and wavelet concentration plots sampled at the posi-
tions: Point 1:(0,18), Point 2:(0,21), Point 3:(0,24), Point 4:(0,27), Point 5:(0,30), Point
6:(0,33), Point 7:(0,36). The dots represent the vertexes associated with the wavelets

included in the expansion.
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to particles streaming through the duct. The flux’s maxima has also transferred from the
poles to a vertical strip along the axis in the+y direction. The results show that the
adaptivity was successful in adjusting its resolution to give high order representation to
these new regions where it was required. In total 322 wavelets were required to fully
represent the angular flug2.2%). The angular flux over position 4 is presented in figure
6.17d. Similar to the previous result the flux is highly directional and forms a vertical band
over ther axis directing particles in the positivedirection. However, due to the position
being sampled further from the source the peaked band is narrower is shape. The wavelets
expansion has again successfully followed the flux’s pattern by concentrating over the
same (but narrower) band of angles. This in turn has and led to the number of wavelets
required to represent this angular flux to decreased to£28%%). The flux profiles over

the final three positions, points 5, 6 and 7, are presented in figures 6.17e, 6.17f and 6.179g
respectively. The results follow a similar pattern to that of the angular flux over position

4. Each profile shows the flux to be confined to the angles forming a vertical band over
the x axis, directing particle in the-y direction. However, the effect of the sampled
positions being at further distances from the source is that these bands become narrower
in shape. This has in turn allowed the adaptivity to use less wavelets in the construction of
each flux when the distance from the source is increased. To construct the angular flux at
positions 5, 6 and 7, 224¢.6%), 204 83.3%) and 183 £9.9%) wavelets were required

in the expansion, respectively.

An issue that has been brought to light by these results is the presence of Gibbs oscil-
lations forming in the angular flux approximations. In particular, heavy oscillations are
shown to manifest over the pole regions of the angular flux approximation at positions 3
and 5. In both approximations heavy oscillations have appeared due to the flux containing
large gradients at the poles - in these situations Gibbs oscillations tend to be at their most
damaging. However, the presence of Gibbs oscillations is not always as damaging as they
may appear. For example, the area in which the flux is negative is small in comparison
to surface of the sphere. Therefore the negative fluxes have only a minor influence in the
scalar flux solutions.
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Hexahedral wavelets

In order to demonstrate the adaptive hexahedral wavelets abilities, the method was used
to approximate the angular flux for the straight duct problem. The calculation was al-
lowed a maximum of 3 shells of wavelets, allowing up to 868 angular basis functions
per spatial node. Error measure 2 with= 0.15 was employed to locate the areas of
angle requiring high resolution. Figure 6.18 presents the adaptive hexahedral wavelet’s
scalar flux solution together with the diagram illustrating the number of wavelets used
in the angular expansion over the nodes of the spatial mesh. The scalar flux shows a
similar profile to the solution obtained from the octahedral wavelets. In fact the line plot
through the domain’s centre shows the two wavelet solutions to be almost identical, this
is presented in figure 6.19. The diagram displaying the spatial nodes’ expansion size also
reveals similar patterns seen with the octahedral wavelets. Again, the centre of the domain
required the highest resolution in which the full 868 wavelet functions were used in the
approximation. Large wavelets expansions also concentrated along the ducts. However,
as previously seen with the octahedral wavelets, the expansion size along the ducts de-
creased as the distance from the source increased. The adaptive hexahedral wavelets were
also successful in avoiding the placement of unnecessary resolution over the absorber re-
gions that acquired negligible fluxes. Over all the average number of wavelets per spatial

node was 202, that i%3.3% of the available wavelets.

Figure 6.20 presents the angular flux profiles at positions 4 and 7 (as shown in figure
6.13). The diagrams clearly show the vertical peaked band of flux resulting from particles
streaming through the ducts. Once again the fluxes show a narrowing of the band as the
distance from the source region is increased. The wavelet expansions have successfully
adapted in order to apply an appropriate resolution to all regions of the sphere. The
results show that no wavelets directing flux in theg direction have been included in the
expansions. It is also shown that the angular flux closest to the source region required the
majority of the high ordered wavelets centred aboutitlrexis. However, for resolving

the flux further from the source, the contracting peak has allowed many of these wavelets
to be omitted. The results also show the hexahedral wavelet solutions to have developed
Gibbs oscillations. Not surprisingly the oscillations manifest over the same areas of angle
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Figure 6.18: Top: Scalar flux profile of the adaptive hexahedral wavelet solution-using
= 0.15. Bottom: Plot displaying the number of hexahedral wavelets used over the spatial

mesh
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Figure 6.19: Scalar flux profile of the linear octahedral and hexahedral wavelet solutions

measured along the line between the coordinates (0,0) and (0,36).

as observed with the octahedral wavelets. However the oscillations do appear to be less
severe in the hexahedral wavelet solution. The number of hexahedral wavelets employed
to resolve positions 4 and 7 were 364 0% of the possible wavelets) and 288(1% of

the possible wavelets), respectively.

6.3.3 The dogleg duct problem

In order to establish the strengths and abilities of the adaptive wavelet discretisation, a
problem where neutron streaming occurs in two directions along a near void duct is con-
sidered. For this demonstration the linear octahedral wavelets are used. Various tolerance
setting are considered in order to show the value’s influence on the adaptive solutions.
Solutions for comparing the wavelets accuracy are provided by EVENT and the discon-
tinuous Galerkin - Discrete ordinate DG-DO codes.

The problem is generally known as the dog-legged duct problem and is referenced in
page 465 of [49]. The problem domain is presented in figure 6.21 and the correspond-
ing source and material information is listed in table 6.4. The problem’s upper quarter
(note it has symmetry along both the x and y axes) has a rectangular domain of size
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Figure 6.20: Angular flux profiles and wavelet concentration plots from the hexahedral

wavelet calculations. Points 4 (top) and 7 (bottom) along the ducts were measured.
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Figure 6.21: Diagram of the dog-leg problem.

14 x 18cm. The bottom left square region contain8 & 3cm source of intensity 1.0
particlescm~2s~!. A duct of width3cm runs from the source f&cm up along side the

y axis. The duct then takes a 90 degree turn to the right and proceeds a fegrthefhe

duct then takes one final 90 degree turn to the left and continues to the problem’s top
boundary. An absorbing material surrounds the duct with a cross-segtiery).5cm 1.

Bare surface boundary conditions are applied to the top and right boundaries. A mesh
consisting of 1,296 nodes and 1,225 quadrilateral elements was used in order to discre-
tise the spatial domain. Calculations were performed with the adaptive linear octahedral
wavelets enabling a maximum expansion of 612 angular basis functions. Error measure 2
was employed with the tolerance setrte= 0.025. In order to help clarify the solution’s
accuracy a number of even-parity calculations were also performed. In these calculations
the spatial and angular resolution was increased to very high levels in an attempt to obtain

a converged solution.

Figure 6.22 presents the scalar flux solutions of the adaptive wavelets and even-parity.
The even-parity calculation usedPa, angular expansion and a very fine FE spatial mesh
consisting of 122,500 elements. The two solutions appear to be in close agreement.
The scalar flux peaks over the centre of the source region at approximately 4.9 parti-
clescm~2s~!. Both results show a high attenuation of the particles through the absorbing
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Region| Source(cm™2s7') o, (em™) o, (em™")

1 0.0 0.5 0.0
2 0.0 0.005 0.0
3 1.0 0.005 0.0

Table 6.4: Source and material properties of the dog-leg problem.

media. Through the first section of the duct the flux declines at a slower rate as particles
stream through the void without interacting with the material. Upon reaching the first
turn, the particles continue into the absorber and are quickly absorbed. The results also
show a small number of particles avoid collision with the absorber and reach the domain’s

boundary via the 3 segments of the duct.

Figures 6.23 and 6.25 present scalar flux profiles through the lines (0,0)-(0,18) and (0,18)-
(14,18) of the scalar flux solutions obtained from three even-parity and wavelet calcula-
tions. The even-parity calculations usé&g and a 30,625 FE spatial meshPa and

a 30,625 FE spatial mesh artly and a 122,500 FE spatial mesh. Figure 6.23 plotting
the scalar flux from the domain’s centre to the top boundary shows the wavelet solution
peaks at approximately 4.95 partictes—2s~! - which is some way above the peak of 4.3
particlescm~2s~! obtained by the even-parit¥,;; calculation. However, increasing the
even-parity’s angular approximation i, returns a scalar flux that peaks at 4.6 particles
cm~2s~!. This increase in angular resolution has resulted in halving the original varia-
tion - this is illustrate by the corresponding error plots presented figure 6.24. This gives
a strong evidence that the even-parity calculation has failed to converge in angle, even
with this high level of Py. The graph also demonstrates that an additional increase in
the spatial resolution also produces an increase in scalar flux peak. The Even-parity
using the spatial mesh consisting of 122,500 elements has produced an increased scalar
flux peak of 4.75 particlesn—2s~!. Again this implies that even-parity has also failed to

converge in its spatial approximation.

This pattern of slow convergence is also shown in the results of figure 6.25. The suc-
cessive increases in the even-parity’s angular and spatial resolution produces lower scalar
fluxes measured at the boundary containing the duct’s mouth. This is highlighted by the
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Figure 6.22: Scalar flux profile of the adaptive solution usirg0.025 (left) and EVENT

Py9 0on a high resolution spatial mesh (right).
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Figure 6.23: A line plot of the scalar flux solutions through the positions (0,0) to (0,18)
of the dogleg problem. The linear octahedral wavelet solutions are compared to the even-

parity P9 solution.
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Figure 6.24: A line plot of the scalar flux errors through the positions (0,0) to (0,18) of
the dogleg problem. The linear octahedral wavelet errors are compared to the even-parity

Py solutions.

corresponding error plots of in figure 6.26. These two graphs show evidence that the
even-parity is highly dissipative for this problem.

Both graphs of figures 6.23 and 6.25 reveal that increases in even-parity’s angle and spatial
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Figure 6.25: A line plot of the scalar flux solutions through the positions (0,18) to (14,18)
of the dogleg problem. The linear octahedral wavelet solutions are compared to the even-

parity P solution.

0.005 L R L R LR R Sl RS AR RAR RAAR) AR RN
‘\\l NN .

-0.005 |- G oo n

L LR 2 4

0.01 Q ¥ -

g ¥ oA\ 1

20,015 _ g i %

= L N 4
= 0.02 OO P 5 Medium spatial resolution \ <>,

< . — - ! -

E B O-aP, Medium spatial resolution \ ," i

@ 0025 |O© P, High spatial resolution ] \\ﬁ" |

L |+ + LW, Low spatial resolution |

-0.03 —

L O 4

-0.035— —

004l b b b b b b b v e Lo Lo Lo Les

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
X (cm)

Figure 6.26: A line plot of the scalar flux errors through the positions (0,18) to (14,18) of
the dogleg problem. The linear octahedral wavelet errors are compared to the even-parity

Py solutions.
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resolution produces solutions converging toward the wavelets calculation. However, in
order to establish a benchmark solution a discrete ordinate, discontinuous Galerkin finite
element (DG-DO) calculation was performed using a 10,000 ordifiatquadrature set

over a spatial mesh consisting of 14,700 DG elements. The scalar flux solutions have
been included in the graphs presented in figures 6.23 and 6.25. The results reveal close
profiles between the wavelet and DG-DO solutions, confirming that the wavelet solution
is in close agreement with the benchmark DG-DO solution. These results also confirm
the even-parity solutions to be highly dissipative, underestimating the true solution over
the source region and overestimating the flux at the boundaries.

Figure 6.27 shows the spatial variation of the number of wavelet basis functions used.
This figure clearly shows the source region to be the most difficult to resolve. It requires
the full set of 612 wavelet functions. The figure also shows the large number of wavelets
needed to resolve the duct regions. Note here that even the bends in the duct are clearly
visible. Again, as with the previous numerical example, the absorbing regions with negli-
gible flux have the least angular resolution. In total the number of angular basis functions
used in this calculation was 11,572, thatlis1% of the total angular basis functions
available. The time for this calculation can therefore be expected to be betviéeand

11.1% of the time to resolve the full non-adaptive equations.

Figure 6.28 presents six angular flux approximations sampled at various positions along
the problem’s duct (as shown in figure 6.21). The diagrams also indicate the density of

the wavelets on the sphere. For the first four plots large Gibbs oscillations were found to

dominate the angular flux scale. These plots have therefore had their scale restricted in
order that the detail of the angular flux may be seen.

Figures 6.28a and 6.28b present the angular fluxes at positions 1 and 2, respectively.
These are positioned in the first section of the duct, before the bend, and have a direct line
of sight with the source. The angular flux profiles show highly directed fluxes travelling

in the negativey direction. The two plots reveal a narrowing of the peak in angular flux

as the distance from the source is increased. The diagrams demonstrate the wavelets
to have adjusted to this by their exclusion of high resolution in-the— y regions on

the sphere. This in turn has reduced the expansion from 254 wavelet$:(fdr.5he
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Figure 6.27: Diagram plotting the number of octahedral wavelet basis functions used in

the angular expansions over the nodes of the dogleg duct problem’s spatial gi0d025

maximum available functions) to resolve the flux at position 1 to 236 (3Bvavelets to
approximate position 2.

The angular fluxes at positions 3 and 4 are presented in figure 6.28c and 6.28d, respec-
tively. Positioned within the mid section of the duct and out of direct line with the source
the two fluxes display highly directional profiles in the: — y octant of the sphere. The

flux at position 3 has a well formed peak that has required the majority of the high order
wavelets positioned over this range of angles (142 wavelets 923 .Bhe profile of the
angular flux at position 4 reveals a reduced peak which results from the particles having
to travel further through the absorber region in order to reach this point. The wavelet
have performed well by adding high resolution to only the directions close ta-the

axis, therefore requiring just 82 (1342 of the available wavelet functions to resolve the
angular flux distribution.

Figure 6.28e and 6.28f present the two fluxes at positions 5 and 6, respectively. Both flux
distributions display highly directional profiles. This has allowed the vast majority of the
wavelet to be excluded from the flux approximation, requiring only 98 (ZpwWavelets
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Figure 6.28: Angular flux profiles and wavelet expansion positions sampled at the po-
sitions: Point 1:(1.8,10.2), Point 2:(1.8,7.8), Point 3:(4.8,7.8), Point 4:(7.8,7.8), Point
5:(7.8,4.8), Point 6:(7.8,1.2). The dots represent the vertexes associated with the wavelets

included in the expansion. = 0.025
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for position 5 and 68 (11%) wavelets for position 6.

In order to investigate the solution’s sensitivity to the error measure’s tolerance the an-
gular flux was recorded at position 5 using various adaptivity tolerancé&sgure 6.29
presents the angular flux and wavelet profiles viewed from the negatiection ob-

tained usingr = 0.005,0.01,0.025 and 0.05. The lowest toleranee= 0.005 produces

the well defined peak in angular flux which accurately depicts the particle distribution
emanating directly from the source region. However, in achieving this highly accurate
approximation the complete set of wavelets directed overithe- y octant were in-
cluded in the expansion. A similar situation arises with the toleranceteve.01. The
vertical strip of flux is clearly visible but again the wavelet expansion included all but a
few of the higher order functions in ther — y octant of the sphere. The tolerance value

of 7 = 0.05 has managed to significantly reduce the number of wavelets. The higher
order wavelets that are included in the expansion are concentrated along the peak of the
angular flux. However, some of the wavelets along this peak are excluded causing a poor
representation of the flux around this region. The toleranee).025 however appears to

be the best of the sampled values. As already demonstrated the high resolution is applied
only to vicinity of the angular flux maximum.

This problem has proved to be particularly demanding. This was evident from the even-
parity solutions failing to converge in space and angle, even when high resolutions were
used. The wavelet solution appears to be close to the benchmark solution, provided by the
DG-DO calculation, which has again showed the wavelet’s ability to adapt to the problem
by applying high resolution to the areas of angle that are important. This demonstration
also highlights the problem associated with selecting an appropriate tolerance for the error
measure.

6.4 Conclusions

In this chapter a new method for self adaptive angular discretisation of the first order

Boltzmann transport equation has been presented. The method employs hierarchical an-
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Figure 6.29: Angular flux profiles and wavelet concentration plots sampled at point 5
(7.8,4.8). (a)r = 0.005, (b)r =0.01, (c)r =0.025 and (dy = 0.05

gular expansions using second generation spherical wavelets to represent the directional
variable of the angular flux. The procedure used the hierarchy and compact support prop-
erties of the wavelet functions to locate areas on the unit sphere in which the flux is under
resolved and to add functions that increased resolution to these regions. The methods de-
scribed have been applied to a number of two dimensional, steady state, mono energetic
neutron transport problems. These problems were designed to generate complex angu-
lar flux distributions in order to test the methods capabilities. The method’s results were
compared to the results from two established radiation transport methods. One method
solved the even-parity form of the Boltzmann transport equation using spherical harmon-
ics to represent the angular variable and finite elements in space. The second method uses
an Sy representation of the angular dependence of the first order form of the transport
equation and a discontinuous Galerkin spatial discretisation. The demanding numerical
examples demonstrated that the adaptive wavelets are capable of resolving the angular
flux accurately and efficiently. This was illustrated by the problems involving neutron
streaming through voids in which the angular flux became concentrated to small regions
on the sphere. The wavelets adapted successfully by applying high resolutions to only



6.4 Conclusions 268

these regions in angle. This in turn led to a significantly reduced wavelet expansion for
approximating the angular flux - which in turn increased the computation efficiency for
solving the problems by up to 90 (in some cases the time efficieny was more than
this). The demonstration also highlighted the method to be numerically robust. This was
demonstrated in the dog-leg duct example in which a weakness was exposed in the even-
parity code where the solutions failed to converge in angle, even when using high order
spherical harmonic expansions. The wavelets expansion did not experience this prob-
lem and went on to provided highly accurate approximation that compared closely to the
discrete ordinate solution.
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This chapter presents a new angular hierarchical preconditioned variant of FGMRES that
is specifically designed to solve the linear system generated by the discretised Boltzmann
transport equation. The preconditioner is based on algebraic and geometric multigrid
ideas for which the shells of any arbitrary hierarchical angular discretisation are used to
generate the multigrid levels. The new solver, IVOR, based on a variant FGMRES al-
gorithm, is also developed. This new solver offers an alternative approach to the restart
method by it discarding and replacing specific vectors within the solver when the di-
rection search space is full. The solver also allows the algorithm to partially restart the
search direction space by using the latest residual to calculate new search directions. The
steady state Boltzmann transport equation is discretised in angle and space using an ar-
bitrary angular approximation and finite elements, respectively. A demonstration of the
hierarchical preconditioner and new solver are provided by the solving of two neutron
transport problems. A number multigrid cycles are examined for their efficiency in term

of reducing the number of solver iterations required for its approximation to converge.
The preconditioner is also compared to other standard preconditioning techniques. The
numerical examples also examine the new preconditioner in order to investigate the so-
lution’s convergence rates (number of iterations) with respect to the number of angular
multigrid levels. A demonstration of the intelligent vector replacement method is also
presented.
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7.1 Introduction

In this chapter a new matrix equation solver method is developed that is specifically de-
signed for solving the system of equations formed through discretising the dimensions of
the Boltzmann transport equation. Numerically approximating deterministic solutions of
the Boltzmann transport equation requires the 7 dimensional phase-space comprising of
space, angle, energy and time to be discretised. However, when discretising all 7 dimen-
sions the resulting linear system can often become extremely large and badly conditioned.
Therefore, in order to solve these types of systems efficiently, careful design of both ap-
proximation method and solver is required in order that robustness and fast convergence
is ensured. For this purpose this chapter develops the new solver IVOR (Intelligent Vector
Orthonormal Replacement). IVOR is an enhanced FGMRES algorithm which incorpo-
rates the new methods of partial restarts and search vector replacements. In addition to
this, this chapter also develops a new hierarchical angular multigrid preconditioner in
order to increase the IVOR algorithm’s efficiency.

The IVOR algorithm, based on FGMRES [154], originates from the family of Krylov
subspace solvers. This family includes the more familiar names of Conjugate gradient
(CG) [155, 156] and GMRES [154]. The conjugate gradient method was developed in
the 1950s independently by Hestenes, Stirfel [157] and Lanczos [158] for solving sym-
metric positive definite linear systems. Its establishment re-directed the development of
iterative schemes (which had mainly been restricted to the Jacobi and Gauss type solvers)
and began the new generation of Krylov subspace methods. However, CG was not im-
mediately viewed as an iterative solver. Instead the method of conjugate gradients was
considered to be a direct solver as the exact solution was guaranteed in at iteoat

tions -n denoting the size of the linear system. The properties of conjugate gradient’s use
as iterative solvers were however quickly recognised by Hestenes. It was seen that almost
all of the method’s iterations served to reduce the residual norm and so the method could
provide close approximations with a substantially reduced number of steps. Over a period
of 25 years CG established itself to become a first choice iterative solver of symmetric
positive definite linear systems [159]. Its popularity was particularly established in its use
in solving large sparse linear systems formed through the discretisation of certain types
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of partial differential equations (PDES).

The establishment of CG was soon followed by alternative Krylov methods for solv-
ing unsymmetric linear systems. Some early examples include ORTHODIR [154], OR-
THOMIN [154], FOM [154] and BI-CG [160]. However, these methods suffered from
being numerically unstable and were often prone to break down. The breakthrough in
the Krylov methods came with the invention of the GMRES algorithm, introduced by
Saad and Schultz in 1986 [161], which was designed to avoid such weaknesses. The al-
gorithm is a generalisation of MINRES [162] which in turn was a generalisation of CG
for solving symmetric indefinite linear systems. The advantage of GMRES is that it is
guaranteed to find the approximation with the minimum residual norm from the space of
all search directions. Itis also numerically robust. However, the algorithm includes an or-
thogonalisation of the search directions, using the Arnoldi procedure [163], and requires
all search directions to be stored in memory. High computational costs are also incurred
in orthogonalising large sets of basis search vectors. In fact, these computational costs
increase linearly with the iterations of the algorithm. Techniques for reducing high com-
putational and memory costs are to restart GMRES or use incomplete orthogonalisation
[164]. Restarting is commonly employed, however, in doing so the user loses the guaran-
tee of convergence in at mastterations and may also see a slow down in convergence.
IVOR is designed to provide an alternative option to restart when the search direction
space is full. This new solver allows a vector of a full search space to be discarded and
replaced with a new search direction. This new vector is then orthonormalised with re-
spect to the remaining search directions. The advantage of this method is that specific
directions may be discarded that allow better search directions to be found. This tech-
nigue also retains a large proportion of the information of the previous search directions -
all this information is lost with a complete restart.

Preconditioners are commonly employed within GMRES in order to maintain the effi-
ciency of the algorithm by ensuring that convergence is found in the solution’s approxima-
tion using only a small number of iterations. The preconditioned GMRES [154] contains
a fixed preconditioner within the algorithm that acts as an approximation to the linear sys-
tem, but which is significantly easier to solve. Another variation of the algorithm allows
the preconditioner to vary at every iteration step, FGMRES [154]. This in turn gives the
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algorithm total flexibility in choosing its search directions but carries the penalty that the
overheads for storing the search vectors in memory are doubled. Common GMRES pre-
conditioners employ a small number of sweeps using standard Jacobi, Gauss Seidel, SOR
or SSOR stationary iterative solvers [152]. However, recently there has been considerable
research made in developing alternative preconditioners with a large amount directed into
the use of multigrid techniques (MG). Here, in this section, we continue this area of de-
velopment. IVOR, which includes the flexibilities of FGMRES, incorporates a multigrid
preconditioner based in angle. A significant advantage in using this preconditioner is that
it may vary during the evolution of the solver. The solver may therefore concentrate effort
in resolving specific angular moments that are important or under-resolved.

Like stationary iteration techniques, multigrid methods are developed as standalone solvers
for linear systems [165, 166, 167, 156]. Over the past couple of decades MG methods
have seen their use spread to numerous applications. In particular, they have generated
a considerable amount of interest in solving discretised PDEs where problems of ever
increasing complexity have allowed MG’s unique properties to stand out above other
solvers. MGs have been applied in the areas of solving convection diffusion problems
[168], elliptic equations [169], computational fluid dynamics (CFD) using compress-
ible and incompressible [170, 171] Navier-Stokes equations and nuclear reactor trans-
port problems [172]. Part of MG’s success is that the method’s approximation converges
quickly over both the long and short wave information of a PDE’s solution [165]. This has
immediate benefits over traditional stationary solvers from which fast reductions in only
the short range errors are obtained. MG methods are partitioned into two categories: alge-
braic multigrid (AMG) [173] and geometric multigrid [174]. Geometric multigrid forms

the more traditional MG approach for solving discretised PDEs. The geometric approach
constructs a succession of coarsened grids using the approximation method employed to
discretise an equation. Linear systems are then generated for each grid and used to reduce
the error terms of an approximation in relation to its corresponding grid. Typically, short
ranged errors over the fine grids are relaxed using stationary iteration solvers and long
ranged errors are mitigated through solving the coarse (and small) linear system directly.
Geometric MG works naturally within discretisations using regular grids and hierarchi-
cal techniques. However, AMG has recently become more useful in unstructured mesh
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problems since the method is not reliant on a grid coarsening technique [173].

Multigrid’s powerful ability to solve PDEs efficiently have been enhanced by their use as
preconditioners for Krylov subspace solvers. In [175] MG was shown to be a powerful
preconditioner for GMRES when used to solve the one and two dimensional Helmholtz
equations. The results showed that as a preconditioner, multigrid calculations converged
on the solution using a number of iterations that was independén(tbe element size

of the regular mesh). That is, the number of iterations required to solve the equations did
not increase when finer discretisation meshes were used. This property was particularly
attractive since the MG method used as a standalone solver was shown to diverged in its
number of solver iterations when used on finer meshes. This undesirable characteristic
was therefore avoided with the use of MG as a preconditioner. Here it was also shown that
the number of iterations used by the MG preconditioned Krylov solver converged with
respect to the number of MG grids. A similar conclusion was found in [176] where MG
was compared as both a solver and preconditioner (for GMRES and BICGSTAB [154])
for solving singular perturbed problems. Again there were examples showing MG to be
unsuccessful as a solver but successful as a preconditioner. Other examples of multigrid
preconditioners for Krylov solvers include applications in the solutions of convection
diffusion equations [177, 178], incompressible Navier-Stokes [170, 171] equations and
radiation transport problems [179, 172, 20].

This chapter develops an angular multigrid preconditioner for the IVOR algorithm which
is applied to solve the first order Boltzmann transport equation. The MG method uses
arbitrary hierarchical angular approximations of the angular flux - for example spherical
harmonics [15] or spherical wavelets [1, 2]. The multigrid meshes are generated by the
hierarchical levels of the angular flux approximation with the remaining space, energy and
time discretisations kept constant (wavelet discretisations use finite element type meshes
to generate the MG levels but féty, where no meshes are generated, shells of spher-
ical harmonics for each level dPy are used). The potential benefits of this is that the
preconditioner is capable of concentrating effort on specific angular moments that are
considered to require the highest attention. It is also expected that the solver will posses
attributes common to other MG preconditioned solvers. One such important attribute is
that convergence in the number of solver iterations should be found with respect to the
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number of multigrid levels.

The following sections are set out as follows. Section 7.2.1 reviews the GMRES algorithm
together with its variants preconditioned GMRES and FGMRES. This section then devel-
ops new variants for FGMRES using intelligent direction updates - IVOR. Section 7.2.2
describes the multigrid methods and their application as preconditioners for the GMRES
and FGMRES algorithms. Section 7.2.3 introduces the angularly discretised Boltzmann
transport equation for which the angular discretisation is assumed to be hierarchical. A
Streamline Upwind Petrov Galerkin (SUPG) finite element (FE) discretisation of the spa-
tial variables is presented. This treatment of the spatial variables is consistent with the
radiation transport code RADIANT [83, 84]. The angular multigrid preconditioner is de-
scribed and an account into maximising efficiency of the solver’s operations (in relation
to solving the BTE) is addressed. In section 7.3 some numerical examples are presented.
All calculations were performed using RADIANT. The aims are to illustrate the capa-
bilities of the angular multigrid preconditioner employed within IVOR. Comparisons of
convergence are made with standard stationary preconditioners using two vastly different
radiation transport problems: one relatively easy and one relatively difficult. The results
try to establish the effects of various multigrid cycles on the convergence rate of the solver.
In sections 7.4 the chapter finishes with a conclusion.

7.2 Angular Hierarchical Preconditioned FGMRES-Based
Solution Method

7.2.1 Krylov subspace solvers
GMRES was developed to approximate solutions of large, sparse, non-symmetric linear
systems of the form,

Az =b. (7.1)

The algorithm finds an approximation to the system by continuously updating an initial
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guess by transversing along search directions and finding nearer estimates to the exact
solution. At each stage of the iterative process, an approximationto the system’s
solution is found by the projection onto a subspage+ K;. The vectorz, denotes the
starting point or initial guess of the exact solutianand K; represents the spanned basis

of search directions which is defined as the Krylov subspace for a veatod matrixA.

Ki(A,v) = spar{v, Av, A%, ... A" v} (7.2)

By construction, GMRES is guaranteed to find the approximatjamth the least square
error from all the available vectors of the subsp@te That is, GMRES finds; that
satisfies,

min ||b— Az,], (7.3)

:l‘; Exo+K;

where||.|| is the 2-norm.

GMRES selects its first search directiono be the initial residual vectoey. This defines
the Krylov search spack,, explicitly in terms of the initial residual, and matrixA,

Km(A, To) = Spar{To, A’f‘o, AQTO, R ,Am_lro}. (74)

The algorithm generates an orthonormal basis of the Krylov subspace (7.4). At each itera-
tion, a search direction is generated through the matrix vector multiplicationy_; = v;

and orthonormalised with respect to the previous search directigns,...v; ;. Or-
thonormalisation is performed using the Gram-Schmit method. The elements of an upper
Hessenberg matrik/ are also computed [163]. Two propertiesidfare,

~

AVm = Vm—i—le (75)

and
VIAV,, = H,,, (7.6)

for which the proof can be found in [154]. The matfy, is then x m matrix formed
through the augmentation of the column vectors of search directions. .. v,,. The
matrix H,, is formed from the Hessenberg matidk, with the last row removed. The
approximationz,,, is expressed in terms of the initial guessand search directionis,,
by,

Tm = To + Viny, (7.7)
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wherey is a vector of lengthn. The residual is expressed as,
'm = b— Axm =b— A(xO + me> =Ty — Avmy = ﬂVm+161 - Vm+1]:]my’ (78)

wheree; is the first column vector of then + 1) x (m + 1) identity matrix. Using (7.8),
the least squares problem reduces to:

min | e = Hyy. (7.9)

GMRES has gained much popularity for solving linear systems generated through dis-
cretising PDEs. This is due to the computationally expensive part of the algorithm being
the matrix vector multiplication. Therefore, performing this operation using large sparse
linear systems generated by many discretised PDEs is relatively inexpensive. However,
the method does have its draw backs. Computational round off errors can dominate the
solutions for large Krylov sets. The expense of storing search vectors and computing their
orthonormalisation also grows linearly with each iteration of the algorithm. The method
of restart is normally used to overcome these issues. This allows the algorithm to iterate
betweenn = 5 and 40 iterations. The memory for the search directions is then cleared
and GMRES is restarted with the latest approximatign- x,,,.

Preconditioning

Krylov solvers can suffer with a lack of robustness resulting in a slowly converging iter-
ative process. This problem often occurs when poorly conditioned matrices are involved.
However, an effective method of avoiding this situation is to use preconditioning. The
method of preconditioning re-casts the system of equations into a better conditioned lin-
ear system that possess the same solution. The preconditioner is defined by a mapping
matrix M that approximates the matrix to some extent. The method can be applied to

the linear system by two approaches. One direction is the method of left preconditioning,
M~*Az = M~'b, and the other right preconditioning,

AM 1ty =b (7.10)

where,
r = M tu. (7.11)
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In both cases, the matrix systemhd/ —! andM —'A are expected to be better conditioned

than the linear system.

Right preconditioning is employed within the GMRES solver. The algorithm is modi-
fied to solve the system of equations (7.10) and thentitaariables are substituted into
(7.11) to obtainz. Thew variables are not formed explicitly as the initial directionis
calculated from the initial vector,, by v; = AM~tuy, = Az,, and the approximation is
expressed in terms of the, by pre-multiplyingu,,, by M1, to give,

M My = M ug + MWy =, = a0+ M 'Vy. (7.12)

The preconditioned GMRES finds the approximatignby a projection onto the precon-

ditioned Krylov subspace,

Km(AMil, To) = Spar{Mflro, 1A]\4717"07 (AMﬁl)Qro, ey (AMﬁl)milro}. (713)

Provided) is a close approximation t4, the number of iterations required to solve the
system will be reduced significantly. However, in order to be sure that the computation of
AM~1v; does not swamp the efficiencies gained through reducing the iteratibnayst

be carefully selected to ensure that it is computationally efficient to solve.

FGMRES

The FGMRES method has the option of applying a different preconditioner for every it-
eration of the GMRES algorithm. In the FGMRES algorithm the vectors- M 'v;

are defined using a unique preconditioning matvix for each iterationj. The search
vectorsv; are then formed by the matrix vector multiplicatidn\/ —'v; = Az; and or-

thogonalised with the previous search directions.

The approximation:,, is expressed in terms of the initial vectay and search directions
z;, forj € {1,2,...,m}. Thatis,

Tm = To + ZmY, (7.14)
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where Z,, is then x m matrix containing the columns of search directiandor j €
{1,...,m}. The algorithm is presented in algorithm 1. Note that line 4 can act inde-
pendently of the preconditioning matrix and may therefore take the form of an arbitrary
vector. This gives the algorithm complete freedom in choosing its search directions. How-
ever, the costs are that the directidf)s are required to be stored in memory - this doubles
the algorithm’s storage requirements.

The least squares condition on line 14 follows from the condition,
AZy = Vi1 Hy. (7.15)

This leads into expressing the residual as,

~

r = b—Ar = ro—AZ,y = (v — Vm+1I:]my = Via1(Ber — Hpy),
and reducing the least squares problem to the following,

min | e = Hyy. (7.16)

Intelligent Direction Replacement: IVOR

A new method is presented in this section that provides an alternative approach to au-
tomatically restarting FGMRES once the available search direction memory has been
exhausted by the algorithm. The method (employed by IVOR) continues the iterations of
the solver when the search direction space is full. For each additional iteration, a search
direction is discarded and replaced with a new search direction generated using the most
recent residual. The new search vector is then orthonormalised with the existing

search directions and its contribution to the approximation is computed. The search di-
rection discarded from the search direction set is that with largest contribution to the
approximation, that is, the direction corresponding to the langestine 14 of algorithm

1 (note that the contributions are weighted with the current residual in order to make the
comparison fair). The purpose for this is that by discarding the largest contributing vec-
tor, a similar search direction may be explored - since the new search direction will not
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Algorithm 1 FGMRES

1: rog = b— Axg, § = ||ro|| @andvy = ro/

2: Define: H as anm+1xm matrix with elementgh; ;}forl <i:<m+1,1 <j<m.

3: for j =1,mdo
4:  z; = Mj_lvj
5  w=Ag

6: fori=1,5do

7: hij = (w,v;)
8: w=w — h; ;v
9: end for
100 hj; = vl

111 vjp = w/hjy

12: end for

13: Define: Zy; = [z, . ..

14: Calculatey,, through minimising|Se; — Hy,, ||

15: ., = 2o + ZmYm

, Zm]
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have to be orthogonalised w.r.t. the discarded vector. This is expected to be advantageous
as the direction discarded has been shown to be a good direction to explore since it has
the largest contribution of all the search directions. Furthermore, the new direction will
be orthonormalised against the remaining directions that have contributed the least to the
approximation. The new direction will therefore be forced to search away from these
poor directions. The process of direction replacement is iteratades (determined by

the user) after which the algorithm is restarted with the latest approximation. The IVOR
algorithm is presented in algorithm 2 and seeks an approximatigspanning the search
direction space defined by:

K¢ = {My " ro, My 'y, My g, .o ]\/[517’4}. (7.17)

Standard Preconditioners: Stationary Iterative Solvers

Preconditioned systems are derived from the process of any stationary iterative solver of
linear systems (7.1) being expressed in the faBm,, ; = C'z;+b, whereB andC denote
an arbitrary splitting of the matriA, A = B — C'. In [154] it is shown that this splitting
leads to the preconditioned systeM, Az = M~'b, whereM is the preconditioning
matrix. Standard iterative solvers such as Jacobi, Gauss Seidel, SOR and SSOR are com-
monly employed as preconditioners. Their preconditioning matrices are expressed as,
M=D,M=D-LM=2LD-wL)and

M= ﬁ(p —WL)D (D — W), (7.18)
respectively. The matrice®, —L and—U denote the diagonal, lower triangle and upper

triangle of the matrixA, respectively.

7.2.2 Multigrid Scaling

This section presents the multigrid method and its application to preconditioning Krylov
subspace solvers. The processes are described in the context of obtaining the solution to
a linear system that is generated through the discretisation of some general PDE.
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Algorithm 2 IVOR

1. k=1,r=b— Ax,.
2. for j=1,(do

3:
4.

5:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

21:

ZE = Mj_lr
qr = Az,
for i = 1, min(j, m) do
if (k# i) then
Ok = ar — (qk, 4) 4
2k = 2k — (Q, @) 2
end if

end for

9k

Qk:|

N Q|
= Eal

A =
k7 Tawll
ap = (Qkar)
T =21+ Qpzg
=T — gk

__ O
O{ _— &
ke i

if (j >m) then

k=1 st «a=max{a;ie{l,2,...

else
k=k+1

end if

22: end for

ym}}
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Discretising PDEs using approximations such as finite elements and finite difference gen-
erates linear systems that are to be solved in order to find the approximation’s coefficients.
Assuming that the element (or step) sizes of the discretisation method can be generally
represented by the valug, the resulting linear system generated by the approximation
is given by,

Ap xp, = by, (7.19)

wherez;,, denotes the exact solution to the linear systemandb,,, is the corresponding
right hand side vector. The error of an approximatignis defined as,

€h, = Thy — Upy, (720)
and the residualy, is given by,

Thy, = bp, — Aup, = Aey,. (7.22)

Relaxation schemes, such as Jacobi or Gauss Seidel, can be employed to relax the error
terms of the approximation. However, a multigrid method functions by re-modelling the
PDE over a coarser grid. The re-modelling is performed with discretisation elements (or
steps) of the general magnitude > h,, and produces a second, smaller linear system
A,,. The residuat,, is then projected onto the coarser grid using a restriction operator
Q,

Orp, = Thy, (7.22)

and the new system solved to obtain the error vegtpdefined over the coarse grid,

Ah2€h2 = Thy- (723)

By construction, the linear systery,, is smaller than the syste#y, , and can be solved
exactly to obtain the errar,,. The errore;, is then mapped to the finer grid using a
prolongation operatoR,

Rep, = €ny, (7.24)

resulting in an approximation to the error tesy. The updates to the current solution
up, 1S then given by,

new

uhl = Up, + éh1- (725)
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The procedure just described forms the basis of the multigrid method. In general, it
performs well in terms of giving fast convergence to the smooth proportion of the solution.
That is, the solution’s general shape represented by the coarse discretisation. However,
on its own the method is poor in converging on the solution’s local detail represented
within the finer grid. Itis therefore mixed with Jacobi or Gauss Seidel relaxation, as these
methods are recognised for providing quick convergence in the solution’s fine detail - the
combination of the two methods should therefore provide fast convergence to all aspects
of the solution. The sweeps are applied across the fine grid prior to, and after performing
the operations of (7.25) .

In this example two discretisations of varying resolution levels were used to create two
linear systems for approximating the PDE. However, an arbitrary number of grids may be
used in the general multigrid framework. This allows a fine grid to be successively coars-
ened an arbitrary number of times until a low resolution, easily solvable linear system is
obtained. The multigrid procedure then visits and relaxes the errors over the highest and
intermediate levels and solves the errors exactly for visits to the lowest resolution linear
system. Using multiple levels allows a numerous number of cycles (the sequence of vis-
iting the levels) to be employed. A number of the popular approaches are discussed in a
later section.

The previous section showed how standard iterative solvers were employed as precon-
ditioners for the Krylov subspace solvers. The preconditioning involved a block Gauss-
Seidel relaxation sweep (BSOR) or a forward and backward relaxation sweep (BSSOR)
through the system’s elements. In the same manor, multigrid can be employed as a pre-
conditioner by using some multigrid cycle to act as the approximatibto the linear
systemA in algorithms 1 and 2.

7.2.3 Streamline Upwind Petrov Galerkin discretisation of the BTE

This section first details the Streamline Upwind Petrov Galerkin FE discretisation of the
angular discretised Boltzmann transport equation. This is then followed with a review of
the approximation method’s properties (in angle and space) for increasing the efficiency



7.2 Angular Hierarchical Preconditioned FGMRES-Based Solution Method 285

in computing the operations of the IVOR (and FGMRES) algorithm.

This section begins with the angularly discretised steady state Boltzmann transport equa-
tion.

ov(r) oY (r) oV (r)
A
ox Ay dy 0z
This is generated using the Bubnov Galerkin weighted residual method, formed from the

A, + A, +HY(r) = S(r) (7.26)

first order Boltzmann transport equation, where the angulan/f(mxfl) is represented by
the set ofM angular basis functiong; fori € {1,..., M}.

M

Y(r, Q) = Y (r)G;(Q) (7.27)

j=1

The variable¥ represents the vector of sizZel containing the angular moments corre-
sponding to the angular basis functighdori € {1, ..., M}. The termA is the M x M
angular mass matrix. The matricds, A, and A, are M x M angular Jacobians. The

M x M matrix H contains the angular discretised scattering and removal operator and
S is the vector of sizé\ containing the angular discretised source.

Prior to discretising the space and time variables the angularly discretised equation (7.26)
is pre-multiplied by the Petrov Galerkin terth — A - V P). This gives,

(I —A-VP)R(¥(r)), (7.28)
where
R(U(r))=A-VU(r)+HU(r)—S(r). (7.29)
The termA represents the vector of angular Jacobiahs A4,, A.) andV = (Z1, 21, 8%])

wherel represents théA x M identity matrix. TheM x M matrix P represents the

stabilising term. The role of this matrix is to add the correct amount of diffusion in the

stream line direction in order to mitigate the Gibbs oscillations that form in the approx-

imated solution. Various definitions for this matrix exists, see [19] for details. In this

chapter the stabilising matrix defined in chapter 6 and [4] is used, this is defined as,
oo min((H; ;)" 2A; ) ifi=j

,L’] -
0 otherwise,
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where,
0o > [ Hikl ifi=y
ij .
0 otherwise,
and
1 - . . .
A;’j —{ A hi=
7 0 otherwise.

The choice for this matrix lies with it being diagonal. It will shortly by shown that this
increases computational efficiency through induced sparsity within the linear system.

The spatial variables are approximated using finite element functions. The angular flux,
external source and scattering and removal operator matrix are represented by,

N
U(r)~=¥(r) = ZNj(r)\Ilj, (7.30)
o
Hr)~ H(r) = ZNHj(r)Hj, (7.31)
and N
S(r)y~S(r)=>_ Ng;(r)s;, (7.32)

respectively. The angular flux space variables are represented by the finite element func-
tions N;(r) for j € {1,...,N}. Similarly, the scattering-removal and source terms are
represented by the finite element functiovg;(r) and Ng;(r), respectively. The terms

N, Ny; and N g; represents thé x M matrices containing the finite element func-
tions V;, Ny; andNg; along their diagonal. The termB,; and.S; are vectors of size\
containing the coefficients of the angular flux and source, respectively, associated with
finite element functionV; and Ng;. Finally H; represents the scattering and removal
operator matrix associated with noglef the scattering removal finite element discretisa-
tion. In this paper the conditioN; = Ny; = Ny, is assumed foj € {1,2,... , N},

The weak form equations are formed through pre-multiplying equation (7.28) byitke
M matrix IV ; and integrating over space. The resulting equations can be expressed in the
following form where Green’s theorem has been applied to reduce some of the volume
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integrals to integrals over the domain’s surface.
—/V(A~VNi(r))\If(r)dV + /Ni(r)(H(r)\If(fr)—S(T))dV
+/A-VNZ-(T)PR(\I/(7‘))dV + /N J(A-n)(V(r))dl

—/Ni(r)(A-n)PR(\IJ(r))dF ~ 0, Vie{l,...M} (7.33)

The vectom denotes the outward direction normal to the problems suifacéhe term
A-n=n,A, +n, A, +n.A,. Inthis formulation the last term of equation (7.33) may

be presumed zero.

Efficiently Solving the BTE with IVOR

Efficiently computing Arnoldi solvers relies primarily on the discretisation methods pro-
ducing sparse matrices when large linear systems are involved. Finite element methods
are recognised for this property in producing sparse systems of equations when employed
to discretise the spatial and time dimensions of PDEs. In relation to solving the BTE, the
method of angular discretisation also plays a significant role in the solver’s computational
efficiency. The method chosen to discretise the angular variable determines the structure
of the M x M block matrices generated at each pair of finite element ngdg¢s for

i,j € {1,... N}, that share an element. In order to compute the solvers operations effi-
ciently, sparse block matrices are required. Each block is generated by a combination of
17 matrices defined in (7.33). Five of the 17 constituent matrices are the angular matrices

of the discretised transport equation (7.26),
A, A, Ay, A, H. (7.34)
Three are formed through multiplying the angular Jacobians fith
A,PH, A,PH, A,PH, (7.35)
and the remaining 9 are formed through a combination the angular Jacobiafs and

A,PA,, A,PA,, A,PA, A,PA, A,PA, A,PA, A,PA, A.PA, A.PA..
(7.36)
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Sparsity structure of 2-D angular matrices
P, (55) Pi; (171) | LW, (60) | LW5 (180) | LW, (616)
A 1.8 0.6 25.0 20.7 11.8
A, 5.4 1.9 25.0 20.7 11.8
A, 5.4 1.9 25.0 20.7 11.8
H 1.8 0.6 25.0 20.7 11.8
A,PH |54 1.9 25.0 24.5 24.5
A,PH | 5.4 1.9 25.0 24.5 24.5
A,PA, | 10.3 4.1 24.5 23.9 24.0
A PA, | 7.7 3.0 25.0 23.5 23.8
AyPA, | 7.7 3.0 25.0 23.5 23.8
A,PA, | 10.3 4.1 24.5 23.9 24.0

Table 7.1: This table lists the percentage of nonzero elements of the 2-D angular matri-
ces for theP,, P;; spherical harmonic andW,, LW3, LW, spherical wavelet angular

discretisations.

In order that the block matrices retain a high degree of sparsity, the matrices defined in

(7.34),(7.35) and (7.36) should also be sparse. The angular discretisation must therefore
be relied upon to generate sparse angular matrices in (7.34). The stabilising Phax

also defined in the previous section to be diagonal. This can therefore only act to preserve
sparsity within the matrices (7.35) and (7.36), once the angular discretisation has been
selected. Figures 7.1 and 7.2 show the sparsity structure of some of these constituent
matrices generated by and LW, angular discretisation and diagonal stabilising term

P. Table 7.1 lists the percentage of non zero elements in these matrices using various
spherical harmonic and spherical wavelet discretisations. These figures show that the
discretisations go some way to producing the sparse structure required within the block

matrices.
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Figure 7.1: These illustrate the sparsity structure of the 2-D angular matrices generated by
the P, angular discretisation: figure (&), and A, PH, figure (b)A, andA,PH, figure
(c) A,PA,, figure (d)A,PA,, figure (e)A,PA,, figure (f)A,PA,
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Figure 7.2: These illustrate the sparsity structure of the 2-D angular matrices generated
by the L1V, spherical wavelet angular discretisation. The left diagram shows the structure
of all the matricesA,, A, A,PH, A,PH, A,PA,, A,PA,, A,PA, andA,PA, for pure
absorbing problems. The right diagram shows the structure of the mattjded and

A, P H for isotropic scattering problems.

7.2.4 Hierarchical Preconditioner

The preconditioner employed within FGMRES will play the pivotal role for determining
the solver’s success in converging to the exact solution efficiently. This section develops
an angular multigrid preconditioner for the FGMRES algorithm that is designed specifi-
cally for solving the discretised Boltzmann transport equation. The grids (or levels) of the
MG method are generated using the varying expansions of a hierarchical angular discreti-
sation - for example spherical harmonics, Walsh functions or spherical wavelets. More
specifically, the preconditioner fixes the spatial, energy and time discretisations and gen-
erates grids using the blocks of angular moments generated by each level of the angular
discretisation. The multigrid cycles may then visit a level and relax or mitigate the error

terms associated with the corresponding angular moments.

As with most standard multigrid methods, the error terms are relaxed when the cycle vis-
its the highest or intermediate levels and are solved directly on a visit to the lowest order
angular moments. Relaxing is performed using block SSOR (BSSOR). This involves a
forward and backward sweep through the spatial discretisation’s nodes. At each node a
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local matrix system is formed and solved in terms of the node’s angular moments asso-
ciated with the level of the MG cycle. This process is analogous to the relaxed Gauss
Seidel (for relaxing a single variable) extended to multi variables. Direct solving of the
lowest order angular moments is performed using a separate (F)\GMRES algorithm using
BSSOR preconditioning.

Hierarchical angular discretisations are not only used to define the levels of the angular
multigrid preconditioner but their use also simplifies the treatment of the prolongation
and restriction operators used in mapping variables between the spaces of the MG levels.
In order to implement the restriction process and reduce the error terms of an intermediate
or the lowest MG level, the angular moments at all nodes are arranged in the order of their
angular discretisation to generate the following linear system,

Al 1 Al 2 \Ijl bl
A2 1 A2 2 \112 b2

The vectorsV; and ¥, form the complete set of angular basis coefficients. Theo-
efficients correspond to a restricted level for some multigrid cycle Bndontain the
remaining higher level moments. The sub matridgs;, A; 2, A, 1, and A, , form the
global matrix andb,, b,)” is the right hand side vector containing the discretised source.
For some current approximation of the angular variakiles- (0%, 0%)7, the residuat
of the restricted MG level can be calculated by the following,
. vy
ri=b;—(A;1, Ayy) : (7.37)
Uy
Note that this is only possible due to the angular discretisation being hierarchical. The
error terme!, relating to the moments of the restricted MG level is calculated by solving
the reduced system,
A el =1, (7.38)

and, again, by the angular discretisation being hierarchical, the update to the current ap-
proximation is given by,
gt v

, = |+ . (7.39)
yit U

—e
®
i

o
e}
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Alternatively one could just relax the right hand side vechr,: b; — A; 2 ¥,, and
solve the reduced system to obtain the new approximatiow for.

A, Uit =D, (7.40)

In order to show these two approaches are equivalent, the solution from (7.40) can be
expressed in terms of an updateso thatl'™ = ¥ + é&i. From (7.40) the following
holds,

AU = by,
A11 (\Iﬂl‘FéZI) = bl _A12\1127
A1 1 ézl = b1 - Al 1\1111 - A1 2 \112 = I'li. (741)

That is, from (7.38), the updatg is equivalent to the error estimaté.

This approach has shown that the hierarchical angular discretisation naturally blends itself
into the multigrid framework. The hierarchy avoids the cumbersome computation of the
prolongation and restriction operators between the multigrid levels. Another important
aspect is that the reduced linear systems of the lower levels retain the structure of the
global moment matrix - see equation (7.40). The method therefore avoids re-computing
a new linear system at every multigrid level.

7.2.5 Angular multigrid cycles

The multigrid method provides the useful option of concentrating effort in resolving spe-
cific angular moments by the setting of its preconditioning cycle. The common cycles
found in the literature are initiated from the highest multigrid level. The simplest of these

is the V cycle for which successive coarsening levels are visited and corresponding error
terms relaxed. When the cycle reaches the coarsest grid, the errors are solved exactly. It
then proceeds back up the refining levels, terminating at the maximum grid. The V cycle
is illustrated in figure 7.3a where the MG levels are related to the shells éfitl@gular
discretisation. Two other common MG cycles are the W and the F cycles. The W cycle
is designed to pay more attention to the lower order moments. The cycle sweeps from
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the maximum to the minimum grid, as seen with the V cycle. However, before returning
back to the top grid, the cycle performs a number of visits over the low order moments.
An example of the W cycle is shown in figure 7.3b. The W cycle is expected to have
fast convergence if the exact solution’s low ordéy moments are large and highy
moments are small - that is if the angular flux is smooth and isotropic. The F cycle is de-
signed to work in a similar manor. As before the cycle begins at the maximum level and
proceeds to visit every intermediate stage to the minimum level. The cycle then begins a
sequence of mini cycles. Each mini cycle begins at the lowest level, works its way up to
a higher level and then returns back to the lowest level. The mini cycles are grouped so
that their mini peaks are incremented one level at a time. The cycle is terminated when
the maximum level is reached - see figure 7.3c. The F cycle is designed to pay the most
attention to the low order moments. However, it deviates from the W cycle by still paying
attention to the other spherical harmonic shells. In fact, it is designed to slowly reduce
effort in resolving each shell as their order in the angular expansion increase. Its aim is to
apply the correct amount of effort to eaély, shell for resolving moments generated by
expansions of typical angular fluxes. That is, the coefficients of expanded fluxes have the
tendency to be large for low order functions and to decrease as the function’s expansion
order increases. The F cycle therefore tries to mimic this pattern and apply a proportional
amount of effort to eacl®’y shell in relation to the magnitude of their coefficients.

Alternative cycles extend from full multigrid methods. These methods employ cycles that
are initiated from the lowest multigrid level and work their way up towards the maximum
level. The ncycle is one example. This works on similar principals to the F cycle where
increasing mini cycles build up the general sequence. Figure 7.3d and 7.3e show the
ncycle = 1 and figure 7.3f shows the ncycle = 2, the latter using by a double mini cycles
before incrementing to the next level. Other full multigrid sequences include the modified
V and modified W cycles. The modified V employs an up and down sweep through the
multigrid levels - see figure 7.3g. The modified W is performs the same operations as the
modified V but has additional sweeps through the low orddrgdnoments before and

after, see figure 7.3h.

CPU preconditioning/matrix vector costs
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(A)V Cycle (B)W Cycle (C)F Cycle
(D) Neycle = 1, 7 Levels (E) Ncycle=1, 4 Levels (F) Ncycle=2, 4 Levels

(G) Modified V cycle (H) Modified W cycle

Figure 7.3: Presented here are 9 multigrid cycles over the levels generated By the
equations. Cycles A, B and C show the traditional V, W and F cycles, respectively. Cycles
D, E and F show the n cycles with 4 (D and E) and 7 (F) levels. Cycles G and H show the

modified V and W cycles where the cycles are initiated from the bottom level.
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Preconditioning Cycle | Costs Cost of a solver iteration
MG V 4 5
MG F 4 5
MG W 4 5
MG NCYCLE=1,4 LEVEL| 4 5
MG NCYCLE=2, 4 LEVEL 4 5
MG NCYCLE=1, 7 LEVEL 6 7
MG MODIFIED V 2 3
MG MODIFIED W 2 3
BSSOR 2 3

Table 7.2: The costs in performing the preconditioning MG cycles and an iteration of the
preconditioned FGMRES and IVOR algorithms. The costs are denoted in terms of CPU

units.

In order to gain an insight into the efficiency of preconditioned solver, the costs of per-
forming the preconditioning cycles and matrix vector multiplications will need to be es-
tablished. In this paper a rough estimate of the preconditioning costs are calculated by the
number of visits made by the MG cycle to the highest order and most expensive angular
shell (as lower MG levels are considerably cheaper to perform they may be neglected
from consideration). As each visit at the top level sweeps through the angular moments
twice, (a forward and backward sweep through the spatial nodes) the cost of the visit will
be estimated to be two CPU units. Similarly, the matrix vector multiplication also sweeps
across all spatial nodes and angular moments. The cost in performing this operation is
therefore estimated to be 1 CPU unit. Table 7.2 lists the costs in performing a single
iteration of the FGMRES/IVOR algorithm when preconditioned with the MG cycles il-
lustrated in figure 7.3. The cost of the standard BSSOR preconditioner has also been
included.
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Figure 7.4: This diagram shows the domain of the scattering problem (problem 1).

7.3 Numerical Examples

This section investigates the performance of different preconditioning MG cycles for the
FGMRES algorithm by solving two neutron transport problems. The domain of the first
problem (problem 1) is shown in figure 7.4 and the corresponding material cross-sections
are listed in table 7.3. The problem hag a 4cm square domain containing a material
with absorbing and scattering cross-sectiops= 0.5cm~! ando, = 0.5cm~!. The

central 2cm square region contains an isotropic source emitting 1.0 pactictés:!

and vacuum boundary conditions are prescribed across all sides. Problem 2 is a straight
duct benchmark problem [49]. The geometry of the problem is shown in figure 7.6 and the
corresponding material cross sections are listed in table 7.4. The problem domain has a
36 x 28cm rectangular region. The central 6cm square region contains an isotropic source
of intensity 1.0 particlesm—2s~!. Two ducts of width 6cm containing very low cross-
sections (7, = 0.001lcm™!) extend from the source to the upper and lower boundaries.

A pure absorbing material witl, = 0.5cm ™! surrounds the ducts and vacuum boundary
conditions are prescribed along all sides. The solutions of the two problems are

presented in figures 7.5 and 7.7.

The two problems used in this investigation are of varying levels of difficulty for the
angular discretisation in resolving the angular flux. Problem 1 is relatively easy for the
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Region| Source(cm™2s7!) o, (em™') o, (em™)
1 1.0 0.5 0.5
2 0.0 0.5 0.5

Table 7.3: Source and material properties of the scattering problem (Problem 1).

[ dbove 1.21%10°

1.16%10° — 1.21x10°
% 1.06+10° — 1.16+10°
[ ] 9.69%107" — 1.06%10°
[ 876+107" — 9.69%107"
B 7.82+10°" — 8.76+10°"
Bl 6.89+107" — 7.82%107"
B 5.95+¢107" — 6.89%107"
[ 5.02%107" - 595%107"
[ 4.09+107" - 5.02+107"
[ 3.15%107" — 4.09%107"
[ 222+107" — 3.15%107"
B 1.28+107" — 2.22+107"
Bl 348+107% — 1.28+107"
[ ] below  3.48%1072

Figure 7.5: This shows the scalar fléfx; solution of the scattering problem (problem 1).

Region| Source(cm™2s7!) o, (em™) o, (em™)
1 1.0 0.5 0.0
2 0.0 0.5 0.0
3 0.0 0.0 0.0

Table 7.4: Source and material properties of the Straight Duct Problem (problem 2).
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Figure 7.6: This diagram shows the domain of the straight duct problem (problem 2).

o

1484107 — 2.87%107"
1.00%107* — 1.48x107"
below  1.00%¢107*

[ above 1.75+¢10°
1.67#10° — 1.75%10°
] 153#10° — 1.67+10°
[ 1.39%10° — 1.53%10°
1.25%10° — 1.39+10°
> I 1.12%10° — 1.25%10°
Bl 078+107" — 1.12%10°
[ 8.40+107" — 9.78+107"
I 7.02+#107" — 8.40+107"
[ 5.63%107" — 7.02+107"
[ 4.25%107" — 563%107"
[ 2.87+107" — 4.25+107"
[
[ ]
|

Figure 7.7: This diagram shows the scalar fiax solution of the straight duct problem

(problem 2).
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Figure 7.8: This diagram shows the angular flu¥’; solution of problem 1 at the position
(2,2). The high scattering cross-section has induced high isotropy within the angular flux.

These, in turn, require only a low order angular expansion for an accurate approximation.

angular approximation method as the high scattering induces angular isotropy (see figure
7.8) which, in turn, requires only low order expansions for an accurate approximation. In
contrast to this, problem 2 generates highly directed fluxes through the duct regions, an
example is shown in figure 7.9. These fluxes are in general far more demanding for the
angular discretisation to replicate, and in turn require large contributions from the higher
order angular basis functions. The preconditioning MG cycles presented in figures 7.3
are investigated. Their performance in relation to a problem’s difficulty forms the second
section of this investigation. The first part aims to investigate the dependencies between
the number of MG levels and the number of solver iterations. This also compares the MG
performance with the standard block SSOR (BSSOR) preconditioners and also tests the
effects a varying spatial discretisation has on the solver’s efficiency.

The following calculations have been performed using the Streamline Upwind Petrov
Galerkin code RADIANT which was partially described in the previous section. Quadri-
lateral finite elements are employed to discretise both problem’s spatial domains - the
number of elements used in the discretisation will be stated for each calculation. The hi-
erarchical angular approximation uses both spherical harmonics and octahedral spherical
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Figure 7.9: This diagram shows the angular flul’; solution of problem 2 at the po-
sitions (0,27) (left) and (0,36) (right). These diagrams show the low absorbing cross-
sections within the duct induce highly directed fluxes. These complex fluxes require a

high order angular discretisation in order to be resolved accurately.

wavelets [1]. The multigrid preconditioning relaxing sweeps are performed using block
Gauss Seidel relaxation BSSOR. The relaxation is incorporated withifvthe M local
matrix systemA®?, (for each node of the finite element mesh), by adding to it a diagonal

matrix D?,

(1-w) (1-w)

w

(A + DY, =b' + D"V 4, (7.42)

whereD' is formed by an absolute row sum of the elements of the malfrix
Dy, =Y |A%| vie{l,...,M}, (7.43)
k

andbd’ represents the corresponding right hand side vector of the local system. The vari-
ablew = 0.5 is used to ensure all local matricé$*, Vi € {1,... M}, is non singular

and well conditioned (by it being diagonally dominant). Unless started otherwise, the

following calculations have all used 20 Krylov search directions. On the event that all

direction were used the method of restarting FGMRES was employed.
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7.3.1 Convergence properties of MG and BSSOR preconditioners

This section is designed to test the effect the number of multigrid levels employed within
the MG preconditioned FGMRES solver has on the solver’s rate of convergence. For this
investigation, problems 1 and 2 were solved using two spatial meshes. Meshes consisting
of 200 and 400 finite elements were used to discretise the spatial domain of problem 1.
For problem 2, meshes of 900 and 3,600 elements performed the spatial discretisation.
For this investigation the modified V multigrid cycle was employed to solve the spherical
harmonic equations, from; to P9, and the spherical wavelet equatiofd); to LIVs.
Comparisons of the performance and efficiency of the MG method are made with the
standard BSSOR preconditioner. For all calculations the FGMRES algorithm was allowed
to run until the convergence criteria,

LT <1077, (7.44)

for problem 1 and,
<5x107°, (7.45)

for problem 2, was reached. A maximum of 400 and 2000 solver iterations were allowed
for the Py and wavelet calculations.

Table 7.5 presents the number of iterations required by the FGMRES algorithm in finding
the solutions of the problem 1P§) when preconditioned with BSSOR and MG. The
figures show FGMRES uses fewer iterations when preconditioned with MG as opposed
to BSSOR. The difference in the number of iterations is at its greatest for the high order
Py calculations. Here it is seen that FGMRES used between a third and a half of the
iterations when preconditioned with MG. The results also reveal the multigrid method
has retained its important behaviour in that the number of solver iterations converges with
respect to the number of multigrid levels. In fact, the isotropy of the problem has led to a
reduction in the number of iterations for the high ord&rcalculations. This is due to the
high order moments being close to zero which, in turn, allows the extra relaxation sweeps
of the high orderPy cycles to give further resolution to the low ordéy moments.

Similar patterns have also emerged in the number of FGMRES iterations required to solve
the Py equations generated by problem 2. These figures are listed in table 7.6. For the
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Number of solver iterations usingy on problem 1
Low resolution mesh | High resolution mesh
Py (MG levels) | Expansion size MG BSSOR MG BSSOR
P; (2) 10 20 23 23 32
P (3) 21 20 26 22 34
P; (4) 36 18 27 22 37
Py (5) 55 15 27 21 35
Py (6) 78 22 28 21 37
Pis (7) 105 12 28 18 38
Pis (8) 136 11 29 18 38
P~ (9) 171 11 29 18 38
Pig (10) 210 10 29 18 38

Table 7.5: This table displays the number of iterations performed by the FGMRES solver
to resolve problem 1 discretised using varidgg angular expansions. Convergence is
assumed Whe% < 1075, The multigrid modified V cycle and BSSOR preconditioners

are compared.
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low resolution spatial mesh calculations, the number of FGMRES iterations converged
to around 81 as thé’y discretisation was increased. This convergence pattern began
to emerge in the BSSOR results, however, the number of iterations required to solve
the problem was significantly higher than MG at around 250 -270. For the high spatial
resolution mesh, the MG preconditioner has performed far better than BSSOR. The cal-
culation using the BSSOR preconditioner have all exceeded the 400 iteration limit with
the exception of’;. On exceeding this limit, the relative residuals, denoted in brackets,
show the BSSOR calculations to some way off from converging on its solution. The MG
conditioned solver has however shown strong signs of convergence, requiring around 300
iterations when the angular expansion reached high dfgerThe wavelet calculations
listed in table 7.7 also agree with the results seen so far. That is, they show the number of
iterations required by the solver was significantly reduced using the MG preconditioner.

The results indicate that the efficiency of the angular multigrid preconditioned FGMRES
is dependent on the resolution of the spatial grid. That is, for both problems, the number
of iterations increase significantly for the refined spatial mesh. In order to investigate this
further theP; equations were solved on a number of spatial meshes of varying resolution.
For problem 1 spatial meshes consisting of 100, 400, 1,600, 6,400, 9,216 and 14,400
finite elements were used to discretise fheequations and solved with the modified V
preconditioned FGMRES. Similar calculations were also performed to solve problem 2
for which meshes consisting of 225, 900, 2,025, 3,600, 5,625, 10,404 and 14,400 elements
were used to discretise the spatial domain. Convergence in the solutions were assumed
when criteria (7.44) and (7.45) were reached for problems 1 and 2, respectively. Figure
7.10 shows the graphs that plot the number of iterations used by FGMRES to resolve
the linear systems generated by all meshes. The results confirm that for both problems,
the number of solver iterations increase with the number of elements used in the spatial
discretisation. In fact the results show that the number of iterations increase linearly with
respect to the number of spatial elements - this is especially the case for the straight duct
problem.
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Number of solver iterations usingy on problem 2
Low resolution mesh | High resolution mesh
Py (MG levels) | Expansion size MG BSSOR MG BSSOR

P;(2) 10 65 104 219 262

P5 (3) 21 88 135 319 -(7.0E-5)
P; (4) 36 92 164 362 -(1.4E-4)
P, (5) 55 91 195 338 -(1.3E-4)
Py (6) 78 89 220 302 -(1.6E-4)
P53 (7) 105 88 328 287 -(1.7E-4)
Pis (8) 136 84 253 266 -(2.1E-4)
P17 (9) 171 81 254 317 -(1.7E-4)
P1o(10) 210 81 263 339 -(1.6E-4)

Table 7.6: This table displays the number of iterations performed by the FGMRES solver
to resolve problem 2. Convergence is assumed V\ﬁl%ng 5 x 107° or a maximum

of 400 iterations is reached. In the case of the maximum iterations being reached, the
(.) indicates the relative residual at this termination point. The multigrid modified V and

BSSOR preconditioners are compared.
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Figure 7.10: These graphs show the iterations required by the solver in resolving problem
1 (left) and problem 2 (right) on increasing resolution spatial grid#s Angular discreti-
sation is used for both problems and the solver employs a modified V MG preconditioner.

The iterations are seen to increase linearly with respect to the number of spatial elements.
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Number of solver iterations usingi¥, on problem 2

Low resolution mesh
LWy (MG levels) | Expansion size MG BSSOR
LW, (2) 24 95 288
LW, (3) 60 487 1958
LWs5 (4) 180 699 -(2.3E-2)

Table 7.7: This table displays the number of iterations performed by the FGMRES solver
to resolve problem 2. Convergence is assumed V\ﬁ%ng 5 x 107° or a maximum

of 2000 iterations is reached. In the case of the maximum iterations being reached, the
() indicates the residual at this termination point. The multigrid modified V and BSSOR

preconditioners are compared.

7.3.2 Comparison of MG preconditioners

This section is designed to compare the performance of the various MG precondition-
ing cycles presented in figure 7.3. For this investigation problem 1 and problem 2 were
solved using FE spatial meshes consisting of 200 and 900 elements, respectively, and a
P53 angular expansion. The convergence criteria (7.44) was employed to terminate the
algorithm, for which a maximum allowance of 400 iterations was made. Table 7.8 lists
the number of iterations required by the solver when preconditioned using the MG cycles
and BSSOR. The estimation of the CPU costs have also been included.

The results show the best cycles for reducing the number of FGMRES iterations and CPU
costs for the scattering problem (problem 1) are the F, W and n cycles. These MG precon-
ditioners led to the FGMRES processing between 5 and 8 iterations - requiring between
30 and 35 CPU units. The modified V and W cycles required 12 and 13 iterations (36
and 39 CPU units), respectively. This shows that despite giving a higher priority to the
low order Py, moments, which is where the largest angular coefficients were expected to
form, the modified V and W preconditioners did not perform as well as expected. The
graph presented in figure 7.11 shows the residual’s evolutions within the FGMRES solver.
The BSSOR preconditioner is seen to perform poorly in comparison to all MG methods.
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A comparison of various preconditioners
Preconditioner Scattering problem Straight duct problem
MG V 7 (35) 139 (695)
MG F 6 (30) 69 (345)
MG W 7 (35) 81 (405)
MG NCYCLE=1, 4 LEVEL 8 (40) 113 (565)
MG NCYCLE=2, 4 LEVEL 6 (30) 73 (365)
MG NCYCLE=1, 7 LEVEL 5 (35) 66 (462)
MG MODIFIED V 12 (36) 140 (420)
MG MODIFIED W 13 (39) 139 (417)
BSSOR 28 (84) 397 (1191)
LUMPED DIAGONAL 65 ~2000
NO 166 ~1700

Table 7.8: This table displays the number of iterations performed by the FGMRES solver
to resolve problems 1 and 2. The table compares the performance of all multigrid pre-
conditioning cycles listed in figure 7.3. The table includes the figures using the standard
BSSOR preconditioning, lumped diagonal preconditioning and no preconditioning. Con-
vergence is assumed Wh% < 107 for both problems 1 and 2. &;; angular discreti-

sation was used to represent the angular dependence. Meshes consisting of 200 and 900
elements were used to discretise the spatial dimensions of problems 1 and 2, respectively.

The (.) represents the estimated CPU costs.
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Figure 7.11: This graph presents the residual evolution when using the MG precondi-
tioning cycles of figure 7.3 for solving the scattering problem (problem 1). Included in
the graph is the residual from using the BSSOR preconditioner. Convergence is assumed

when Il < 105,

lIoll

For all MG preconditioners, the residuals decays exponentially with respect to the num-
ber of iterations up to 7th iteration. After this point the residuals corresponding to the
modified V and modified W cycles begin to level out. However, the modified W pre-
conditioner’s graph shows small increases in the residual, indicating that computational
errors can dominate the solvers updates at aropngd 5.0 x 10-¢. Therefore, on inspec-

tion of the residual prior to the error, the modified W cycle compares well with the other
preconditioners - requiring 8 iterations and only 24 CPU units - and shows the cycle to
have the greatest potential with respect to this problem.

The results for the straight duct problem (problem 2) give a different insight into the
quality of the MG preconditioning cycles. The figures in table 7.8 show the most effective
cycles for reducing the number of solver iterations to be the n1 (7 level), followed by the F,
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n2 (4 levels) and W cycles. These required 66, 69, 73 and 81 iterations respectively. When
considering computation costs the F followed by the n1 (7 level) and W cycles were the
most efficient. Again, the modified W and modified V cycles performed poorly, requiring
140 and 139 iterations (and over 415 CPU units), respectively. This, however, would be
expected for this type of problem as these preconditioners give less preference to the high
order Py moments - thus the large coefficients corresponding to the high order moments
within the ducts would be slow to evolve. The V cycle also performed poorly, requiring
140 iterations, again, for the same reasons that few visits to the high order moments were
carried out. The graph in figure 7.12 shows the residual’s evolution during the solver’s
process using all MG preconditioners. The BSSOR is again shown to have the slowest
decline. The performance of the F, W and long n-cycles can be seen to be working well
and produce consistently sharp reductions in the residual over all iterations. The small
n cycle, modified V and modified W cycles show a residual with a more gentle decline.
Note here that for these calculations, computational errors have not effected the evolution
of the solver.

These results have established an insight into which preconditioners are optimal for a
given problem to be solved. Although the (easy) scattering problem results revealed a
smaller number of iterations were used by the F, W and ncycles, the cheaper modified
V and modified W cycles required only a few more iterations. Therefore, in terms of
efficiency, the modified V and, more specifically, the modified W cycles performed the
best. However, in order to resolve the straight duct problem the results showed that us-
ing the more expensive F, W and nl (7 level) cycles gave significant reductions in the
number of solver iterations. The results also showed that the gains made in performing
significantly less iterations compensated for the higher computational costs of the pre-
conditioner. Therefore, when solving these type of problems it is beneficial to use the
expensive preconditioners that give more preference to the high order moments.

7.3.3 IVOR'’s Intelligent Direction Replacement

This section is designed to demonstrate the capabilities of the direction replacement
method of IVOR developed in section 7.2.1 for ensuring fast convergence when solving
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Figure 7.12: This graph presents the residual evolution when using the MG precondition-

ing cycles of figures 7.3 for solving the straight duct problem (problem 2). Included in

the graph is the residual from using the BSSOR preconditioner. Convergence is assumed
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difficult neutron transport problems. The investigation of this section also concentrates on
the solver’s convergence rates when a reduced memory for the search directions are used.
This investigation solves the straight duct problem whefe @angular discretisation and a
14,400 finite element spatial mesh are used to discretise the angle and space dimensions.
In total, six calculations have been carried out using FGMRES that is preconditioned with
the standard V MG cycle. The calculations are divided equally between using 10 and 20
Krylov vectors. For both Krylov vector spaces, 3 calculations were carried out using the
following options:

1. No vector updates (Standard FGMRES),

2. Vector updates allowing FGMRES to perform 100 iterations but not using latest
residual to calculate the search directions,

3. Vector updates allowing FGMRES to perform 100 iterations and using latest resid-
ual to calculate the search directions (IVOR).

The graph presented in figure 7.13 shows the residuals of the six calculations. The results
using 10 Krylov vectors vary greatly when the various FGMRES options 1, 2 and 3 are
employed. The option using standard FGMRES produces a residual that declines slowly
and requires 261 iterations to converge on the solution. The result for option 2 shows that
using search vector updates decreases the number of iterations required for convergence
to 207. However, the residual’s profile for this calculation also reveals that during the
evolution of the algorithm, the residual had the tendency to stagnate. The first of these
stagnant periods occurs over the interval of 30-100 iterations. The residual only manages
to free it self from stagnation when the algorithm underwent a complete restart, however,
the residual stagnated again 50 iterations after this restart. The best performing variant
is shown to be option 3 (IVOR). This calculation required only 124 iterations in order
to find convergence. The calculation’s residual graph also shows that by using the latest
residual with the direction replacement method, the residual avoids all stagnation periods
that were seen in the calculation of FGMRES variant 2.

The calculation corresponding to variant 1 FGMRES using 20 Krylov vectors has pro-

duced consistently sharp reductions in the residual for all iterations. The graph corre-
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Figure 7.13: This graph presents the number of iteration required by the solver to resolve
the straight duct problem using/ angular expansion and a spatial mesh consisting of
14,400 elements. The results compare the reduction in the residual using the variants of
the FGMRES solver discussed in section 7.2.1. Set 1: 10 Krylov vectors and restarting
after 10 iterations. Set 2: 10 Krylov vectors and restarting after 100 iterations. Set 3: 10
Krylov vectors and restarting after 100 iterations using partial restaft1. Set 4: 20

Krylov vectors and restarting after 20 iterations. Set 5: 20 Krylov vectors and restarting
after 100 iterations. Set 6: 20 Krylov vectors and restarting after 100 iterations using
partial restarty = 1. All calculation were performed using the V preconditioning cycle.

Convergence is assumed Wh% <5x107°.
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sponding to this calculation shows that convergence on the solution is found using just
136 iterations. Variant option 2 ,using 20 Krylov vectors, has again shown a susceptibil-
ity to a stagnating residual. As before, a complete restart was required in order to free
the residual from its stagnating regions. However, in this case, the number of iterations
required for convergence increased to 181. The strongest option using 20 Krylov vec-
tors was again shown to be FGMRES variant 3 (IVOR). Option 3 consistently produced
smaller residuals than both variants 1 and 2 and converged on the solution using just 121
iterations. This third variant setting has again successful avoided the stagnating residuals
that occurs in the calculations using variant 2.

The results contained in figure 7.13 have shown the larger Kyrlov spaces produce faster
converging solvers. This was particularly apparent in the algorithms where the standard
FGMRES as used. The FGMRES variant that used the most recent residual with the di-
rection replacement method (IVOR) performed remarkably well for both search direction
sets. The calculations using this variant of FGMRES showed the size of the search spaces
tested had little influence on the evolution of the residual. In fact, using the smaller search
vector set required only 3 more iterations. This indicates that IVOR, using 10 search vec-
tors may be the most efficient of all the FGMRES algorithm’s variations examined here.
This is based on when the reduced memory requirements and reduced computational bur-
den of orthonormalising smaller sets of search vectors are taken into consideration.

7.3.4 Pivoting onP; and P;

This section demonstrates the convergence rates of the solver when the MG precondi-
tioner pivots on theP; equations, that is, where the preconditioner solvesithequa-

tions directly rather tha®,. For this demonstration both the scattering and straight duct
problems were solved using tlig and P;; angular approximations. The standard V MG
cycles were used to precondition the solver. The preconditioner that pivots dp the
equations uses the standard V cycle illustrated in figure 7.3. The cycle that pivots on
the P; equations follows the same pattern but has a turning point, where the equations
are solved directly, that occurs on ti#g shell. Figure 7.14 show the evolution of the
residuals for the calculations solving problems 1 and 2.
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Figure 7.14: These graphs show the residual’s evolution through the FGMRES solver,
left: scattering problem, right: straight duct problem. The graphs compare the perfor-
mance of the solver when the MG preconditioner is pivoted onthand P; spherical
harmonic equations. Th, and P;; angular expansions are used to discretise the angular
dimensions. The spatial dimensions are discretised using finite elements meshes consist-
ing of 1,600 (scatter problem) and 900 (straight duct problem) elements. The standard

V MG cycle is used to precondition the FGMRES solver. Convergence is assumed when

il
lIoll

<107° and% < 107 for problems 1 and 2, respectively.
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For the scattering problem, pivoting on tRgequations give slightimprovements in terms

of reducing the residual in comparison to pivotingBn The difference in the residuals
between the two preconditioners are more apparent in the early iterations of the solver.
However, this variation is not enough to decrease the number of iterations required by the
solver when pivoting orP;. The graph shows that all calculations required 8 iterations.

For the straight duct problen#; pivoting takes very slightly longer to converge - here it

is shown to be only one or two iterations more than wligrpivoting was used. How-

ever, this may not be too unexpected as the straight duct problem is more concerned with
resolving the high ordePy moments. Therefore, solving thi¢ equations exactly will

have little influence on the quality of the preconditioning.

7.4 Conclusions

In this chapter a hierarchical preconditioner for the FGMRES algorithm has been devel-
oped for solving the discretised Boltzmann transport equation. The preconditioner has
been designed on algebraic and geometric multigrid methods in which hierarchical angu-
lar discretisations were used to form the multigrid levels. This chapter has also developed
a new variant of FGMRES (IVOR) which offers a new alternative method to restarting
when the memory for search directions is full. The preconditioned solver was incorpo-
rated within the Streamline Upwind Petrov Galerkin, finite element, radiation transport
code RADIANT. A discussion on the code’s efficient implementation within the algo-
rithm has been presented in the text. Spherical wavelet, and spherical harmonic

Py hierarchical angular discretisations were employed in the numerical examples. Using
these discretisation methods a number of multigrid cycles were investigated.

The numerical examples have illustrated the angular multigrid method to be a good per-
forming preconditioner for the FGMRES algorithm. They have shown that convergence in
MG angular levels can be gained using even the simplest of multigrid cycles - namely the
modified V cycle. The numerical examples have demonstrated that the optimal precon-
ditioner is dependent on the problem being numerically approximated. Simple problems
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with smoothly varying fluxes can be solved efficiently using cycles that concentrate on
resolving low order angular moments - the modified V and modified W cycles. However,
for difficult transport problems the complex preconditioning cycles that gave more pref-
erence to the high order moments were found to be the most efficient. In all examples
the MG preconditioner out performed the BSSOR preconditioner by some considerable

margin.

The variant of FGMRES (IVOR) developed in this chapter has been demonstrated to in-
crease further the efficiency of the solver - this is in respect to both the CPU efficiency
and the memory requirements. In particular, IVOR’s method of using the latest residual
to select its next search direction, together with the method of search direction replace-
ment, was found to be significant in producing the best results on all examples tested. It
was also demonstrated that the number of iterations performed by the MG preconditioned
solver was dependent on the spatial resolution. That is, increases in the spatial meshes
often resulted in more iterations being required by the solver. However, convergence in
the solver’s iterations with respect to the spatial discretisation is not expected as the MG
is based on angle only. Therefore, in order to solve problems with large spatial discretisa-
tions, future research may be necessary in the mixing of this angular MG preconditioner
with one for the spatial variables in order to gain iteration convergence in both space and
angle.
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This section presents a conclusion of the research for neutron transport approximation
that has been covered in the chapters of this thesis. Following this is a discussion of the
possible directions for future work that can continue on the research presented here.

8.1 Spherical Wavelets (Chapters 3, 4 and 5)

In chapters 3,4 and 5 the foundations of the work in this thesis were laid. These chapters
were concerned with the development of the three spherical wavelet bases. Low order
octahedral and hexahedral spherical wavelets and a Chebyshev spectral spherical wavelet
bases were developed. The wavelet bases were all applied to discretise the unit sphere,
used to represent the direction of particle travel, and represent the angular variable of the
angular flux of the first order Boltzmann transport equation. All bases were incorporated
within the neutral particle transport code RADIANT. The code employed a Streamline
Upwind Petrov Galerkin finite element method to discretise the spatial dimensions of the
transport equation. A Riemann method was also used to resolve bare surface boundary
conditions. This utilised the eigen-structure of the angular Jacobians in order to calculate
the incoming and outgoing information through the surface of the boundary.

A number of numerical examples were presented in order to demonstrate the wavelets ca-
pabilities in approximating the Boltzmann transport equation. The wavelets abilities were
clearly demonstrated to provide accurate solutions for all test problems solved. They were
shown to be comparably accurate to the established methedsd Py when similar

sized angular expansion were used. Furthermore, in some examples the wavelet discreti-
sations were superior tBy in providing accurate scalar solutions. This was highlighted

in the test problem involving the source within a void cylinder. This numerical example
demonstrated a severe weakness offthenethod as it was unable to generate a solution

in close agreement with the exact solution. The wavelets, however, avoided this problem
and did produce meaningful solutions that were in close agreement with the exact solu-
tion. The investigation of the numerical examples also set out to illustrate the wavelets
ability to suppress ray-effects forming in their scalar flux solutions. This indeed turned
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out to be the case as all numerical examples showed the wavelet’'s solutions to be less
oscillatory (in their scalar flux solution due to ray effects) than the solutiortsyofin

general the numerical examples demonstrated the wavelets could produce accurate so-
lutions for a range of extreme transport conditions, from transparent to opaque material
regimes, whilst suppressing the formation of ray-effects.

Of all the wavelets developed in these chapters the linear octahedral wavelets stand out to
the preferred choice for expanding in angle. The reasons for this lies with their angular
matrices being the least dense. The numerical examples showed all expansions to be
roughly of equal accuracy - with respect to the number of angular unknowns. Therefore,
the sparser structure of the linear octahedral wavelets will serve to make the solving of
their discretised equations the most efficient to perform. However, having said this, it still
remains to further test these expansion on 3-dimensional problems. Itis quite possible that
the hexahedral based expansions are more suitable for representing these fluxes where the
co-latitude angle becomes more important to representing the transport of particles.

8.2 Angular Adaptivity (Chapter 6)

In chapter 6 a wavelet method for anisotropic resolution on the sphere for discretising
the angular variable of the BTE was developed. This method employed the low order
octahedral and hexahedral linear wavelets, developed in chapters 3 and 4, to represent the
angular flux. The method essentially detailed a technique allowing the wavelet to locate
areas on the sphere in which the angular flux was under resolved and to select the correct
wavelets in order to increase the angular resolution to these regions only. The chapter
also discussed a routine in order for the self adaptive wavelet solution to evolve during
the process of an iterative solver of the linear system generated by the space and angle
discretised equations.

Several numerical examples were used to demonstrate the capabilities of the adaptive
wavelets. In particular, problem domains involving ducts containing voids embedded
within strong absorbers were used to generate highly demanding and highly directional
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flux distributions. The angular flux solutions demonstrated the wavelets to be capable
of locating the regions of angle in which the flux was directed, and to correctly apply
their effort in resolving these angles only. The numerical solutions also demonstrated
the wavelets to be capable of detecting regions of negligible scalar flux, and to avoid the
placement of further resolution to these areas. The chapters finding showed that for prac-
tical problems such as the dog-leg duct problem, the adaptive angular resolution could
reduce the number of angular moments used in the approximation by ufttavout
incurring significant errors. This in turn was shown to substantially reduce the computa-
tion times for solving the transport problems.

8.3 Fast FGMRES solver (Chapter 7)

In chapter 7 a new solver (IVOR) and preconditioner was developed in order to solve
the space and angle discretised transport equations. The solver forms a new variation
of the FGMRES algorithm that provides an alternative method to the restart procedure
once the available memory for search directions has been exhausted. IVOR’s method is
to intelligently select and reject directions from the full complement of search vectors and
replace them with the most recent preconditioned residual.

The preconditioner is based on a new hierarchical angular multi-grid method. The MG
grids are generated using the levels of a hierarchical angular discretisation - the hierarchy
is shown to naturally blend itself into a multi-grid framework. The numerous cycles
available provides the solver much flexibility in selecting the effort it applies to resolve
particular angular moments.

The numerical examples demonstrated the angular multi-grid preconditioner to be highly
successful in increasing the efficiency of the solver in comparison with standard precon-
ditioners. The angular multi grid cycles were also demonstrated to have a large influence
on the solvers efficiency. That is, the best performing preconditioning cycles were those
which suited the problem being solved. For example, isotropic problems were efficiently
solved using cycles that concentrated on the low order moments whereas the problems
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with highly directed fluxes were solved efficiently using cycles that concentrated on the
high order angular moments. The preconditioned solver was also demonstrated to have
the important property of converging in its number of iterations with respect to the size of
the angular expansion. The numerical examples had also demonstrated IVOR’s method
of search direction replacement to increase the solver’s efficiency compared to standard
FGMRES.

8.4 Future Work

The research contained in this thesis has opened a number of possible avenues for future
work. Some of these directions are discussed here.

8.4.1 Further Wavelet Development

The wavelets currently developed are linear, quadratic and spectral wavelets based over
an octahedral or hexahedral domain [1, 2] in which all fall into the category of second
generation wavelets. It therefore remains an open field for exploring the classical wavelet
functions usage in neutron transport theory [144]. These types of wavelet functions offer
additional advantages such as full orthogonality of high order wavelet functions. This is
important as it means that the matrices have highly sparse structures.

The future of the wavelet discretisations may also lie in the development of h-p type
wavelet approximations. These methods will essentially allow an approximation to in-
crease its resolution by either increasing its spectral accuracy over an element on the
sphere or by using low order approximations over a higher resolution grid. This enables
the flux to be approximated using the most suitable type of approximation. For exam-
ple, fluxes with discontinuities will be approximated using h-type approximations while
fluxes that change smoothly over angle will be resolved with an approximation that in-
creases its resolution spectrally. This will of course also require an effective error measure
to determine which approximation type is applied to all areas of angle.
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8.4.2 Error Measures

Good error measures, such as those in [180, 181], could be generated as they would be
useful in applications such as transient and non-linear transient analysis. These measures
would be based on optimising the accuracy of something of key interest or importance,
for example, energy deposition in a linked fluids-thermal radiative problem. This will also
give an indication of the error in this quantity due to both discretisation and model errors
e.g. from the non-linear sub-grid-scale radiation transport discretisation or possibly, a
linked Large Eddy Simulation (LES) and its effect on source terms and cross-sections.
Therefore, the calculation of the error metric (used for mesh and wavelet adaptivity) will
be based upon using adjoint sensitivity analysis which will optimise the accuracy of what

is important.

8.4.3 Mitigation of Gibbs Oscillations

Both Py and wavelet discretisations form Gibbs oscillations in their angular flux approx-
imations - a manifestation of Godonovs theorem [182]. Future work may be directed in
mitigating these oscillations, for which a couple of approaches could be explored: The
first approach could introduce a diffusion term that acts on the angular flux distribution
on the unit sphere with a magnitude related to the magnitude of the residual of the trans-
port equations. In order to avoid using excessive quantities of dissipation, the diffusion
operator could be formed by first mapping the wavelet approximation to a standard finite
element expansion on the unit sphere. This expansion is then lumped, which effectively
results in an SN quadrature set. This is then mapped back to the original basis, resulting
in a first order angular discretisation on the unit sphere. The high order wavelet discretisa-
tion (or more specifically mass matrix on the unit sphere) is then subtracted from the low
order discretisation to produce the desired diffusion operator and a known quantity of this
dissipation to introduce. This method would have much in common with standard Petrov-
Galerkin shock capturing methods and retains the desirable property that it is a residual
based scheme. The second approach could be to simply to add this diffusion term into
the discretised equations in an analogous way to flux limiting methods commonly used in
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transport schemes to suppress spurious oscillations or Gibbs oscillations [83, 84, 182].

8.4.4 Dual Approximations

Further research could also explore the use of a dual angular approximation. In essence,
the approach would be to allow the angular expansion to interchange befeand
Wavelets so that the flux is approximated with the 'best’ angular approximation method.
For example, areas inducing isotropic flux distributions, such as those containing highly
isotropic scattering materials and strong isotropic sources, are best approximated with
low order Py. Over other areas that create highly directed or peaked fluxes, for example
those with flux streaming through voids, a wavelet expansion with anisotropic adaptivity
would be by far the most suitable. The optimal situation would be to a switch between the
two angular expansions so that the most efficient representation is used everywhere on the
spatial domain. This can be viewed as a h-p (adjusting the number of angular moments

and adaptive polynomial expansion) angular expansion method.

8.4.5 Spatial Multigrid

The angular multigrid preconditioner developed in chapter 7 was demonstrated to give
convergence in the number of solver iterations with respect to increasing angular expan-
sions. This property however was not repeated for increasing sized meshes for the spatial
discretisation. In order for this to be achieved a spatial multigrid preconditioner is re-
quired. An algebraic multigrid such as SAMG [183], where course meshes are generated
by collapsing spatial nodes of a finite element discretisation, could be combined with the
angular MG method to produce an integrated space angle multigrid preconditioner. This
should provide the space and angle convergence (iterations with respect to the space and
angle expansions) property that is desired for the preconditioned solver.
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